A BPHZ convergence proof in Euclidean position space 

Chris Austin^ 

33 Collins Terrace, Maryport, Cumbria CA15 SDL, England 

Abstract 

Two BPHZ convergence theorems are proved directly in Euchdean position space, with- 
out exponentiating the propagators, making use of the Cluster Convergence Theorem 
presented previously. The first theorem proves the absolute convergence of arbitrary 
^ ' BPHZ-renormalized Feynman diagrams, when counterterms are allowed for one-line- 

^ i reducible subdiagrams, as well as for one-line-irreducible subdiagrams. The second 

■ theorem proves the conditional convergence of arbitrary BPHZ-renormalized Feynman 

diagrams, when counterterms are allowed only for one-line-irreducible subdiagrams. 



Although the convergence in this case is only conditional, there is only one natural 

way to approach the limit, namely from propagators smoothly regularized at short 

^ I distances, so that the integrations by parts needed to reach an absolutely convergent 

^ ! integrand can be carried out, without picking up short-distance surface terms. Neither 

theorem requires translation invariance, but the second theorem assumes a much weaker 
O ' 

\Q ' property, called "translation smoothness" . Both theorems allow the propagators in the 



O 



counterterms to differ, at long distances, from the propagators in the direct terms. For 
massless theories, this makes it possible to eliminate all the long-distance divergences 
Qj \ from the counterterms, without altering the propagators in the direct terms. Massless 



X 



theories can thus be studied directly, without introducing a regulator mass and taking 
the limit as it tends to zero, and without infra-red subtractions. 

Preface 

BPHZ renormalization was introduced by Bogoliubov and Parasiuk jH 12 E] , follow- 
ing earlier work by Dyson [H and Salam HI- A BPHZ convergence proof, in 
the parameter space of the exponentiated propagators, was given by Hepp 8j. A 
power-counting convergence theorem, in Euclidean momentum space, was proved by 
Weinberg |9j, and a simplified version of the theorem was proved by Hahn and Zimmer- 
mann JU]. The theorem was extended to Minkowski signature by Zimmermann [TT] . 
^Email: chrisaustin@ukonline.co.uk 
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These theorems were used to give a BPHZ convergence proof, in momentum space, by 
Zimmermann |12j . 

The aim of the present paper, and the preceding one, ^H], is to find out how to 
calculate BPHZ-renormalized Feynman diagrams, directly in Euclidean position space, 
without exponentiating the propagators. The original motivation was to study the 
renormalization of the Group- Variation Equations ^^E]- A brief discussion of the 
problems involved, and the way they are overcome, is given in Section 6.3 of 

The Cluster Convergence Theorem |13j is intended to serve as a position-space sub- 
stitute for Weinberg's momentum-space power counting theorem, giving a guarantee 
that a position-space integral will converge, if the integrand satisfies certain bounds. 
The present paper gives a way, for an arbitrary BPHZ-renormalized position-space in- 
tegrand, of cutting up the Cartesian product, of the configuration space of the vertices, 
and the list of all the forests, into a finite number of sectors, each of which is, itself, the 
Cartesian product, of a subset of the configuration space of the vertices, and a suitable 
set of forests, such that the bounds on the integrand, required to apply the Cluster 
Convergence Theorem, can be proved to hold, in each sector. The idea of a-clusters, 
used in the Cluster Convergence Theorem, arose from seeking an analogue, in position 
space, of the momentum space "clusters" , used by 't Hooft [12] . 

What follows this preface is the BTEX2e transcription of my 1993 paper, with 
references added. Conventions, some definitions, and some basic combinatoric results, 
are given in Section |21 on page |^ The Cluster Convergence Theorem is reviewed 
in Section El on page 123 The sectors described above are constructed in Section |1[ 
on pageEHl The BPHZ integrands, for the forests in such a sector, are combined, by 
means of the Taylor remainder formula, into a form suitable for bounding, in Section 
El on page [721 The main result of Section [3] is Lemma [221 on page [HSI 

The First Convergence Theorem, in Section [Q on page 110 1| establishes the absolute 
convergence, in Euclidean position space, of an arbitrary BPHZ-renormalized Feynman 
diagram, when counterterms are permitted for one-line reducible subdiagrams, as well 
as for one-line irreducible subdiagrams. Translation invariance is not required. 

The Second Convergence Theorem, in Section [?[ on page 11351 establishes the con- 
ditional convergence, in Euclidean position space, of an arbitrary BPHZ-renormalized 
Feynman diagram, when counterterms are permitted only for one-line irreducible sub- 
diagrams. Although the convergence is only conditional, there is only one natural 
way to approach the limit, namely by smooth short-distance regularizations of the 
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propagators, so that the integrations by parts, needed to reach absolutely convergent 
integrands, can be performed without picking up short-distance surface terms. The 
result is demonstrated to be independent of the details, of the smooth short- distance 
regularizations of the propagators, provided they satisfy the broad requirements given. 
Once the integrations by parts are done, the short- distance regularizations of the prop- 
agators can be dropped. Translation invariance is not required, but a much weaker 
property, called translation smoothness, is assumed. 

The proof of the Second Convergence Theorem, Theorem |21 on page 11661 involves 
the addition and subtraction of additional counterterms for one-line reducible subdia- 
grams, which are then shown to be conditionally convergent. This method enables the 
integrations by parts to be done, after a suitable change of variables, without crossing 
the boundaries of the sectors, that the Cartesian product of the configuration space 
of the vertices, and the list of all the forests, is cut up into, for the application of the 
Cluster Convergence Theorem. The necessary algebraic identities are established in 
Lemma OH on page 11541 and Lemma EHl on page 11551 

The results in Sections |2] to [7| are presented in a general form, without specific 
reference to Feynman diagrams, and the application of the results of these sections, to 
BPHZ-renormalized Feynman diagrams, is explained in Section on page|22Sl 

Both the convergence theorems allow the use of propagators, in the counterterms, 
which differ, at long distances, from the propagators in the direct terms, so that, for 
theories with massless particles, the long-distance divergences, in the counterterms, 
can be cut off, without altering the propagators in the direct terms. The form of 
the long distance cutoff, allowed for the propagators, in the counterterms, is that the 
propagator is multiplied by a factor, that is equal to 1, when the distance between the 
propagator ends is less than a fixed, nonzero, distance, then decreases smoothly, from 1, 
to 0, as the distance between the propagator ends increases, to a larger fixed distance, 
then is equal to 0, when the distance, between the propagator ends, is greater than 
the larger fixed distance. This factor is assumed to be continuously differentiable, as 
many times as needed. For theories with dimensional transmutation, such as QCD, the 
fixed, nonzero, distance, at which the smooth long-distance cutoffs of the propagators 
in the counterterms commence, can serve as the origin of the renormalization mass 
scale, while for theories with a dimensional coupling constant, such as gravity, the 
long-distance cutoffs would commence at a numerical multiple of the distance defined 
by the dimensional coupling constant. The idea of seeking a BPHZ convergence proof, 
in which the propagators, in the counterterms, are allowed to differ, at large distances, 
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from the propagators in the direct terms, so that, for theories with massless particles, 
the non-physical infra-red divergences, which the standard BPHZ method produces 
in the counterterms, would not occur, was suggested by a method used to calculate 
certain UV counterterms, by Chetyrkin, Kataev, and Tkachov |17j . 

If long-distance cutoffs on massless propagators in the counterterms, as allowed 
by the convergence proofs in the present paper, are not used, then for theories with 
massless particles, it is necessary to use the BPHZL method (THl HH 1201 HI] , which 
involves introducing a regulator mass for massless particles, performing the usual BPHZ 
subtractions in the presence of the regulator mass, to remove the UV divergences, then 
performing further subtractions, around the limit of zero regulator mass, to remove the 
IR divergences, before the regulator mass is allowed to tend to zero. This method was 
recently used in \2'2\ . 

The existence of overlapping divergences means that the way the BPHZ forests 
are grouped into good sets of forests, such that the short- distance divergences cancel 
between the members of a good set of forests, has to be different, in different regions 
of the configuration space of the vertices of the diagram, just as it has to be different, 
in different regions of the parameter space of the exponentiated propagators, in Hepp's 
method, and in different regions of momentum space, in Zimmerman's method. In the 
present paper, the basis of the contruction of the good sets of forests, for each position- 
space configuration, x, of the vertices of the Feynman diagram, is the definition, on 
pageEZl of a set, Q (x), whose members are pairs, (F, G), of forests, such that F C G, 
and each member. A, of G, that is not a member of F, is, in an appropriate sense, a 
"cluster", in the position-space configuration, x, of the vertices of the diagram, after 
contracting all the members of F that are strict subsets of A, and ignoring the positions 
of the outer ends of any legs of A, that lie outside a member of F that contains A as a 
strict subset. The idea is that a "cluster" is a sub diagram whose vertices are all close 
to one another, in the position-space configuration, x, of the vertices of the diagram, 
and thus may need to have a counterterm subtracted, in order to cancel an ultraviolet 
divergence, that would otherwise come from somewhere near x, in the configuration 
space of the vertices of the diagram. An example of what can go wrong, if one does not 
contract the members of F, that are strict subsets of A, before applying the "cluster" 
condition, is given on pages 159 to 160 of [14 . The precise definition, of a "cluster", is 
chosen so that one obtains Lemma [71 on page 1431 Lemma ITUl on pagejSSl and Lemma 
ITT] on page EH Lemma |7| states that if (F, G) and (F', G') are members of fl (x), such 
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that {F U F') C (G n G'), then GUG' is a forest, and {{F n F') , (G U G')) is a member 
of (x). Once one has Lemma [7J it follows by combinatorics alone, in Lemma |H1 on 
page EDI and Lemma 13 on page independent of the details of the definition of a 
"cluster", that for any forest, F, there is a unique member, (P, Q), of Q (x), such that 
P F C Q holds, and there is no member, {P',Q'), of Q (x), different from {P,Q), 
such that P' (1 P and Q ^ Q' both hold. The good set of forests, to which the forest, 
F, belongs, at the position-space configuration, x, of the vertices of the diagram, is then 
the set of all the forests, G, such that P C G C Q holds. And if (P, Q) is a member 
of r2(x), that defines a good set of forests, in this way, then Lemma ITUl gives lower 
bounds, used on page 11221 on the diameters, in the position space configuration, x, of 
the vertices of the diagram, of the members, A, of P, that have two or more vertices, 
after contracting the members of P that are strict subdiagrams of A, and Lemma ITTl 
used on page 11311 ensures that if A is either the whole diagram, or a member of P, 
that has two or more vertices, then, after contracting the members of P, that are strict 
subdiagrams of A, the connected components of any cr-cluster, of the restriction of the 
diagram to A, are, under appropriate conditions, members of (Q h P). 

It seems possible that analogues of the set fi(x), described above, might also be 
used as the basis for constructing good sets of forests, in the parameter space of the 
exponentiated propagators, and in momentum space. The situation is simplest in the 
space of the integration parameters of the exponentiated propagators, usually called the 
a-parameters, because the P-operation does not change the value of the a-parameter 
of a line, whereas it does change the lengths of lines, and the diameters of subdiagrams, 
in position space, because it changes the positions of the inner ends of the legs of a 
subdiagram, when that subdiagram is contracted, and it also changes the magnitudes 
of the line momenta, in momentum space, because it sets the external momenta of a 
subdiagram to zero, in the internal lines of that subdiagram, when that subdiagram is 
contracted. 

An example of a definition of in the parameter space of the exponentiated 

propagators, broadly analogous to the definition of (x), and for which an analogue 
of Lemma [7| can be derived, is as follows. For each forest, P, subdiagram. A, and 
assignment, a, of the values of the a-parameters of the lines of the diagram, we define 
A (P, y4, a) to be the maximum value of oa, among the internal lines. A, of A, that 
are not internal lines of any member, of P, that is a strict subset of A. This implies 
that for forests, P, and G, such that F <Z G, \ (G, A,a) < X (P, A, a) holds. We then 
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define fl (a) to be the set of all ordered pairs, (P, Q) of forests of one-line-irreducible 
subdiagrams, such that P ^ Q, and such that, for all A G {Q \- P), and for every 
line. A, with one end in A, and its other end not in A, but not outside any member 
of Q, if any, that contains A as a strict subset, X{Q,A,a) < a^- One can prove 
that this definition implies that, if {P,Q) G ^{<y), and A is a connected subdiagram, 
with at least two vertices, then X{Q,A,a) = X{P,A,a). Hence for all F, such that 
P ^ F (1 X [F, A,a) = X {Q, A,a) = X {P, A, a). To prove the analogue of Lemma 
[3 suppose that (P, Q) e Q (a) and (P', Q') eQ{a), and (P U P') C (g n Q'). Suppose 
some member. A, of Q \- P, overlaps some member. A', of Q' h P'. For any ordered 
pair, {F,C), of a forest, F, and a member, C, of F, let T{F,C) denote the set of all 
the members, D, of F, such that C D. Then T (P, C) is a nonempty finite set, 
totally ordered by the subset relation. Now let B be the largest member of T{Q,A), 
that overlaps any member of T {Q', A'), and let B' be the largest member of T {Q', A') 
that overlaps any member of T{Q,A). Then B overlaps B', B' does not overlap 
any member of Q, that contains P as a strict subset, and B does not overlap any 
member of Q', that contains B' as a strict subset. Hence there is a line. A, with one 
end in {B fl B'), and its other end in B', but not in B, and not outside any member 
of Q, that contains P as a strict subset, and there is a line. A', with one end in 
(P n P'), and its other end in P, but not in P', and not outside any member of Q', that 
contains P' as a strict subset. Then (P, Q) E Q (a) implies that A {Q, P, a) < < 
X{P',B',a), and {P',Q') G ^] (a) implies that X{Q',B',a) < c^a' < X{P,B,a). But 
(P U P') C (Q n Q') implies that P C (P U P') C Q, and P' C (P U P') C Q', hence 
A ((P U P') , P, a) < A ((P U P') , P', a), and A ((P U P') , P', a) < A ((P U P') , P, a), 
which is a contradiction. Hence no member of Q overlaps any member of Q', so {Q U Q') 
is a forest. Now let A be any member of [Q U Q') h (P fl P'), and A be any line, with 
one end in A, and its other end not in A, but not outside any member of {Q U Q'), if 
any, that contains A as a strict subset. Then (P U P') C (Q fl Q') implies that either 
A e Q ^ P oi A e Q' ^ P'. Suppose A e Q ^ P. The end of A, that is not in A, is 
not outside any member of Q, that contains A as a strict subset, hence (P, Q) E Q (a) 
implies X {Q U Q' , A,a) < X{Q,A,a) < oa- The result X{Q U Q',A,a) < cka also 
follows from A G Q' h P'. Hence ((P H P') ,{QUQ'))en (a). 

The analogue, in Hepp's convergence proof [S], of the good set of forests defined by 
the pair (P, Q) of forests, as above, is the collection of the Hepp trees, T = (il, A^, a), 
defined on page 308 of (8j, such that ii = Q, and the set of all the members. A, of 
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il, such that a {A) < 0, is P. It would be interesting to find out whether or not 
the good sets of forests defined by ^^(a), as above, in each Hepp sector, bear some 
relation to the partial sums of counterterms, J^t{U), which Hepp decomposes the 
BPHZ-renormalized integrand into, in Lemma 2.4(a) of |S|, and whose contributions 
Hepp bounds, in Lemma 3.2 of [8^, although consideration of the first good set of forests, 
in Fig. 5 of [8 , shows that the correspondence cannot be exact. The correspondence 
with Hepp's terminology, here, is that the members of P are the vertices of the graph, 
together with Hepp's "twigs" , and the members of Q, that are not members of P, are 
Hepp's "boughs". It would also be interesting to see if a suitable definition of 
for momentum space, could be extracted from Zimmermann's proof of convergence in 
momentum space, [12]. The criterion for a subdiagram to be a "cluster", for given 
momenta in the lines of the diagram, in Euclidean signature momentum space, would 
broadly be that the magnitude of the momentum, in each of its internal lines, be 
larger than the magnitude of the momentum, in any of its legs, but, due to the fact 
that the /^-operation changes the magnitudes of the momenta, in the internal lines 
of subdiagrams, the precise criterion might need to be chosen carefully, in order to 
obtain analogues of Lemmas [7[ ^1 and ^2 Zimmermann is able to avoid dividing the 
momentum space of the diagram into tessellating sectors, because the momentum space 
power-counting theorem, whose hypotheses he has to satisfy, is expressed in terms of 
the power-counting behaviour of the integrand, as the loop momenta tend to infinity, 
within hyperplanes of various dimensions. Thus, on each hyperplane, he can divide up 
the set of all forests, into good sets of forests, in a manner appropriate for bounding 
the integrand on that hyperplane, without being concerned about the fact that the 
hyperplanes intersect one another, and the way he divides up the set of all forests, 
into good sets of forests, at a given point in the momentum space of the diagram, 
will in general be different, according to which hyperplane through that point he is 
considering. The good sets of forests, on a given hyperplane, in Section 4 of |T2], are 
defined by the pairs {B,C), where, in Zimmermann's terminology, C is a complete 
forest, with respect to that hyperplane, and B is the base of C. 

To make practical use of BPHZ renormalization, for physically interesting gauge 
theories, it is necessary to ensure that the Slavnov- Taylor identities [2311211123; which 
are the quantum form of the BRST invariance [2ni I2Z] of the properly gauge-fixed 
classical action, are preserved. The BRST invariance of the gauge-fixed classical action 
implies, if the effects of renormalization are ignored, that the vacuum expectation values 
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of BRST-invariant quantities, hence of gauge-invariant quantities, are independent of 
the choice of the gauge- fixing term in the action. This follows from the fact that, 
in the standard framework of Fadeev and Popov |2Hl 1211 IHO] and 't Hooft the 
sum of the gauge-fixing and Faddeev-Popov terms in the gauge-fixed action is a BRST 
variation, and, if the effects of renormalization are ignored, vacuum expectation values 
of BRST-invariant quantities are unaltered by the addition of a BRST variation to the 
action. Indeed, in the example of Yang-Mills theory, if we implement the gauge fixing 
by Nakanishi-Lautrup auxiliary fields Ba, (which simply become Lagrange multipliers, 
in gauges such as Landau gauge and radiation gauge, where the gauge- fixing parameter 
a vanishes), we can write the BRST variation as: 

which is nilpotent identically, ((5brst)^ = 0, and independent of the form of the gauge- 
fixing term in the action. Here (D^cj))^^ = d^cpax + Afibxfabc(pcx- Then the sum of the 
gauge-fixing and Fadeev-Popov terms in the action can be written as 

where J-'a is the gauge-fixing function, for example J-'a = <9^v4^a for covariant gauges, 
and J-'a = diAia for radiation gauge. So in a covariant gauge, we have: 

^ (iBa {d^A^a) + '^B^Ba + (-9^ (^^0)a)) = ^-^BRST (^a {O^A^a) ' i^^aBa) 

Thus we can interpolate between different choices of gauge-fixing function, and different 
gauge parameters, by adding different BRST variations to the action. So to demon- 
strate that vacuum expectation values of BRST-invariant quantities are independent 
of the choice of the gauge-fixing function and the gauge parameter, it is sufficient to 
demonstrate that vacuum expectation values, of BRST-invariant quantities, are unal- 
tered by the addition, to the action, of an infinitesimal multiple of a BRST variation. 
The change of a vacuum expectation value, resulting from the addition of an infinites- 
imal term to the action, is, in Euclidean signature, equal to the negative of that same 
vacuum expectation value, with the infinitesimal addition to the action, now included 
in the pre-exponential factor. Thus the change of the vacuum expectation value of a 
product of BRST-invariant quantities, say X, . . . ,Y, resulting from the addition, to the 
action, of an infinitesimal multiple, say rj, of a BRST variation, say 6brstZ, is equal 
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to the vacuum expectation value of a BRST variation, namely 

-'75brst {X ... YZ) = -TjX ...Y (5brst^) 
On the other hand, by making an infinitesimal change of variables in the functional 

integral, Af^ax = Ai^ax+ B^BRSTA^ax, ax 0ax + £^^BRST0ax, i'ax = i'ax+ ^^BRSTlpax, and 

Bax = Bax + ^^BRs-rBaxi where e is an infinitesimal anticommuting constant, and using 
the facts that the value of a functional integral is unaltered by a change of integration 
variables, the action is BRST invariant, and the Jacobian of this particular change 
of variables is exactly equal to 1, one finds that the vacuum expectation value, of a 
BRST variation, is equal to 0. The way in which the effects, of an infinitesimal change 
in the choice of the gauge-fixing term in the action, cancel among groups of Feynman 
diagrams contributing to the vacuum expectation value of a physical quantity, if the 
effects of renormalization are ignored, was demonstrated, for Yang-Mills theory, by 
Mills 1^2]. Conversely, if the effects of renormalization violate BRST invariance, or, 
in other words, violate the Slavnov- Taylor identities, the vacuum expectation values 
of physical quantities will usually not be independent of the choice of the gauge-fixing 
term in the action, which means that the predictions of the theory will fail to be 
Lorentz-covariant, if the calculations are done in a physical gauge, such as radiation 
gauge, or the theory will have negative- norm states, whose effects do not cancel out, if 
the calculations are done in a Lorentz-covariant gauge. The proof of the cancellation 
of the effects of negative-norm states, in a Lorentz-covariant gauge, is usually called a 
unitarity proof, because it implies that the S'-matrix, restricted to the physical states, 
is unitary. The unitarity proofs of 't Hooft for renormalized Yang-Mills theory pT] . 
and of Sterman, Townsend, and van Nieuwenhuizen for renormalized supergravity , 
explicitly use only linear identities, called Ward-Takahashi identities 1^ . that 
depend only on the linear terms in the BRST variation, but the argument assumes 
the validity of the full nonlinear Slavnov- Taylor identities, that correspond to the full 
non-linear BRST variation. 

The BPHZ-renormalized Feynman diagrams generally violate the Slavnov- Taylor 
identities, but, in consequence of the convergence proof, the violation is by a finite 
amount. It is therefore necessary to seek, at each successive order in the loop expansion, 
(i.e. the expansion in powers of additional finite local counterterms, which, when 
added to the action, restore the validity of the Slavnov- Taylor identities. If no such 
finite local counterterm exists, the theory is said to have a gauge "anomaly" [HEl IHH 
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EHiEiiiniiiiiii2iiisiii2iiniiiniiiziiiHiiniEniin^ which results 

in the shortcomings mentioned above. The possible anomalies are constrained by the 
Wess-Zumino consistency condition [HZl EO], which has led to the complete 

classification of the possible anomalies, in some types of gauge theories [HIl E21 ISSl 
inn EHI ISSl EZI ISH] • An explicit example of a finite counterterm, that restores a Ward- 
Takahashi identity for a gauge-field propagator in an Abelian gauge theory, when the 
position-space integral, in the counterterm, is cut off at large distances, is given in 
Section 5.4.1 of [H], although the detailed form of the long-distance cutoff, in that 
example, is different from that considered in the present paper. 

The Slavnov- Taylor identities relate vacuum expectation values (VEVs) or corre- 
lation functions that involve not only the fields themselves, but also, certain products 
of the fields at coincident points in position space, namely the products that occur in 
the non-linear terms in the BRST variations of the fields. This is necessary in order to 
have a set of VEVs or correlation functions that is closed under the BRST variations. 
Fortunately, the BRST transformation is nilpotent, when Nakanishi-Lautrup auxiliary 
fields are used for the gauge-fixing, or, otherwise, when the antighost field equation 
is used, so the required set of field products is limited to the BRST variations of the 
fields. The products of fields, at coincident points in position space, are defined to be 
Zimmermann normal products 1701 ITTj. VEVs and correlation functions involving 
normal products are defined by BPHZ renormalization, just as if the normal product 
vertices in a diagram were additional vertices in the action, even though their posi- 
tions are not integrated over. It is therefore natural to introduce position-dependent 
"sources" for the normal products, and add the normal products, multiplied by their 
"sources", to the action. The Slavnov- Taylor identities take a very compact form, 
when such "sources" are introduced for the BRST variations of the fields, and it is this 
compact form of the Slavnov- Taylor identities, for the action that has had the BRST 
variations of the fields, multiplied by the "sources" for the BRST variations, added to 
it, that is required to be preserved by renormalization, since this allows for the fact 
that the BRST variations also get infinite correction terms, due to the BPHZ defini- 
tion of VEVs and correlation functions involving normal products, and allows finite 
counterterms dependent on the "sources" for the BRST variations, as well as the finite 
counterterms independent of these "sources" , to be added to the action, order by order 
in the loop expansion, in order to restore the validity of the Slavnov- Taylor identities. 

The study of the Slavnov- Taylor identities makes use of a number of relations, 
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sometimes called quantum action principles [721 ESI EH ESI EHl U7\, that involve not 
only normal products, but also, slight generalizations, called oversubtracted normal 
products, and anisotropic normal products. An oversubtracted normal product is a 
normal product, X, that is assigned an integer, n, greater than the dimension of X, 
that is to be used, instead of the dimension of X, in determining the maximum degree 
of the Taylor expansion, of the BPHZ counterterm, for any subdiagram that includes 
X. The dimension of a monomial in the fields and derivatives, here, means the num- 
ber of derivatives, plus, for each field, half the dimension, at short distances, of the 
corresponding propagator, which is for a propagating boson, and ^^^^ for a prop- 
agating fermion, in d dimensions. An anisotropic normal product is a normal product 
that is assigned two or more different degrees of oversubtraction, depending on which 
legs of the normal product are internal lines, and which are external lines, of a subdi- 
agram that includes the normal product. The oversubtracted and anisotropic normal 
products are related to the ordinary normal products by linear relations, called Zim- 
mermann identities [nUEOlE]; which state, for example, that the difference between 
an oversubtracted normal product, and the corresponding ordinary normal product, is 
equal to a linear combination, with coefficients that vanish, at zeroth order in pertur- 
bation theory, of normal products, of dimension less than or equal to the integer, n, 
that is assigned to the oversubtracted normal product, as above. Both the quantum 
action principles, and the Zimmermann identities, might need to be modified, when 
the propagators, in the counterterms, are allowed to differ, at large distances, from the 
propagators in the direct terms, as allowed by the convergence proofs, in the present 
paper. 

In general, the additional finite counterterms, that are allowed to be added to the 
Lagrangian, at a given order in the loop expansion, or, in other words, at a given or- 
der in the expansion in powers of h, are the most general linear combinations of local 
monomials in the fields and their derivatives, of dimension not exceeding the maximum 
dimension of the BPHZ counterterms that occur at that order in the loop expansion, 
and which preserve the subgroup of the full Poincare group preserved by the tree level 
Lagrangian, and the global internal symmetries of the tree level Lagrangian. Thus, 
in Lorentz-covariant gauges, the counterterms are required to be Lorentz-invariant, 
while in gauges such as radiation gauge, where some terms in the tree-level Lagrangian 
depend on a special direction, defined by a unit vector, n^, the counterterms are also 
allowed to depend on n^. The coefficients of the finite counterterms are fixed by requir- 
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ing, firstly, that the Slavnov- Taylor identities are preserved, then, secondly, any further 
independent coefficients, whose values affect the physical predictions of the theory, are 
fixed, by fitting the predictions of the theory, to a finite number of experimental mea- 
surements, then, finally, the remaining independent coefficients, whose values do not 
affect the physical predictions of the theory, are fixed, by choosing a finite number of 
normalization conditions on the correlation functions or proper vertices, which serve 
to stabilize the gauge in which the calculations are being done. If, after the Slavnov- 
Taylor identities have been preserved, the number of independent coefficients, whose 
values affect the physical predictions of the theory, does not increase with increasing 
order in the loop expansion, the theory is said to be renormalizable, and makes defi- 
nite predictions, with no scope for adjustment, for the rates of physical processes, once 
the values of the relevant coefficients have been determined, by fitting the results of a 
finite, fixed set of experimental measurements. An example of a renormalizable theory 
is the Standard Model WE\ in 3 + 1 space-time dimensions, in which case the relevant 
coefficients correspond to the masses, mixing angles, and coupling constants in the 
tree-level Lagrangian, whereas gravity and supergravity ISO] in 3 + 1 dimensions, 
and Yang-Mills theory in more than 4 dimensions, are not renormalizable. 

By making use of the quantum action principles, the Zimmermann identities, and 
the Wess-Zumino consistency condition, Becchi, Rouet, and Stora jHH IH2] explicitly 
demonstrated, for the Abelian Higgs-Kibble model [SSI EH EH] , and the SU(2) Higgs- 
Kibble model jSHl EZ], in which all particles are massive, and the Adler-Bell-Jackiw 
anomaly [SHlEni is absent, that the Slavnov- Taylor identities could be preserved, to all 
orders in the loop expansion, by suitable choices of the additional finite counterterms, 
and that when the Slavnov- Taylor identities are preserved, the physical ^-matrix is 
unitary, in a class of Lorentz-covariant gauges, and is independent of the normalization 
conditions imposed on the BPHZ-renormalized proper vertices, that correspond to a 
specification of the choice of gauge, within the class of Lorentz-covariant gauges con- 
sidered. The practical techniques that have been developed, for the explicit calculation 
of the additional finite counterterms, that restore the validity of the Slavnov- Taylor 
identities, order by order in the loop expansion, are sometimes referred to as algebraic 

renormaiization [EHiEniinniiniiin2iin3iniiin3inainii[nsii22i- 

For Yang-Mills theories, a theorem of Joglekar and Lee [221 llUUj states that a 
general BRST-invariant local polynomial, in the fields and their derivatives, of Fadeev- 
Popov ghost number zero, is equal to the sum of a gauge-invariant polynomial in the 
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field strengths and their gauge- covariant derivatives, and a BRST variation. If an 
analogous result also held for other gauge theories, then the non-discrete physically 
significant adjustable parameters of the BPHZ renormalized theory, which remain un- 
determined, at a given order in the loop expansion, after satisfying the Slavnov- Taylor 
identities at that order, and thus have to be fitted to experiment, reducing the pre- 
dictiveness of the theory, would be in one-to-one correspondence with the non-trivial 
adjustable parameters of the corresponding (on-shell) gauge-invariant classical action, 
allowing terms with higher derivatives, up to and including the maximum number of 
derivatives required, in the BPHZ counterterms, at that order in the loop expansion. 
"Non-trivial" , here, means that the coefficients of higher-derivative terms that vanish 
when the field equations of the zero-loop theory are satisfied, are not counted, because, 
for small values of their coefficients, those terms can be absorbed by a redefinition of the 
fields. Coefficients of total derivative terms are also not counted. Thus, in particular, 
pure Einstein gravity, in 3 + 1 dimensions, gets no new adjustable physical parameters 
at one loop order, because y/—gR^ and yZ—gR^^Rf^i, vanish when the vacuum Einstein 
equations are satisfied, and ^J—g{R^ — AR^^R^^ + R^""^ R^vap) is a total derivative 
|1()H ll()2j . "(On-shell) gauge-invariant" means that, for gauge transformations such 
as the local supersymmetry variations of supergravity without auxiliary fields |lU3j . 
whose commutator includes a trivial gauge transformation, as defined in Section 2.4 of 
|l()4j . the gauge variations of the higher derivative terms are only required to vanish 
when the field equations that follow from the zero-loop action are satisfied, because, 
for small values of the coefficients of the higher derivative terms, their gauge varia- 
tions can, in that case, be cancelled, by the addition of appropriate additional terms 
to the gauge transformation rules. It might be interesting to look at supergravity in 
eleven dimensions [JUni IM HHZI CHHl UnHl IM Ell HH, and Hofava-Witten theory 
[113", HHl ESI EHl EH EH ES EDI EH , from this point of view. 

The compact form of the Slavnov- Taylor identities, for the action that has had the 
BRST variations of the fields, multiplied by the "sources" for the BRST variations, 
added to it, is sometimes called the Zinn- Justin equation |122j . when it is expressed in 
terms of the generating functional of the proper vertices, defined in the standard way, 
by the application of a Legendre transformation, with respect to the fields and their 
sources, to the generating functional of the connected Green functions. The Legen- 
dre transformation does not affect the "sources" for the BRST variations, which are 
treated, in effect, like position-dependent "coupling constants", that may also have 
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Lorentz and Yang-Mills indices. The zero-loop form of the Zinn- Justin equation is 
called the Batalin-Vilkovisky master equation [123 1123 1123 1123 II2I1 II2HI 1123 1133 
I13H I132t I133| I134t I135t I136| I137j , and is thought to provide a comprehensive frame- 
work for studying the gauge-fixing of gauge theories, at the zero-loop order. In this 
context, the "sources", for the BRST variations of the fields, are usually called "an- 
tifields". An alternative framework for the BPHZ renormalization of gauge theories, 
that appears to focus on the quantum-corrected Batalin-Vilkovisky master equation, 
written in terms of Zimmermann normal products, rather than on the Slavnov- Taylor 
identities, has been proposed by De Jonghe, Paris, and Troost fTHH] . A formal proof, 
that the quantum-corrected Batalin-Vilkovisky master equation implies that physical 
quantities are independent of the choice of the gauge-fixing terms in the action, was 
given by Fuster, Henneaux, and Maas [.137j . 

The definition of the BPHZ counterterms, in position space, depends on the choice 
of the contraction weights, uab, as defined on page EH where A and B are subdiagrams 
of a Feynman diagram, such that 5 is a subdiagram of A. However, when the action 
is translation-invariant, the change to a counterterm, that results from a change of the 
contraction weights, vanishes when the degree of divergence is zero, and is a total di- 
vergence, when the degree of divergence is greater than zero. Indeed, for a subdiagram, 
A, with n vertices, and a set of contraction weights, u, let Aj = ujA{i}, ^ ^ i n, where 
i runs over the vertices of A. Then Yl^=i ~ ^ typical overall counterterm, for 

A, has the form: 

Ca{z)\,= 

Here I {x) = I {xi, . . . , the internal function of A, includes the internal propagators 
of A, which may differ, at long distances, in the counterterm, from the corresponding 
propagators in the direct term, as allowed by the convergence proofs in this paper. 
I (x) may also include BPHZ counterterms for strict subdiagrams of A. Translation 
invariance means that, for arbitrary u, I {xi + u, . . . ,Xn + u) = I (xi, . . . , a;„). is the 
degree of divergence, m is the number of legs of A, which is the number of fields, in the 
corresponding formal counterterm, in the Lagrangian. Xj is the position of the inner 
end of the jth leg of A, before the contraction of A. If none of the subdiagrams of A 
have been contracted, then each xj will simply be one of the Xj, while if some of the 
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subdiagrams of A have been contracted, some of the Xj might be hnear combinations 
of some of the Xi, with total weight 1. y^^ means where fj, is the Lorentz index. 
E {yi, . . . , yjn) is the external function of A. In the Feynman diagram, yi, . . . , are 
the positions of the ends, in A, of the propagators that form the legs of A, and are 
thus evaluated at Xi, . . . , x^, before the contraction of A, and at z, . . . ,z, where z — 
X^iLi'^j^i) after the contraction of A. In the Feynman diagram, (yi, . . . , y^) also 
depends, implicitly, on the positions of the external vertices of the diagram, and, also, 
on the positions of any vertices of the diagram, not in A, that have not yet been 
integrated over. In the counterterm, on the other hand, E {yi, . . . , y^) is the product of 
some fields, (fi (yi) . . . {ym), all of which are evaluated at z, after the differentiations 
have been performed. 

Let uj' be another set of contraction weights, and let \[ = uj'^^,^, ^ ^ i ^ n, 
so that Yli=iK = 1- Let x'- = Xi + YJk=i (^fe ~ ^k)xk, I < i < n. Hence = 
5ij + \'j — Aj, which has determinant equal to 1. Furthermore, X^iLi "^i^'i ~ K^i^ 
Z]r=i K^i = ZlILi - \) ^ii hence Xi = x'i + ^^^^ (A^ - AJ.) x'^. Hence the 
above counterterm, evaluated with the contraction weights a;', is: 

= J K^r - ^ (^) E ^ [i^ -z).y)l E{y,,..., y^) 

= j d-^x'5^ X^x[ - z^ I (x') ^ 1 (^x; + (A, - A',) x'. 



yi = ...=ym=z 



z .yj X 



xE{yi,...,yr, 

/ yi = ...=ym=z 

where I used the translation invariance of I (x), and the fact that, since each xj is a 
linear combination, of total weight 1, of the Xi, we have Xj = x'j + Yl^=i i'^k ~ -^fc) 
for all 1 < j < m. 

Hence, renaming x'^ as Xi, we have: 

Ca{z)\,,-Ca{z)\,^ 

= J [y.^ ^^^^ - ^) ^ (^) E ^ ( ( {^^ + (e - ^'k) - ^ -vo 
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^ - - ' yi=...=ym=z 

N 



d-v ^^^^ - ^ ) ^ (^) E ^ E (^^ - ) • E 

\i=l / \s=l ■ \\fc=l / \i=l 



X 



N~s ^ / m 



^ E 7i f E (^j' ~ ^) -y^ ) ^ ^^1' • • • ' 



i=0 \i=l 



I^XJ Kx^i I (x) (^E ^ (^E (^'^ - • (e 

^E^ E^j-^0 ^^y^^---^y- 



?/i = ...=ym=z 

s 



J/l = ... = ym = Z 



X 



x) X 

n. 



vfci=i / \fc,=i 



^ I E^ [J2^i-yn E{yi,...,y„ 

where the second-last step resulted from shifting all the Xi by z, and using the trans- 
lation invariance of / (x), again. 

More generally, a change, to the contraction weights, will result in a change to 
the finite counterterms that need to be added, in order to satisfy the Slavnov- Taylor 
identities. The convergence proofs, in the present paper, are given for an arbitrary, 
fixed set of contraction weights, that satisfies conditions (i), (ii), and (iii), on page 
IHTl These conditions allow a substantial amount of flexibility in the choice of the 
contraction weights, as discussed on pages ED and 1221 

For the application of the results to the Group- Variation Equations ^3] , the renor- 
malization of the gauge-invariant quantities, in terms of which the Group- Variation 
Equations are expressed, is also required. It was originally intended that these would 
be the VEVs and correlation functions of generalized Wilson loops formed from paths 
consisting of finite numbers of straight line segments. However, these have rather com- 
plicated properties under renormalization, with infinities depending on the angles made 
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by the straight hne segments, at the vertices where they meet, and further singulari- 
ties appearing whenever the vertices are positioned such that two of the straight hne 
segments intersect. The intention was to divide these VEVs and correlation functions 
by "short distance factors", consisting of the same VEVs and correlation functions, 
but calculated with propagators smoothly cut off at long distances, and then to re- 
write the Group- Variation Equations as equations for these ratios, the "long-distance 
factors" , which would not be sensitive to the fine details of the paths. It now seems 
likely, however, that this program could be carried out in a more practical manner, by 
using, as the basic gauge-invariant quantities, not the generalized Wilson loops formed 
from paths consisting of finite numbers of straight line segments, but rather, the "point- 
pinned loops" , formed from the same sequences of points in four-dimensional Euclidean 
space, as the corners of the paths, but having, between each successive pair of path 
vertices, not the straight Wilson line between the two vertices, but rather, a factor 



xi,yj 

s 



%+ / du / d^z e"^ {A,- {z) A + d^.A^ {z)) e^^"")^ +. . . 

xy Jq J \ / xz \ J zy 

where is covariant derivative for a scalar field in the SU(n) fundamental, x and y 
are the positions of the two vertices, and i and j are the colour indices, to be traced 
along the loop as usual. The idea is that, for small enough real s, the paths from x to 
y, that appear in the sum over paths, in the path integral representation of the above 
factor, will be strongly suppressed by the standard Gaussian factors. 



g(«n+l- 



g '4(u„_|_i-un) 

n2 ' 



Zvz-a+i (47r (l^n+l - 

for paths that wander significantly away from the straight line from x io y. In that 
case, the pointed-pinned loop, with a suitably small Sj for each segment, will have 
approximately the same long-distance factor as the generalized Wilson loop formed 
from the corresponding straight line segments. On the other hand, it seems reasonable 
to anticipate that the point-pinned loops might have much simpler properties, under 
rcnormalization, then the corresponding generalized Wilson loops, formed from the 
corresponding straight line segments. The simplest guess would be that a point-pinned 
loop needs only two divergent "wave-function rcnormalization" factors, when all the 
vertices are at different positions in four-dimensional Euclidean space: a fixed divergent 
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factor, N, for each vertex, and a factor e~"* for each segment, with a fixed divergent 
"mass", m. 

It seems possible, that the technique of allowing the propagators in the counterterms 
to differ, at long distances, from the propagators in the direct terms, might also be 
implemented in Hepp's method, by introducing an appropriate upper limit to the 
parameter integrals, for the propagators in the counterterms, and checking to see if 
this caused any problems in Hepp's convergence proof. Similarly, it seems possible that 
the long-distance cutoffs on the propagators, introduced to define the short-distance 
factors in the Group- Variation equations, could also be introduced, in Hepp's method, 
by means of an appropriate upper limit to the parameter integrals. Furthermore, to 
the extent that position-dependent background fields, coupling to composite operators, 
have to be introduced, for example for the purpose of studying the Slavnov- Taylor 
identities, or for calculations in position-dependent gravitational backgrounds, it seems 
possible that a smooth position-dependence of the backgrounds might be dealt with 
in Hepp's method, by introducing an independent "source", j^, or p^, in the Gaussian 
exponent, for each vertex, at which position-dependence of the coupling constant, or 
the background, is required, doing the Gaussian integrals over the vertex positions in 
the usual way, then differentiating with respect to the "sources", to bring down the 
required pre-exponential factors of the vertex positions, before setting the "sources" 
to zero. In momentum space, the result of doing the Gaussian integrals over the 
positions of the vertices, in the presence of the "sources", would look like Symanzik's 
formula |139j |14Uj . with a momentum coming in at every vertex, rather than just at the 
"external" vertices, of the diagram. Moreover, it appears that a tolerable "Gaussian" 
representation, with n integration parameters, of the Wilson area law, for the VEV 
of a loop that approximately follows a loop formed from n straight line segments, 
can be obtained by a simple improvement of the ansatz discussed in Section 8.1.3 
of jHj, based on Douglas's formula for the area of a minimal-area spanning surface 
[141 |142j . Finally, the limiting process proposed in ^3], for calculating the path 
integrals weighted by the window factors, in which the smoothly-varying long-distance 
factors are only "tied", or "stitched", to the paths, at a finite number of points, and 
the path sums between the "stitch points", weighted by the short-distance factors, 
are done exactly, in terms of modified Feynman diagrams, with the limiting process 
consisting of increasing the number of points at which the long-distance factors are 
"stitched" to the paths, is also formulated in terms of exponentiated propagators. 
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Thus, it seems possible, that if the Group- Variation Equations are expressed in terms 
of the point-pinned loops, instead of generalized Wilson loops formed from straight 
line segments, and if the area-law ansatz, based on Douglas's formula, can also be 
extended to an ansatz for the loop correlation functions, so that it gives tolerable 
results in circumstances where a minimal-area spanning surface, of higher topology, 
actually exists, then all the ingredients required to calculate the right-hand sides of the 
Group- Variation Equations, for a realistic ansatz, might actually be available within 
the Hepp framework of exponentiated propagators, which would, in that case, probably 
be the method of choice, for practical calculations. Perhaps it might, after all, be 
possible to study the Group- Variation Equations within the framework of dimensional 
regularization [HSl EH ESI E3 EH EH| • 

Thus if the Group- Variation Equations can, in fact, be reformulated in terms of 
point-pinned loops, in the manner just described, then the original motivation for the 
present paper, which was the unsuitability of exponentiated propagator and momen- 
tum space methods, for the calculation of VEVs and correlation functions of general- 
ized Wilson loops, formed from straight line segments, is largely removed. Perhaps, 
however, the proof of the possibility of using propagators in the counterterms, which 
differ, at large distances, from the propagators in the direct terms, so that for theo- 
ries with massless particles, the long-distance divergences can be eliminated from the 
counterterms, without altering the propagators in the direct terms, might have some 
practical utility, and lead to the proof of analogous results, for the parameter space 
and momentum space methods. 

A different method of renormalization, in the absence of translation invariance, 
was given by Brunetti and Fredenhagen |149j . who deal with the case of Minkowski 
signature, and base their construction on the method of Epstein and Glaser |15Uj . 
A proof of the BPHZ renormalizability of field theory, in a Euclidean signature 
four-dimensional curved gravitational background, was given by Bunch |151j . 

Remarkable progress towards the analytic solution of SU(A^) Yang-Mills theory, at 
large iV, in 2 + 1 dimensions, has recently been reported in |152j . 
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1 Introduction. 



Many attempts to make QCD into a quantitative theory for hadrons involve the use 
of Wilson loops. When a Feynman diagram contributing to a Wilson loop expectation 
value is calculated, some of the vertices of the diagram must be integrated along the 
loop. It is desirable to be able to carry out the calculation of the such a diagram 
directly in position space, and in particular it is desirable to understand in as much 
detail as possible how the cancellation of short-distance divergences, when the diagram 
is renormalized, works in position space. In an earlier paper, "Cluster Convergence 
Theorem", we presented a power-counting convergence theorem for use in Euclidean 
position space, and in this paper we use the Cluster Convergence Theorem to present 
a BPHZ convergence proof directly in Euclidean position space. 

In Sectioniniof this paper we prove, as Theorem^ the absolute convergence, in Eu- 
clidean position space, of renormalized diagrams when the BPHZ forests are allowed to 
include all connected subdiagrams, (both one- line- reducible and one-line-irreducible), 
that are divergent by power-counting. 

In Section [7| of this paper we prove, as Theorem |2l the convergence, not necessarily 
absolute, in Euclidean position space, of renormalized diagrams when the BPHZ forests 
are only allowed to include one-line-irreducible subdiagrams. In this case we give the 
result both in a form that involves taking a limit from regularized propagators, and in 
a form that makes no use of regularized propagators. 

Our methods enable any renormalized Feynman diagram to be calculated directly 
in Euclidean position space, without any use of momentum space or Gaussian integral 
techniques. 

In Section ISl "Applications", we explain the derivation of our formula for the renor- 
malized integrand, and we show that for QCD, our form of the R-operation requires no 
counterterms whose total number of gauge fields plus derivatives plus | times quark 
fields is greater than 4, so that power-counting renormalizability is achieved. 

For Theorem n we make no assumption of translation invariance, nor of any related 
property, and for Theorem |21 we assume not translation invariance but a much more 
general property of translation smoothness. 
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2 Preparations. 



Let A and B be any sets. We shall use the convention that the notation A C B means 
"A is a subset of i?" , and inchides the possibility that A = B. We shall write A (Z B, 
and say "^4 is a strict subset of B'' , to indicate that A is a subset of B but not equal 
to B. The notation A h B {'^A outside S") means the set of all the members of A 
that are not members of B. 

The word "ifif " is short for "if and only if" . 

For any finite set A, the notation # (A) indicates the number of members of A. If 
n is an integer > 0, an n-member set is a finite set A such that # (A) — n. 
The symbol denotes the empty set. 

For any set X such that every member of X is an ordered pair, we define V [X) , 
the domain of X, to be the set of all the first components of members of X, and TZ {X), 
the range ol X, to be the set of all the second components of members of X. 

A map is a set M whose members are all ordered pairs and which satisfies the 
requirement that if (a, h) & M and (e, f) & M then a — e implies b — f. 

Note that if M is a map, then V (M) is finite ifif M is finite and that if M is finite 
then # {V (M)) = # (M) and # (7^ (M)) < # (M). 

If M is a map and i is a member of V (M) then the notation Mi denotes the second 
component of the unique member of M whose first component is i. 

When a subscript appears on a subscript, for example xa^, the interpretation is 
always X(^a^), never {xa)^- 

An expression such as xao, where two subscripts appear side by side, can arise 
either as an abbreviation of X(^A,a), (which arises when the ordered pair {A, a) is a 
member of the domain of the map x), or as an abbreviation of {xa)^, (which arises 
when the member xa of the range of the map x, is itself a map). 

For any sets A and B, we shall denote by B^ the set whose members are all the 
maps whose domain is A and whose range is a subset of B. 

A bijection is a map M such that if (a, b) & M and (e, f) & M then b — f implies 
a — e. 

For any ordered pair {M,A) of a map M and a set A, we define I {M,A), the 
restriction of M to the domain ©(M) fl A, to be the subset of M whose members are 
all the members (a, 6) of M such that a e A holds. Thus J, {M,A) is a map whose 
domain is V (M) n A. 
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For any set F whose members are all themselves sets we define U (F) to be the 
union of all the members of F. 

For any nonempty set F such that every member of F is a set, we define I (F) to 
be the intersection of all the members of F. 

A partition is a set F such that every member of F is a set, no member of F is 
empty, and for every two distinct members A and BoiF,Ar\B — $ holds. And if A 
is any set, then a partition of A is a partition F such that U (F) — A. 

For any partition V we define S (V) to be the set whose members are all the 
nonempty subsets A of U (V) such that if B is any member of V, then either B C. A 
holds or 5 n A is empty. We note that if V is any partition, and we define a map M 
whose domain is the set of all the nonempty subsets of V by specifying that for each 
nonempty subset X of V, Mx = W (X), then M is a bijection whose domain is the set 
of all the nonempty subsets of V and whose range is S (V). Thus if V is a finite set, 
then S (V^) is a finite set and # (S (V)) = 2#(^) - 1. 

If F is a set such that every member of F is a set, then we define Ai (F) to be the 
set whose members are all the members A of F such that there is no member B of F 
such that B CA holds, and we define M{F) = {FhM (F)). 

For any ordered pair (F, i) of a set F such that every member of F is a set, and a 
member i oiU (F), we define C (F, i) to be the intersection of all the members A of F 
such that i E A holds, and we note that i & C {F, i) always holds, and that if F is a 
partition, then C (F, i) is equal to the unique member of F that has i as a member. 

For any ordered pair (F, A) of a set F such that every member of F is a set, and 
a set A, we define V (F, A) to be the set whose members are all the members B of F 
such that B C A holds and there is no member C of F such that B C C C A holds. 

A wood is a set F such that every member of F is a set, no member of F is 
empty, U (F) is finite, every member of U (F) is a member of some member of M. (F), 
# {A4 (F)) > 2 holds, and for every two distinct members A and B of F, at least one 
of A \- B and A OB and B \- A is empty. 

We note that if F is any wood and A and B are any members of F, then exactly 
one of the four possibilities A^B,A(zB,B<zA, and A n S = holds. Thus if 
F is a wood and A and B are any members of M (F), then either A — B holds or 
AOB — $ holds. Hence Ai (F) is a partition. And furthermore, by the definition of a 
wood, every member of U (F) is a member of some member of M (F), hence M (F) 
is a partition of U (F). 
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And we note furthermore that if F is a wood and i is any member of U (F), then 
C (F, i), which by definition is the intersection of all the members of F that have i as 
a member, is equal to the unique member of A4 (F) that has i as a member. 

If V is any partition such that U (V) is finite and # (V) > 2 holds, then a wood of 
y is a wood F such that M (F) — V holds. 

We note that if V is any partition such that U {V) is finite and # (1^) > 2 holds, 
then V is itself a wood of V, and furthermore if F is any wood of V, then V C F holds. 

If A and B are any sets, then we shall say that "A overlaps S" ifif none oi A \- B, 
Ar\B and B \- Ais empty. In other words, A overlaps B ifif none oi AC B, AflB — 0, 
and B C A are true. 

Let V be any partition such that U (V) is finite and # (V) > 2 holds, and let F 
and G be any woods of V. Then we may verify directly from the definition of a wood 
of V, that F n G is also a wood of V. 

Furthermore, let V be any partition such that U {V) is finite and ^ (V) > 2 holds, 
and let F and G be any woods of V such that no member of F overlaps any member of 
G. Then we may again verify directly from the definition of a wood of V, that F UG 
is also a wood of V. 

We note that it is true in general that if a nonempty set X is totally- ordered and 
finite, then X has both a unique maximal, or largest, member, and a unique minimal, 
or smallest, member. In particular, if F is a nonempty finite set such that every 
member of F is itself a set, and for every two distinct members A and B oi F, exactly 
one oi A C B and B C A holds, then there is a unique member Z oi F such that 
A C Z holds for all members A of F, and there is a unique member y of F such that 
Y C. A holds for all members A of F. We shall call Z the largest member of F, and Y 
the smallest member of F. 

Now if F is a wood, A is a set, and B and C are any two distinct members of 
V{F,A), then exactly one of S C C, S n C = 0, and C C S holds, since both B 
and C are members of the wood F. But B e V {F, A) implies that B C C cannot 
hold, and C e V {F, A) imphes that C G B cannot hold, hence S n C = must hold. 
Furthermore, every member of V (F, A) is a member of F, hence no member of V (F, A) 
is empty. Hence V (F, A) is a partition. 

Now let B be any member of F such that B C A holds, and let X be the set whose 
members are all the members C oi F such that B C. C and C <Z A both hold. Then 
B & X holds, hence X is nonempty. Furthermore, if C and D are any two distinct 
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members of X, then B C [C D) holds, hence C OD is nonempty, hence exactly one 
of C C -D and D C C holds. Hence X has a unique member E such that C C E holds 
for all members C of X. Now E G A holds by the definition of X, and furthermore, 
if X is a member of F such that E C K and K C A both hold, then K would be a 
member of X such that E C K holds, contradicting the fact that C C E holds for all 
members C of X. Hence there is no member K of F such that E <Z K and K <Z A 
both hold, hence is a member of V{F^A). Hence for every member B of F such 
that B <Z A holds, there is a unique member EofV (F, A) such that B C E holds. 

Now suppose that A is a member of {E{M. (F)) h M (F)), or in other words, 
suppose that A is any subset of U (F) such that A neither overlaps any member of 
Ai (F) nor is a subset of any member of Ai (F). Let i be any member of A. Then i 
is a member of U (F) hence by the definition of a wood, the set C {F, i) is a member 
of M. {F) hence, since A neither overlaps any member of M. (F) nor is a subset of any 
member of Ai {F), C{F,i) C A holds. Hence by the preceding paragraph there is a 
unique member E of V {F, A) such that C {F, i) ^ E holds, hence there is a member 
E of V {F, A) such that i E E holds. Hence V {F, A) is a partition such that every 
member of V {F, A) is a strict subset of A, and if i is any member of A then there 
exists a member EofV {F, A) such that i & E holds. Hence V {F, A) is a partition of 
A such that # {V {F, A))>2 holds. 

For any wood F, we define the wood F hj F = F U {U (F)}. 

For any ordered pair (F, B) of a wood F and a nonempty set B, we define y {F, B) 
to be the smallest member A of F such that B Q A holds, if any members A of F exist 
such that B Q A holds, and to be equal to the empty set if there are no members A 
of F such that B QA holds. 

We note that if F is any wood, and B is any member of F such that B (F), then 
B eV {F,y {{F ^ {B}) , B)) holds, and furthermore the member y {{F ^ {B}) , B) 
of F is the only member ^ of F such that BeV{F, A) holds. For 3^ ((F h {B}) , B) 
is by definition the smallest member of F to contain S as a strict subset. Furthermore, 
since F is equal to F apart from the fact that U (F) is a member of F, while U (F) 
may or may not be a member of F, V (F, A) is equal to V (F, A) for every member A 
of F. Now B <zy ((F h {-B}) , 5) certainly holds, and moreover there is no member 
C of F such that S C C C ((F h {B}) , B) holds, for any such member C of F 
would be a member of F, since F C F holds, and there is no such member C of F 
since ^ ((F h {-B}) , -B) is the smallest member of F to contain S as a strict subset. 
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Hence B eV {F,y {{F h {B}) , B)) holds. Now let A be any member of F such that 
B e V{F, A) holds. Then B G A holds and there is no member C of F such that 
B (Z C (Z A holds. Now if there was a member C of F such that B (Z C (Z A held 
then C would be a strict subset of U (F) hence could not be equal to U (F), hence C 
would be a member of F. Hence there is no member C of F such that B (Z C (Z A 
holds, hence A is the smallest member of F to contain S as a strict subset, hence 
A^y{{F^ {B}),B) holds. 

We note that it follows directly from this that if F is any wood then F is equal to 
the disjoint union of V (F, A) for all the members A of B (F) , together with the set 
U (F) if U (F) is a member of F. 

We observe that for any wood F, the inequality 

# {M (F)) < # (F) < (2# {M (F)) - 1) 

holds. For M. (F) is a subset of F, hence ^ {M (F)) < ^ (F) certainly holds, and F 
is a subset of F, hence # (F) < 7^ (F) holds, and moreover M{F)=M (F) holds. 

Now for each integer i > 2 let ni denote the number of members A of B (F) such 
that # {V (F, A)) = i. Then we count the number of members of F in two ways: 

(1) *{F)^#{M{F)) + J2ni 

i>2 

(2) Wc note that F is equal to the disjoint union of V (F, ^4) for all the members A of 
B (F) , together with the member U (F) of F. Hence 

#(F) = l + 5]zn, 

i>2 

From these two equations we deduce directly that 

#(F) =2# (M (F))-l- J](i-2)n, 

i>3 

Hence to maximize # (F) we take rij as small as possible for all i > 3, (thus we take 
Ui — O for all i > 3), hence the maximum possible value of # (F) is (2# {M. (F)) — 1). 

For any ordered triple (F, A, i) of a wood F, a member A of (S (F)) h (F)), 
and a member i of A we define AT (F, ^4, i) to be the unique member B oiV (F, ^4) such 
that i & B holds. 

For any finite set A we define Q {A) to be the set whose members are all the 
two-member subsets of A, and we note that # (Q (^4)) = |# [A) (^4) — 1). 
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For every ordered pair {A, H) of a set and a set H such that every member of H 
is a set, we define T (^4, H) to be the subset of A whose members are all the members 
i ol A such that there is no member B ol H such that i & B and B Q A both hold. 

For every ordered pair (F, H) of a wood F, and a set H such that every member 
of is a set, we define O (F, H) to be the set whose members are all the members i 
of U (F) such that there exists a member A of F such that i E A holds and there is no 
member B of H such that i E B and B C. A both hold. 

For every ordered triple (F, H, i) of a wood F, a set H such that every member of 
if is a set, and a member i of O (F, H), we define Z (F, H, i) to be the largest member 
A of F such that i E A holds and there is no member B of H such that i E B and 
B CA both hold. 

For any sets A and B wc define K {A, B) to be the set whose members are all the 
sets C such that A C C and C C B both hold, and we note that K [A, B) is equal to 
the empty set if A C B does not hold. 

For any ordered triple (F, A, B) of a wood F, a nonempty set A, and a set 5, we 
define Y (F, A, 5) to be the set whose members are all the members C of F such that 
A C C and C C B both hold, and we note that Y {F, A, B) is equal to the empty set 
if A C -B does not hold. 

The symbol N denotes the set of all the finite integers greater than or equal to zero, 
the symbol Z denotes the set of all the finite integers, and the symbol M denotes the 
set of all the finite real numbers. 

If d is an integer > 1, then denotes d-dimensional Euchdean space. 

We define § (s), for all s e R, by 



§(s)e 

And we define T (s), for all s e R, by 

T(.)e 



if s < holds 

1 if s > holds 



1 if s < holds 
if s > holds 



We note that § (s) + T (s) = 1 holds for all seR. 

Throughout this paper, a variable with the " sign above it, indicates the partial 
derivative with respect to that variable. For example y is short for ^. 
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3 Review of the Cluster Convergence Theorem. 



A greenwood is a wood F such that every member of Ai {F) has exactly one member, 
and if A is any finite set such that # {A) > 2 holds, then a greenwood of A is a 
greenwood F such that U (F) — A holds. We say a greenwood F is high ifif U (F) e F 
holds. 

If d is an integer > 1, x is a map such that V (x) is finite, ^ {V (x)) > 2 holds, 
and TZ {x) is a subset of K^, and o" is a real number such that < cr < 1 holds, then 
a a-cluster of x is a nonempty subset A oiV (x) such that either # (A) — 1 holds, or 
else \xi — Xj\ < a \xk — Xm\ holds for all i & A, j & A, k & A, and m & {V (x) h A). 

We note that every one-member subset of V (x) is always a cr-cluster of x, and that 
V (x) is always a cr-cluster of x. 

We denote the set whose members are all the cr-clusters of x by {x, a). 

We note that no two cr-clusters of x can overlap. For if A and B are two overlapping 
subsets of T> (x) then A has a member, say i, that is not a member of B, {A fl B) has 
at least one member, say j, and B has at least one member, say k, that is not a 
member of A. Hence # (A) > 2 and # (B) > 2. Hence if A is a cr-cluster of x then 
\xi — Xj\ < a \xj — Xk\, and if S is a cr-cluster of x then \xj — Xk\ < o- \xi — Xj\, hence 
A and B cannot both be cr-clusters of x. 

It follows from this that {x, a) is a high greenwood of V {x). 

For any ordered triple {x, a, F) whose first component is a map x such that V (x) is 
finite, ^ {T> (x)) > 2, and TZ (x) C E(i, and whose second component is a real number 
a such that < cr < 1, and whose third component is a high greenwood F oi T> (x), 
we define the number A {x, a, F) by 

\ i!T(x,a)^F J ■ 

For any finite set J such that ^ (J) > 2 holds, wc define H (J) to be the set whose 
members are all the high greenwoods F oi J . Then the following identity holds for all 
X e and for all < cr < 1. 

J2 A{x,a,F) = l. 

FgH(J) 

(We note that A {x, cr, F) is unless V {x) G F holds, for V {x) is always a cr-cluster 
of X.) 
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For any ordered pair (x, L) whose first component is a map x such that V (x) is 
finite, # {V (x)) > 2, and TZ (x) C Kd, and whose second component is a real number 
L > 0, we define the number B (x, L) by 



B{x,L) = 
and we note that 



1 if |xj — Xjl < L holds for alH G P (x) and j ET) (x) 
otherwise 



B{x,L)= Yl S{L-\xi-Xj\) 

A={i,j}eQ{V{x)) 

holds, where S (m) was defined on pageEHl for all m G M, to be equal to 1 for m > 0, 
and equal to otherwise. 

If y4 is a finite set then a set of powers for A is a map a such that Q {A) C P (a) 
holds, and for each member A of Q {A), a a G holds. 

For any ordered pair (x, a) whose first component is a map x such that V (x) is 
finite, # (V (x)) > 2, and 71 (x) C K^, and whose second component is a set of powers 
a for V (x) , we define 



<i/ix,a)= Yl 

A={i,j}eQ(V{x)) 



X 'i j I 



-OA 



For any ordered pair (a. A) such that A is a finite set and a is a set of powers for 
A, we define 

r (a, A)= ^ OA- 

AeQ(A) 

If F is a greenwood and d is an integer > 1, then a good set of powers for {F, d) is 
a set of powers a for W (F) such that F (a, A) < (# (A) — 1) holds for every member 
A of B(F). 

The Cluster Convergence Theorem can now be stated as follows: 
Let d be any integer > 1, J be any finite set such that # ( J) > 2, F be any high 
greenwood of J, a be any good set of powers for {F,d), a be any real number such 
that < cr < 1, and L be any real number > 0. Let i be any member of J, z be any 
member of K^, and W be the subset of K'^ whose members are all the members x of 
E;^ such that Xj = z. Then the integral of A (x, a, F) B (x, L) \E' (x, a) over W is finite. 
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4 Good Sets of Woods. 



If ^4 is a set, and f/ is a set such that every member of t/ is a set, we shall say that A 
is U -connected ifif for every partition {B, C} of A into two nonempty parts B and C, 
there exists a member E of U such that B n E and C H E are both nonempty. 

Lemma 1. Let U be any set such that every member of [/ is a set, and let X be 
any nonempty set such that every member of X is a ^/-connected set and I {X) is 
nonempty. Then U {X) is a t/-connected set. 

Proof. Let {J,K} be any partition of U {X) into two nonempty parts. Now by 
assumption X (X) is nonempty. Let i be a member of 1{X). Then i is a member 
of exactly one member of {J^K}. Let M be the member of {J^K} that has i as a 
member, and let be the other member of {J, K}. Then Mfl A is nonempty for every 
member A of X, (since i is a member of every member of X), and furthermore since 
iV is a nonempty subset of lA (X), there exists at least one member B oi X such that 
N {~\ B is nonempty. Let B he a, member of X such that N r\ B is nonempty. Then 
{(M r\ B) ,{N n B)] = {{J n B) ,{K n B)] is a partition of B into two nonempty parts 
hence, since B is [/-connected, there exists a member E oi U such that E intersects 
both (M n i?) and [N r\B), or in other words, such that E intersects both (Jfl B) 
and {K n B), hence there exists a member E oi U such that E intersects both J and 
K. 

(We note that the example U = {{1, 3} , {2, 3} , {1, 4} , {2, 4}}, 
X — {{1, 2, 3} , {1, 2, 4}}, shows that X(X) being nonempty and every member of X 
being [/-connected does not imply that X(X) is [/-connected.) 

If ^4 is a set and [/ is a set such that every member of [/ is a set, then a U -connected 
component of A is a. nonempty subset B oi A such that B is U -connected and B is not 
a strict subset of any [/-connected subset of A. 

Lemma 2. Let A he a set, let [/ be a set such that every member of [/ is a set, and 
let F be the set whose members are all the [/-connected components of A. Then F is 
a partition of A. 

Proof. We shall first prove that any member i of A is a member of a unique U- 
connected component B of A. 
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Let i be any member of A, and let X be the set whose members are all the U- 
connected subsets C of A such that i & C holds. Then z is a member of X(X), hence 
X (X) is nonempty, hence by Lemma^ U (X) is fZ-connected. And furthermore, U (X) 
is not a strict subset of any subset C of A such that C is [/-connected, for if C is any 
[/-connected subset of A such that U (X) C C holds, then C is a [/-connected subset 
of A such that i E C holds, hence C is a member of X, hence C (X) holds, hence 
C is equal to U (X). Hence U (X) is a [/-connected component of A, hence U (X) G F 
holds. 

Furthermore, U (X) is the only member B of F such that i E B holds. For let B 
be any member of F such that i E B holds. Then B is a U -connected subset of A such 
that i E B holds, hence B E X holds, hence i? is a subset of U{X). Furthermore, 
since i? is a [/-connected component of A by the definition of F, B cannot be a strict 
subset of the [/-connected subset U (X) of A, hence B = U (X) holds. 

Finally we note that, since every member of F is a subset of A, U (F) C A holds, 
and furthermore, since every member of F is a [/-connected component of A, and by 
definition the empty set is not a [/-connected component of A, the empty set is 
not a member of F. 

Hence F is a partition of A. 

If d is any integer > 1 and x is any map such that V (x) is finite and TZ (x) C 
holds, then by definition V(x), the convex hull of x, is the set of all members y of 
such that there exists a member s of 'MP^^^ such that s j > holds for all i E T) (x) , 
Y.iev{x) -Si = 1 holds, and y = Y.iev(x) ^i^i holds. 

Lemma 3. Let A be any nonempty finite set, x be any member of E^a, and u and v 
be any members of the convex hull of x. Then |ti — < max \xi — Xj\. 

Proof. Let s E be such that Sj > holds for all i E A, Xligyi -^j ~ 1' 

u = YlieA ^i^i ^h hold, and let t E be such that tj > holds for all j E A, 

J2jeA^j ~ ~ YlijeA^j^j ^h hold. Then 




m£A 
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mdA m€.A 



We observe that if F is any partition, A is any member of S (l^), and F is the 
set whose members are all the members B oi V such that 5 C A holds, then F is a 
partition of A. For if i is any member of A, then i is a member of U (V), hence since 

is a partition, there is a unique member B of V such that i E B holds, and if B 
is the unique member of V such that i E B holds, then B (1 A is nonempty since it 
has the member i, hence by the definition of S {V), B C A holds, hence B E F holds, 
and furthermore, since F is a subset of V, B is the only member of F to have i as 
a member. Hence if i is any member of A, then there is a unique member B of F 
such that i E B holds, and furthermore, since every member of F is a subset of A, 
U {F) C A holds, hence F is a partition of A. 

We note, furthermore, that if V is any partition, A is any member of S (V), and F 
is the subset of V whose members are all the members B oiV such that B C A holds, 
then F is the one-member set {A} if ^4 is a member of V, and F is equal to V {V, A) 
if A is a member of (S (V) h V). 

If y is a partition such that F is a finite set then a set of contraction weights for 
y is a map cu such that the following three conditions are all satisfied: 

(i) if A and B are any members of S (V) such that B C A holds, then the ordered pair 
{A, B) is a member of V (u;), and ujab is a real number such that ojab > holds. 

(ii) if A is any member of S {V), and F is any partition of A such that F C 5 {V) 
holds, then YI/b^f ^ab — 1 holds. 

(iii) if A, B and C are any members of S (V) such that C Q B Q A holds, then 
ujac = ojabojbc holds. 

We note that these conditions have the immediate consequence that if A and B arc 
any members of S (V) such that B ^ A holds, and F is any partition of B such that 
F <ZE(y) holds, then uab = J2ceF ^ac holds. For Y^ceF ^ac = J2ceF ^abuJbc = 
^AB '^c&F^BC holds by condition (ni), and X^ceF'^^C' = 1 holds by condition (ii). 

And we note that one class of solutions to these conditions is obtained by making 
any choice of the real numbers ujac for A = U iV) and C eV such that each of these 
real numbers is strictly greater than and such that their sum is equal to 1, (so that 
condition (ii) is satisfied iov A = U. {V)), then using the result of the above paragraph 
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to calculate cuab when A — U (V) and B is any member of S (V) as cuab — X^ceF '^ac, 
where F is the partition of B whose members are all the members C oi V such that 
C C. B holds, and noting that this cuab is strictly greater than 0, then finally using 
condition (iii) to calculate cobc: for ^-^y members B and C of S (V) such that C C B 
holds, as cubc — verify directly that the map uj constructed in this way 

satisfies all the conditions (i), (ii), and (iii) above, and we observe that this construction 
gives the general solution of conditions (i) , (ii) , and (iii) if ujab is required to be strictly 
greater than for all members A and S of S (V) such that B Q A holds. 

An example of a solution to conditions (i), (ii) and (iii) that does not require ujab 
to be strictly greater than for all members A and B ol'E{V) such that B Q A holds 
is obtained by choosing a numbering of a finite number of members of U iV) such that 
every member of V has at least one numbered member, and defining ujab = 1 if -B 
contains the highest-numbered member of A, and uoab = otherwise. 

Wc observe that it also follows directly from the defining conditions (i), (ii), and 
(iii) for a set uo of contraction weights for V , that if A is any member of S {V) then 
ujaa = 1 holds. 

For any integer d > 1 and any ordered pair iV^uj) of a partition V such that V 
is a finite set, and a set uj of contraction weights for V , we define Ud (V,a;) to be the 
set whose members are all the members x of E^*^^^ such that for every member A of 
(H {V) \-V),xa^ ^ ojabXb holds. 

B&r{V,A) 

Lemma 4. Let V be any partition such that F is a finite set, u be any set of 
contraction weights for V , d be any integer > 1, x be any member of (V,Ci;), A be 
any member of S (y), and F be any partition of A such that every member of F is a 
member of S (V). 

Then xa = ojab^b holds. 

Proof. We note first that if A is a member of V then the only possible partition F is 
the partition F = {A}, hence the stated result follows immediately from the fact that 
'^AA = 1 holds. 

Now suppose yl is a member of (S (V") h V). Then we find: 

i^ABXB = j ^ (^ABXb + ^ (^ABXb 

BeF \Be{Fnv) J \B&{FhV) 



32 



^^abXb +1 ^ ^^AB I ^ t^Bca^c 
^Be(Fny) y \Be{F\-v) \ceViv,B) 

(by the definition of {V, u)) 

^ ujabXb + 5Z 5Z ^^ca^c 

^Be(FnV) J \Be(FhV) \c&V{V,B) 

(by condition (iii) on a set of contraction weights for V.) 

But the set whose members are the set [FCiV), together with the sets V{V,B) 
corresponding to the members B of {F h y), is a partition of V {V, A), hence 

i^ABXB ) + ( XI XI ^ACXC = X ^ABXb = Xa 

\C€ViV,B) J J BeP{V,A) 



Be{FnV) / \Be{F\-v) 



holds. 



If d is an integer > 1 and y is a partition such that \^ is a finite set, then we define 
(V) to be the set whose members are all the members x of E^*'^'' such that if A is 
any member of H {V) and F is any partition of A such that F C S {V) holds, then 

G V(| {x,F)) holds, or in other words, Xa is a member of the convex hull of the 
xb, B eF. 

We observe that if d is any integer > 1, is any partition such that is a finite 
set, and uj is any set of contraction weights for V , then it immediately follows from 
Lemma 0] together with the defining properties of a set of contraction weights for V, 
that (V, oj) is a subset of (V^). 

However a; G (V) does not imply that there exists a set uj of contraction weights 
for V such that x is a member of (V^uj). For example if ci = 1, \^ is the partition 
{y4,i?,C} where A, B, and C are three different, nonintersecting, nonempty sets, and 
X is the member of F^^ (V) defined by xa = —3, xauc = "2, xc = —1, xaubuc = 0, 
xbuc = 1, xaub = 2, and = 3, then if u was a set of contraction weights for V such 
that X was a member of lJd{V,uj), then from Lemma |3J condition (ii) on u, and the 
partition {A, {B U C)} we would find uJ(^aubuc,a) = |, and from Lemma IH condition 
(ii) on u, and the partition {{A U B) ,C} we would find uj(aubuc,aub) = I, and from 
the definition of (V, u), condition (ii) on uj, and the partition {A, B} we would find 
^(AuB.A) = |, which gives uj(^AuBuc,AuB)i^{AuB,A) = ^ 7^ i violation of condition (iii) 
on u. 
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We observe that if V is any partition, F is any partition such that F C S {V) 
holds, and A is any member of S (F), then A is a subset of U {V) such that if B is any 
member of V, then either BOA holds or 5 fl A = holds, hence A is a member of 

Now let d be any integer > 1, be any partition such that is a finite set, F be 
any partition such that F C S {V) holds, A be any member of H (F), and x be any 
member of Fa {V). Then xa G V(| {x,F)) holds, or in other words, xa is a member 
of the convex hull of the xb, B G F. For as shown on page IHUl if G is the subset 
of F whose members are all the members B of F such that B (1 A holds, then G is 
a partition of A, hence by the definition of FdiV), xa G V(| (x, G)) holds. And it 
follows directly from the fact that G is a subset of F that V (| {x,G)) C V (| (x, F)) 
holds, hence Xyi G V (| (x, F)) holds. 

For any ordered triple (F, A, x) of a wood F, a member A of (H (tVI (F)) h A4 (F)), 
and a member x of ( (F) ) , where d is an integer > 1 , we define 
L (F, A, x) = max \xb — xc\- 

B&V(F,A) 
C&V{F,A) 

We recall from page |2S1 that for any ordered pair (F, H) of a wood F and a set if 
such that every member of if is a set, we define O (F, H) to be the set whose members 
are all the members i oiU (F) such that there exists a member A of F such that i & A 
holds and there is no member B of H such that i E B and B (1 A both hold. 

And we also recall from page EHl that for any ordered triple (F, H, i) of a wood F, 
a set H such that every member of if is a set, and a member i of O (F, if), we define 
Z (F, if, z) to be the largest member A of F such that i E A holds and there is no 
member B of H such that i E B and B C A both hold. 

We note that if F is any wood, if is any partition, and A is any member of 
H (TW (F)), and i is any member of A and j is any member of (U (F) h A) such that 
{i, j} is a member of if, then the member C {F,i) of Ai (F) intersects A hence is a 
subset of A, hence j is not a member of C (F, z), hence the unique member {i,j} of if 
that has z as a member, is not a subset of C (F, i), hence i is a member of O {F,H), 
hence Z (F, if, i) is defined, and moreover Z (F, if, z) is the largest member of F that 
has i clS 3i member but does not have ^ clS db member, and furthermore since j is not a 
member of A, the member C (F, j) of (F) is not a subset of A, hence C {F,j) does 
not intersect A, hence i is not a member of C {F,j), hence the unique member {i,j} of 
if that has j as a member, is not a subset of C {F,j), hence j is a member of O (F, if). 



34 



hence Z [F, H,j) is defined, and moreover Z [F, H,j) is the largest member of F that 
has j as a member but does not have i member. 

Lemma 5 . Let V be any partition such that U (V) is finite and 7^ (V) > 2 holds, let 
P be any wood of V, let be any partition such that if E is any member of H such 
that E intersects more than one member of V, then E has exactly two members, let 
A be any member of (S {V) h such that A is (l^ U if)-connected, let A be any real 
number such that < A < ^ holds, let d be any integer > 1, and let x be any member 
of ¥d {V). Let F be any wood of V such that P C F holds, and such that for every 
ordered triple {B, of a member B of {F \- P) such that B G A holds and B is not 
a subset of any member of V {P, A), and a member i of B and a member j of {A h B) 
such that € -ff holds, there exists a wood G of such that P C G holds, A 

overlaps no member of G, and L (P, B,x) < X \xz(G,H,i) — xz{G,H,j)\ holds. 
Then L (P, A, x) < {j^) L (P, A, x) holds. 

Proof. We first note that, as shown on page|221 if B is any member of P such that 
B G A holds, then there is a unique member P of P (P, A) such that B G D holds. 

Let B and C be any members of P(P, A), and let D and P be the members of 
V (P, A) such that B G D and C E hold. Then |xb — xc| < |xb — xd| + Ix^ — + 
\xe — xc\ holds by the triangle inequality. 

We next note that if D = B holds, then \xb — xd\ = holds. 

Suppose now that B G D holds. Then D cannot be a member of P, for B E V (P, A) 
holds, D G A holds, and by the definition of V (P, A), there is no member D of P such 
that B G D and D G A both hold. Hence D E {F \- P) holds. 

Now V (P, D) is a partition of D, hence by the definition of {V), 
xd G V(| {x,V {P, D))) holds, or in other words, xo is a member of the convex hull 
of the xm, M e V{P,D). And P is a member of V{P,D), (for B G D holds, and 
there can be no member N of P such that B G N and N G D both hold, for such an 

would satisfy both B G N and N G A, contradicting B G V {P, A)). Hence is 
certainly a member of the convex hull of the xm-, M E V (P, D). Hence by Lemma El 
\xb — xd\ < L D, x) holds. 

Now D G A holds, and A is {V U P)-connected by assumption, hence there exists 
a member S of {V U H) such that 5* intersects both D and {A \- D). And both D 
and [A h D) are members of S(l^), hence no member of V intersects both D and 
[A \- D), hence there exists a member S of H such that 5* intersects both D and 
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{A \- D). Let S he a member of H such that S intersects both D and [A \- D). 
Then S intersects more than one member of V, hence by assumption S has exactly 
two members. Let i be the member of S that is a member of D, and let j be the 
member of S that is a member of {A \- D). Now D is a member of {F h P) such that 
D G A holds. And D is not a subset of any member of V{P,A), ioi B G D holds 
and B G V {P, A) holds. Hence by assumption there exists a wood G of ^ such that 
P G G holds, A overlaps no member of G, and L,{P,D,x) < A \xz{G,H,i) — xz{G,H,j)\ 
holds. Let G be such a wood of V. Then Z {G, H,i) (1 A has the member i hence 
is nonempty, A \- Z {G, H, i) has the member j hence is nonempty, and A does not 
overlap Z (G, iJ, i), hence Z {G, H,i) G A holds, and Z (G, H,j) fl A has the member 
j hence is nonempty, A h Z {G, H, j) has the member i hence is nonempty, and 
A does not overlap Z{G,H,j), hence Z {G, H, j) G A holds. Furthermore if is a 
partition by assumption, hence S = {i,j} is the only member of H that has i as a 
member, hence Z {G, H, i) is the largest member of G that has i as a member but 
does not have j as a member, hence since P G G holds and i and j are members of 
distinct members of V{P,A), (for }C{P,A,i) is a subset of D, while }C{P,A,j) does 
not intersect D), Z{G,H,i) is not a strict subset of any member of V{P,A), hence 
Z {G, H, i) is a member of H (V {P, A)), hence, as shown on page 1221 the fact that x is 
a member of (V^) implies that xz(G,H,i) is a member of the convex hull of the xm, 
M G V{P,A). And similarly, xz(G,H,j) is a member of the convex hull of the xm, 
M G V{P,A). Hence by Lemma El \xz{G,H,i) — xz{G,H,j)\ < L(P, A, x) holds. Hence 
L (P, D, x) < AL (P, A, x) holds, hence \xb - xd\ < AL (P, A, x) holds. 
And similarly, \xe — xc\ < AL (P, A, x) holds. 

Hence \xb — xg\ < 2AL (P, A, x) + \x£i — xe\ holds. But \xj:) — xe\ < L (P, A, x) 
holds by the definition of L(P, A, x), hence \xb — xg\ < 2AL(P, A,a;) +L(P, y4,a;) 
holds. 

And this is true for all members B and C oiV (P, A), hence L (P, A, x) < 
2AL (P, A, x) + L (P, A, x) holds, hence L (P, A, x) < (y32a) ^ ^' ^) holds, since by 
assumption < A < | holds. 

We recall from page EH that if P is a wood, then we define the wood P by P = 
P U {W (P)}, and we note that if A is any member of S {M. (P)), then P has at least 
one member, namely U (P), that contains A as a subset, hence it follows directly from 
the definition on page of the function 3^, that y (P, A) is the smallest member B 
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of P such that A (1 B holds. 

For any ordered septuple (P, F, H, A, a, R, x) of a wood P, a wood F such that 
A4 {F) = A4 (P) holds and P ^ F holds, a partition H, a member A of 
(S (7W (P)) h (P)), a real number a such that < a < | holds, a finite real 
number P > 0, and a member x of (TW (P)), where d is an integer > 1, we define 
the proposition M (P, P, if, A, a, R, x) as follows: 

M(P, P, if, y4, cr, R,x): L (P, A, x) < P holds, and for every member i of A and every 
member j of (3^ (P, A) h A) such that {i,j} is a member of H, 
L (P, A,x) <(r \xz(F,H,i) - xz{F,H,j)\ holds. 

For every ordered pair (V", H) of a partition such that U {V) is finite and # (V) > 2 
holds, and a set H such that every member of P is a set, we define Q (V, H) to be the 
set whose members are all the woods F of V such that every member A of P is 
{V U P)-connected. 

We recall from page 031 that for any sets A and B we define IK {A, B) to be the set 
whose members are all the sets C such that A ^ C and C B both hold, and we note 
that if V is any partition such that U {V) is finite and 7^ {V) > 2 holds, and P and Q 
are any woods of V such that P ^ Q holds, then it follows directly from the definition 
of a wood of V that every member of K (P, Q) is also a wood of V^. 

We note that if V is any partition, then V may be calculated from S (V^) hj V = 
Jvl (S (V^)), and we also note that if d is any integer > 1, is any partition such that 
is a finite set, and x is any member of (\^), then S iV) may be calculated from x 
by S iy) = T> (x), hence V may be calculated from xhy V = M.{T> {x)). 

If d is any integer > 1 and V is any partition such that U iV) is finite and # iV) > 2 
holds, then for every ordered quadruple [H, a, R, x) of a partition H, a real number 
cr such that < o" < | holds, a finite real number P > 0, and a member x of 
¥d (V), we define (P, cr, P, x) to be the set whose members are all the ordered pairs 
(P, Q) of members P and Q of ^ {V, H) = G {M {V (x)) , H) such that P CQ holds, 
and for every member A of {Q \- P), there exists a member P of ]K(P, Q) such that 
M (P, P, H, A, cr, P, x) holds. (Note that P does not have to be the same for every 
member A of {Q \~ P)-) 

We note that it immediately follows from this definition that for every member P 
of Q (V, H), the ordered pair (P, P) is a member of (P, cr, P, x). 
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Lemma 6 . Let V be any partition such that U (V) is finite and #{V) >2 holds, and 
let H be any partition such that if E is any member of H such that E intersects more 
than one member of V, then E has exactly two members. 

Let a be any real number such that < cr < | holds, and let A be the real number 
defined by A = (|) (l - VI - 8(7), so that < A < i holds. 

We note that A and a satisfy the equation A = jzqX^ ^""^ ^^^^ < cr < A holds. 

Let R be any finite real number > 0, let d be any integer > 1, let x be any member 
of Fd (V), and let (P, Q) be any member of Q {H, cr, R, x). 

Then the following results hold: 

(a) Let A be any member of {Q \~ P), let i be any member of A and j be any member 
of {y {P,A^ h A) such that {1,3} is a member of H, and let F be any member of 
K (P, Q) such that M (P, P, H, A, cr, P, x) holds. 
Then l^{P,A,x) < A \xz{F,H,i) - xz{F,H,j)\ holds. 

Proof. The proof is by induction on the number of members B ol {Q \- P) such that 
B <Z A holds and B is not a subset of any member of V (P, A). 

Suppose first there are no members P of (Q h P) such that B <Z A holds and B 
is noi a subset of any member of V{P,A). Then V{P,A) — V{F,A) holds, hence 
L (P, A,x) = L (P, A, x) holds, hence L (P, A, x) < cr — Xz{F,H,j) \ holds by 

M (P, P, P", ^4, cr, P, x). But < cr < A holds, hence L (P, ^, x) < A |a:;2(F,jf,i) — xz{F,H,j) \ 
holds. 

Now, as the induction assumption, assume that for every member P of (Q h P) 
such that B C A holds and B is not a subset of any member of V (P, A), that if k 
is any member of B and m is any member of (y (P, P) l~ P) such that {A;, m} is a 
member of P, and G is any member of K (P, Q) such that M (P, G, P, P, cr, P, a;) holds, 
then L (P, B,x) < \ \xz(G,H,k) - Xz{G,H,m) I holds. 

Now {P,Q) G Q{H,(T,R,x) implies that for any member B of (Q l~ P), there 
exists a member G of K(P, Q) such that M{P,G,H,B,a,R,x) holds. And F C Q 
implies that every member of (P h P) is a member of (Q l~ P)- Hence the induction 
assumption implies that for every ordered triple (P, k,m) of a member P of (P h P) 
such that B G A holds and P is not a subset of any member of V (P, A), and a member 
k of B and a member m of (3^ (P, P) h P) such that {k, m} is a member of H, there 
exists a wood G of ^ such that G G K (P, Q) holds, (hence P C G holds, and A overlaps 
no member of G, since A is a member of Q), and L (P, P, x) < A \xz{G,H,k) ~ xz{G,H,m) \ 
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holds. Now if B is any member of {F h P) such that B G A holds and B is not a 
subset of any member of V {P, A), then A C y (P, B) holds, for both A and 3^ (P, B) 
are members of the wood Q, hence A does not overlap y (^P,B^, and Any (^P,B^ 
has the nonempty subset B hence is nonempty, and y (P, B^ C A cannot hold, for if 
y (P, B) C A held then since y (P, P) is a member of P, y (P, P) would be a subset 
of some member of V (P, A) = V (P, A), as shown on page |2S1 which contradicts the 
assumption that B is not a subset of any member of V{P,A). Hence the induction 
assumption implies that for every ordered triple (P, k,m) of a member P of (P h P) 
such that B G A holds and B is not a subset of any member of V{P,A), and a 
member k of B and a member m of (A h P) such that {k, m} G P holds, there 
exists a wood G of V such that P G G holds, A overlaps no member of G, and 

L (P, B,x) < \ \xz(G,H,k) - Xz{G,H,m) \ holds. 

Furthermore, it follows directly from A G {Q \-P) and the definition of Q {H, a, R, x) 
that A is a member of (H {V) h V) such that A is {V U P)-connected, and it follows 
directly from the definitions of a and A that < A < | holds. 

Hence by Lemma El the induction assumption implies that L (P, A, x) < 
(y^) L(P, holds. 

Now M (P, P, P, A, cr, P, x) implies that L (P, A, x) < cr \ xz{F,H,i) — Xz(F,H,j)\ holds, 
hence h{P,A,x) < (y^) \xziF,H,i) - xz{F,H,j)\ holds. 

But (y^) = A holds, hence L (P, A, x) < X\xz{F,H,i) ~ xz{F,H,j)\ holds, which 
completes the proof of the induction step. 

(b) Let A be any member of (H {V) h V) such that A is {V U P)-connected and A 
overlaps no member of Q, and let P be any member of IK (P, Q). Then L (P, A, x) < 
(y^)L(P,v4,x) holds. 

Proof. From {P,Q) G Q{H,a,R,x) it follows that for every member B oi {Q \~ P)-, 
hence for every member P of (P h P), there exists a wood G of ^ such that G G 
K (P, Q) holds, (hence P G G holds, and G Q holds, hence A overlaps no member 
of G), and M (P, G, H, B, a, R, x) holds. Hence by Lemma IHl (a) above it follows that 
for every ordered triple {B,i,j) of a member P of {Q \~ P), and a member i of B 
and a member j of (y (P, P) h P) such that is a member of H, there exists a 

wood G of K such that P C G holds, A overlaps no member of G, and L (P, B,x) < 
^ \ xz{G,H.i) — Xz{G,H,j)\ holds, and this is true in particular when P is a member of 
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{F h P) such that B <Z A holds and B is not a subset of any member of V {P, A) . 
And if 5 is a member of {F h P) such that B G A holds and B is not a subset 
of any member of V{P,A), then it follows directly from the fact that A overlaps no 
member of Q, (hence that A does not overlap y (-P,i?)), that A C y (^P,B^ holds. 
And furthermore, < A < | holds in consequence of the definitions of a and A. Hence 
by Lemma L (P, A, x) < (^) L (F, A, x) holds. 

(c) Let A be any member of (S {V) h V) such that A is {V U if)-connected and 
A overlaps no member of Q, and let F and G be any members of K(P, Q). Then 
L (G, A, x) < (y32a) ^ ^' ^) holds. 

Proof. We first note that if B is any member of V {G, A), then i? is a subset of A such 
that B overlaps no member of V {P, A), and furthermore B cannot be a strict subset 
of any member of V {P, A), for if D was a member of V {P, A) such that B G D held, 
then D would be a member of G such that B G D and D G A both held, contradicting 
B G V {G, A). Hence B is a member of H (V (P, A)), hence, as shown on page 1221 it 
follows directly from the fact that x is a member of {V), that xb is a member of the 
convex hull of the xe,E G V {P,A). 

Now let B and G be any members of V {G, A). Then as just shown, xb and xc are 
members of the convex hull of the xe,E G V (P, A). Hence L (G, A,x) < L (P, A, x) 
holds by Lemma|Sl hence L (G, A, x) < {yz2\) ^ (-^' ^) holds by LemmaEl (b) above. 

(d) Let i and j be any two members of U {V) such that i and j are members of 
distinct members of V, (or in other words, such that C(y,i) ^ C(y,j) holds), and 
such that is a member of H, let F and G be any members of IK (P, Q), and let 

T= max |a;2(M,/f,j) — a;2(Af_//j)|. 

MeK{P,Q) 

Then - X2(G,//,i)| < AT holds. 

Proof. We note that F G Q and G C Q both hold, hence Z {F, H,i) G Q and 
Z {G, H,i) G Q both hold, hence Z {F, H, i) and Z {G, H, i) do not overlap. Fur- 
thermore Z {F, H,i) n Z {G, H, i) has the member i hence is nonempty, hence exactly 
one of the three possibilities Z{F,H,i) = Z{G,H,i), Z{F,H,i) G Z{G,H,i), and 
Z {G, H,i)GZ (P, H, i) holds. 

Suppose first that Z{F,H,i) = Z(G,H,i) holds. Then \xz(F,H,i) — xz(G,H,i)\ = 
holds. 
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Now suppose that Z [F, H,i) G Z [G, H, i) holds. Then Z [G, H,i) E P cannot 
hold. For if Z (G, H,i) e P holds, then Z {G, H,i) e F holds since PCF holds. But 
Z {F, H, i) is by definition the largest member of F that has i as a member but does not 
contain as a subset any member of H that has i as a member, hence Z {G, H,i) E P 
implies that Z {G, H,i) C Z {F, H, i) holds, which contradicts the assumption that 
Z (F, H,i) C Z (G, H, i) holds. Hence the assumption that Z (F, H^i) C 2 (G, i) 
holds, implies that Z (G, H, i) e {Q V- P) holds. 

Now that Z (G, i) E {Q V- P) holds implies that there exists a member M of 
K (P, Q) such that M (P, M, Z (G, if, i) , a, P, x) holds. Let M be a member of 
K (P, Q) such that M (P, M, H, Z (G, if, i) , cr, P, x) holds. Now suppose there exists a 
member A oi P such that 2 (G, P, C A holds and j is not a member of A. Then 
since P is a partition, hence {«, j} is the only member of H that has i as a member, A 
is a member of P, hence a member of G, such that i E A holds and there is no member 
E of H such that i E E and E (1 A both hold, hence A C ^ (G, P, i) holds, which 
contradicts the assumption that Z (G, H,i) G A holds. Hence there is no member A of 
P such that Z (G, H,i) G A holds and j is not a member of A hence, since Z (G, P, 
is not a member of P, j G (3^ (P, Z (G, P, i)) h Z (G, P, z)) holds hence, by Lemma 
ini (a) above, L (P, Z (G, P, i) , x) < A |x2(A./,//,i) - X2(A./,i^j)| < AT holds. 

Now Z (P, H,i) C 2 (G, P, i) holds by assumption, and Z (P, P, i) overlaps no 
member of V {P, Z {G, H,i)), and furthermore, Z{F,H,i) cannot be a strict subset 
of any member of V {P, Z {G, H,i)). For suppose Z{F,H,i) is a strict subset of a 
member B of V (P, 2 (G, H,i)). Then P would be a member of P, hence a member 
of P, such that Z (P, H,i) G B G Z (G, P, z) holds, hence P would be a member of F 
such that i E B holds and there is no member E oi H such that i E E and E G B both 
hold, (for there is certainly no member E oi H such that i E E and E G Z (G, P, i) 
both hold), hence P C Z{F,H,i) would hold, in contradiction with the assumption 
that Z{F,H,i) G B holds. Hence Z{F,H,i) is a member of E {P {P, Z {G, H,i))) 
hence, as shown on page 1221 it follows directly from the fact that x is a member of 

{V), that xz{F,H,i) is a member of the convex hull of the xb, B eV {P,Z (G, H,i)). 
And V (P, Z (G, P, i)) is a partition of Z (G, P, z), hence by the definition of (y), 
X2(G,H,i) is also a member of the convex hull of the xb, B E V {P, Z (G, P, i)). Hence by 
Lemma 121 \xz(F,H,i) — xz{G,H,i)\ < L (P, Z (G, P, z) , x) holds, hence by the paragraph 
above, \xz(F,H,i) - xz(G,H,i)\ < AT holds. 
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And if Z {G, H,i) G Z [F, H, i) holds, then by an analogous argument, 
\xz(F,H,i) - xz{G,H,i)\ < AT holds. 

Hence, in every case, \xz(F,H,i) — xz{G,H,i)\ < AT holds. 

(e) Let i and j be any two members of U {V) such that i and j are members of distinct 
members of V, (or in other words, such that C {V,i) 7^ C {V,j) holds), and such that 
{i,j} is a member of H, let F be any member of K (P, Q), and let 

T = max \xz(^M,H,i) - xz{M,H,j)\- 

M&K(P,Q) 

Then T < (j^) \xz{F,H,i) - xz{F,H,j)\ holds. 
Proof. Let G be any member of K (P, Q). Then by the triangle inequality, 

\xz{G,H,i) — Xz{G,H,j)\ < {\xz{G,H,i) — Xz{F,H,i) \ + 

+ \xz(F,H,i) — Xz(F,H,j)\ + \xz(F,H,j) — Xz{G,H,j)\} 

holds. 

And by Lemma ini(d) above, \xz{G,H,i) — xz{F,H,i)\ < AT holds and 
\xz{F,H,j) - xz{G,H,j) \ < AT holds. 

Hence \xz{G,H,i) - xz(G,H,j)\ < 2AT + \xz{F,H,i) - xz{F,H,j) \ holds. 

And, since G is an arbitrary member of IK (P, Q) , this inequality holds for every 
member G of K(P, Q). Hence T < 2AT + \xz{F,H,i) — xz{F,H,j)\ holds, hence T < 
(1^) \^z{F,H,i) -xz(F,H,j)\ holds. 

(f) Let A be any member of {Q l~ P), let i and j be any two members of A such that 
i and j are members of distinct members of V{P,A), (or in other words, such that 
IC{P,A,i) 7^ ]C{P,A,j) holds), and such that {i,j} is a member of H, let k be any 
member of A and m be any member of (3^ (P, A) h A) such that {k, m} is a member 
of if, and let F be any member of K (P, Q). 

Then \xz{F,H,i) - xz{F,H,j)\ < (izk) |^2(F,H,fe) - xziF,H,m) \ holds and 
— I < (|) |a;2(F,/f,A:) — a;2(F,/f,m)| holds. 

Proof. We first note that A is a member of {Q h P) by assumption, hence the fact 
that (P, Q) is a member of f2 (ii, a, R, x) implies that there exists a member G of 
K (P, Q) such that M (P, G, if. A, a, R, x) holds. Let G be a member of K (P, Q) such 
that M (P, G, ii, A, a, R, x) holds. Then by Lemma 6 (a) above, L (P, A, x) < 

A \xz{G,H,k) -Xz{G,H,m)\ holds. 
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Now by assumption, i and j are members of distinct members of V{P,A), hence 
since is a member of H and if is a partition, {i,j} is the only member of H to 

have i as a member, hence Z {F, H, i) is not a strict subset of any member of V {P, A), 
and similarly is the only member of H to have j as a member, hence Z {F, H,j) 
is not a strict subset of any member of V {P,A). Furthermore, A is a member of Q, 
hence A does not overlap Z {F, H,i), hence since A fl Z{F,H,i) has the member i 
hence is nonempty, and A C Z{F,H,i) cannot hold since the member {i,j} of H 
is a subset of A, Z{F,H,i) C A holds. And similarly, Z{F,H,j) C A holds. And 
furthermore neither Z [F, H, i) nor Z {F, H,j) overlaps any member of V {P, A), hence 
Z {F, H,i) eE (V (P, A)) holds and Z {F, H,j) eE(V (P, A)) holds hence, as shown 
on pageinni it follows directly from the fact that x is a member of F^^ (V^), that both 
Xz{F,H,i) and Xz{F,H,j) are members of the convex hull of the Xb, B eV (P, A), hence 
by LemmaEl \xz(F,H,i) — xz{F,H,j)\ < L(P, holds. 

Hence \xz(F,H,i) - xz(F,H,j)\ < A \xz{G,H,k) - xz{G,H,m) \ holds. 

And by LemmaEl(e) above, \xz{G,H,k) - xz{G,H,m) \ < (i^) | ^Z{F,H,k) Xz{F,H,m)\ 
holds, hence 

\xz{F,H,i) — Xz{F,H,j) \ < (i^) \xz{F,H,k) — Xz{F,H,Tn)\ holds. 

And finally, < a < | holds by assumption, hence < A < | holds, hence 
(1 — 2A) > I holds, hence (j^^) ^ 2 holds, hence (yz^) ^ | holds, hence 

\xz{F,H,i) — Xz{F,H,j)\ < (I) \xz(F,H,k) — Xz{F,H,m)\ holds. 

Lemma 7. Let V be any partition such that U {V) is finite and # {V) > 2 holds, let 
H be any partition such that if E is any member of H such that E intersects more 
than one member of V, then E has exactly two members, let a be any real number 
such that < cr < ^ holds, let R be any finite real number > 0, let d be any integer 
> 1, and let x be any member of {V). 

Let (Pi,(5i) and {P2,Q2) be any members of Q {H,a, R,x) such that (Pi U P2) C 
{Qi n Q2) holds. Then (Qi U Q2) is a wood, and ((Pi fl P2) , (Qi U Q2)) is a member 
ofn{H, a,R,x). 

Proof. We note first that, as observed on page|22l it follows directly from the definition 
of a wood of V, that (Pi fl P2) is a wood of V. 

And we also note that, as observed on page EH it follows directly from the definition 
of a wood of V, that (Qi U Q2) is a wood of V, unless there is a member of Qi which 
overlaps a member of Q2- 
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Suppose now that a member A of Qi overlaps a member B of Q2- Then [A h B), 
{An B), and {B h A) are all nonempty, hence, since both A and B are if-connected 
(by the definition of Q {H, a, R,x)), there exists a member i oi {A \- B) and a member 
j of (A n B) such that {«, j} G H holds, and there exists a member k oi {Ar\ B) and 
a member m of {B h A) such that {fc, m} G H holds. 

Now the assumption that A overlaps B implies that A ^ Q2 and that B ^ Qi, since 
Qi and Q2 are woods. And the assumption that (Pi U P2) C (Qi fl Q2) holds, implies 
that every member of Pi is a member of Q2, and every member of P2 is a member of 
Qi. Hence A ^ Q2 implies that A ^ Pi, hence that A G (Qi l~ Pi) holds, and B ^ Qi 
implies that B ^ P2, hence that B G {Q2 l~ P2) holds. 

Furthermore cannot be a subset of any member of V{Pi,A). For Pi C Q2 

holds and P G (^2 holds, hence P overlaps no member of Pi. Suppose there exists a 
member E of V (Pi, A), hence of Pi, such that {i,j} C E holds. Then {i,j} E G A 
holds, hence z G (P h P) holds, j G (P fl P) holds, and m ^ {B \- E) holds, hence E 
overlaps P, which is impossible. Hence i and j are members of distinct members of 
V{PuA). 

And by an exactly analogous argument, {k,m} cannot be a subset of any member 
of V (P2, P), hence k and m are members of distinct members of V (P2, P). 

Furthermore, m G 3^(Pi,A) holds, hence m G (y(^Pi,A^ ^) holds. For i G 
(A h P) holds, hence i G (3^ (^, A) h P) holds, hence (3^ (Pj", A) h P) is nonempty, 
and j e {An B) holds, hence j G (3^ (Fi, A) n P) holds, hence (3^ (Pi", ^) n P) is 
nonempty. But if m was not a member of y (Pi,y4), then m would be a member 
of (P h3^(i^,A)), hence (3^ (P^, A) hP), (3^ (P^, A) n P) , and (P h3^(i^,A)) 
would all be nonempty, hence y (Pi, Al) would overlap P, contradicting the fact, shown 
above, that P overlaps no member of Pi. 

And by an exactly analogous argument, i G 3^ (P2, P) holds, hence 
i G (3^ (7^, P) h P) holds. 

Furthermore the assumption that (Pi U P2) C (Qi fl Q2) holds, implies that there 
exists a wood F such that both Pi C P C Qi holds and P2 ^ P C (^2 holds, (hence that 
K (Pi, Qi)nK (P2, Q2) is nonempty). For example, P could be P1UP2 or QinQ2- Let P 
be a wood such that both Pi C P C Qi and P2 C P C Q2 hold. Then by Lemma El (f) 
for (Pi,(5i) and A, - < {\) \xz(F,H,k) ~ Xz(F,H,ra)\ holds, whereas 

by Lemmaini(f) for (P2,Q2) and P, \xz{F,H,k) - xziF,H,m)\ < (|) \xz{F,H,i) - xz(F,H,j)\ 
holds, which is impossible. Hence no member of Qi can overlap any member of Q2, 
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hence {Qi U Q2) is a wood of V. 

Now (Pi n P2) C (Qi U Q2) certainly holds. 

Furthermore, the assumption that (Pi U P2) Q (<5i H (52) holds, imphes that 
((Qi U Q2) \- (Pi n P2)) C ((Qi h Pi) U (Q2 ^ ^2)) holds. For let A be any member 
of {{Q1UQ2) h(PinP2)). Suppose first that A ^ {QinQ2). Then (Pi U P2) C 
{Qi n Q2) imphes A is not a member of (Pi U P2), hence A is a member of at least one 
of Qi and (52, and is a member of neither Pi nor P2, hence at least one oi A e {Qi h Pi) 
and A e {Q2 h P2) holds. Now suppose that A e (Qi fl Q2). Then A is a member of 
both Qi and Q2, but is not a member of both Pi and P2, hence again at least one of 
Ae{Qi\- Pi) and Ae{Q2^ P2) holds. 

We shall now show that if A is any member of {{Qi U Q2) \~ (Pi H P2)), then there 
exists a member P of K ((Pi n P2) , {Qi U Q2)) such that M ((Pi n P2) , P, H, A, a, P, x) 
holds. 

Let A be any member of {{Qi U Q2) \~ (Pi H P2)). Then, as just shown, A is a 
member of at least one of (Qi l~ Pi) and {Q2 h P2). 

Suppose first that A is equal to U {V). Then M ((Pi fl P2) , F, H, A, a, R, x) reduces 
to the requirement that L (P, A,x) < R holds. Suppose first that A is a member of 
{Qi ^Pi)- Then there exists a member F of K (Pi, Qi) such that M (Pi, P, H, A, a, R, x) 
holds, hence such that L (P, A,x) < R holds, hence such that 
M ((Pi n P2) , P, H, A, 0", P, x) holds, and furthermore P is a member of 
K ((Pi n P2) , (Qi U Q2)), since (Pi n P2) C Pi C P C Qi C (Qi U Q2) holds. Now 
suppose that A is not a member of (Qi \~ Pi). Then A is a member of {Q2 \- P2), 
and by an exactly analogous argument there exists a member P of K (P2, (^2) with the 
required properties. 

We now assume that A is not equal to U {V) . 

We suppose first that A e [Qi h Pi) holds, and define S to be the unique map 
which satisfies the following three requirements. 

(i) v{s)<zn 

(ii) is a member of T> {S), and Sq = A 

(iii) If r is a member of T> (S) and Sr is a member of (Pi fl P2), then r is the largest 
member of T> (s), while otherwise (r + 1) is a member of T> (S) and 




y{PuSr) (reven) 
y(P2,Sr) (rodd) 
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Thus Si^y (Pi, A) , and if y (Pi, A) is not a member of P2, then 
S2^y {K y {K a)), and so on. 

Let n be the largest member of T> (S) , so n > 1 holds. 

Then if r > 1 and r < {n — 1) both hold, we have that for r odd, Sr G (Pi h P2) 
holds hence Sr G ((^2 l~ P2) holds, (since Pi C Q2 holds, while for r even, Sr G 
(P2 h Pi) holds hence Sr e {Qi h Pi) holds (since P2 C Qi holds). (Hence Sr e 
(Qi h Pi) holds for all even r, < r < (n - 1).) 

Hence the fact that (Pi, Qi) is a member of Q (if, cr, P, x) imphes that for all even 
r, < r < (n — 1), there exists a member Fr of IK (Pi, Qi) such that 
M (Pi, Fr, H, Sr, a, R, x) holds, and the fact that (P2, Q2) is a member of VL {H, a, R, x) 
implies that for all odd r, < r < (n — 1), there exists a member Fr of K (P2, Q2) such 
that M (P2, Fr, H, Sr, o, R, x) holds. 

We now make a fixed choice of an Fr for each < r < (n — 1) such that for 
r even, Fr G K(Pi,(5i) holds and yi{P\,Fr,}i,Sr,o,R,x) holds, while for r odd, 
P^ G K (P2, Q2) holds and M (P2, Fr, H, Sr, o, R, x) holds. 

We note in particular that from M (Pi, Pq, if, ^, cr, P, x), that \^{Fq, A,x^ < R 
holds. 

Then for all < r < (n — 1) we choose a member kr of Sr and a member rrir 
of {Sr+i \~ Sr) such that {A'v.m,.} G H holds. Such a {kr,mr} exists since Sr and 
{Sr+i \~ Sr) are nonempty and Sr+i is (V^ U if) -connected, and each member of V is 
either a subset of Sr or else does not intersect Sr- 

Then for all even r, < r < (n — 1), we have from M (Pi, Fr, H, Sr, cr, R, x) that 

L {Fr, Sr, X) < a \xz{Fr,H,kr) " Xz{Fr,H,mr) \ 

holds, and for all odd r, < r < (n — 1), we have from M (P2, Fr, H, Sr, cr, R, x) that 

L {Fr, Sr, x) < a \xz{Fr,H,kr) — Xz{Fr,H,mr) \ 

holds again. 

Suppose now that r is even hence Fr G ]K(Pi,(5i) holds, and kr G Sr and G 
{y (Pi, Sr) \- Sr) and Sr+i = y (Pi, Sr). We shall demonstrate that neither 
Z {Fr, H, kr) nor Z {Fr, H, rUr) is a strict subset of any member B oiV (Pi, Sr+i), or 
in other words, that neither Z {Fr, H,kr) nor Z {Fr,H,mr) is a strict subset of any 
member B olV {Pi,y {K, Sr)). 
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Now Pi C Fy. holds. Suppose Z {F^, H, kj.) is a strict subset of a member B of 

V (Pi, Now Pi C Fr holds hence B G Fr holds. But {kr, m,.} is a member of if, 
and if is a partition, hence {fcr, ''^r} is the on/y member of H to have fc,. as a member, 
hence ^ {Fj., H, kj.) is the largest member of Fr to contain kr but not m,., hence, since 
Z {Fr, H, kr) C B implies kr G B, we must have that G i? holds. But Sr G Qi 
holds and B E Qi holds hence 5*^ does not overlap B, hence since kr G 5*^ holds and 
rrir ^ Sr holds, we must have that Sr C B holds. But then B C 5*^+1 contradicts the 
fact that by definition 5*^+1 is the smallest member of Pi to contain Sr- 

Now suppose Z {Fr, H, nir) is a strict subset of a member B of V {Pi, Sr+i). Then 
by repeating the same argument with kr and swapped we again conclude that both 
kr and are members of B, hence that Sr d B holds, which again with B C Sr+i 
contradicts the fact that by definition Sr+i is the smallest member of Pi to contain Sr- 

Hence neither Z {Fr, H, kr) nor Z {Fr, H, nir) is a strict subset of any member B of 

V{Pi,Sr+l). 

Furthermore, the member {kr, rrir} of H is a subset of Sr+i, hence Z {Fr, H, kr) C 
5^+1 holds and Z {Fr, H, rrir) C. Sr+i holds, and furthermore, neither Z {Fr, H, kr) nor 
Z {Fr, H, rrir) overlaps any member of V {Pi, Sr+i). Hence Z {Fr, H, kr) G 
H {V {Pi, Sr+i)) holds hence, as shown on page 1331 it follows directly from the fact that 
X is a member of ¥d {V), that xz{Fr.H,kr) is a member of the convex hull of the xe, E G 

V {Pi, Sr+i), and similarly Z {Fr, H,mr) G E {V {Pi, Sr+i)) holds, hence xz{Fr,H,mr) is 
also a member of the convex hull of the xe, E eV {Pi, 5*^+1 ). 

Hence by Lemma El 

\^Z{Fr,H,kr) ~ Xz(^Fr,H,mr)\ ^ ^ (-Pi) Sr + l, x) 

holds. Hence for all even r, < r < (n — 1), we have that L {Fr, Sr, x) < crL (Pi, Sr+i,x) 
holds. 

And by an exactly analogous argument we find that for all odd r,0<r<(n — 1), 
that 

\^Z{Fr,H,kr) ~ Xz{Fr,H,mr)\ ^ ^ {P2, Sr+l, x) 

holds, hence that L {Fr, Sr,x) < aL (P2, Sr+i,x) holds. 

We now select a member G of K (Pi, Qi) fl K (P2, Q2), for example we could take 
G = Pi U P2. 

Let A be the real number defined by A = (|) (l — \/\ — 8cr) , so that < A < | 
holds. 
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We note that A and a satisfy the equation A = j:^) ^^^d that < cr < A holds. 
Then by two uses of Lemma IHl (c) for each of the above two inequahties we find 
that 

(1 -2A)L(G',^„x) < L(F„^„x) < (Pi, a;) < ( ) L (G, x) 



1-2A 



holds for all r even, < r < (n — 1), and that 



a 



(l-2A)L(G,^„x) <L(F„^„x) <aL(P2,5,+i,x) < (^^-^J L (G, x) 

holds for all odd r, < r < (n — 1). 

Hence, since y^2A ~ ^ holds by the definition of A, we have that 

L (G, Sr, x) < (y^) ^ -^-+1' ^) 

holds for all < r < (n — 1). 

We further note from the preceding inequalities that L(Fo,5'o,x) < AL(G, S'i,a;) 
holds, hence for all m such that 1 < m < n holds, we have that 

L (Fo, A, x) = L (Fo, ^0, x) < AL (G, Si,x) 

A " '"-^ 



<A(^-^) L(G,5'„,x) 



m 



1 - 2A, 

holds, where in the last step we made a further use of Lemma IHl (c). 

Now let i be any member of A and j be any member of {Sn \- A) = 
(y ((Pi nPa), A^ ^ A^ such that {i, j} G holds. 

Suppose that j G (^m+i h S'm) holds, where < m < (n — 1) holds. Then we have, 
by M (Pi, Pm, Sm, cr, R, x) if m is even, and by M (P2, Em, H, Sm, cr, R, x) if m is odd, 
that L {Fm, Sm, x) <a |x2(F„,H,i) - xz(F^,H,j)\ holds. 

Now if m = 0, then this is the desired result, namely that L (Pq, A, x) < 

cr \xz{Fo,H,i) - Xz{Fo,H,j) \ holds. 

And if 1 < m < {n — 1) holds, we use the inequality above to obtain 

h{Fo,A,x) <al j \xziF^,H,i) - Xz{F^,H,j) I , 
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then we use Lemma E] (e) to obtain 

L (Fo, A,x)<(r (y32a) (t^^) ~ ^z(g,hj) \ 

then we use Lemma E] (e) again to obtain 

]L{Fo,A,x) < a _^2a ) ( i -2a ) \^^(^o,H,i) - xz{Fo,H,j)\ 

Now by assumption < a < ^ holds, hence < A < | holds, hence < (3—^) ^ | 
holds, hence < {iZ2x)^ (t^a)™ — If ^ -'- holds for all m > 1, hence 

L (Fo, A,x) < a \xz{Fo,H,i) - Xz{Fo,H,j)\ 

holds also for all m such that m > 1 and m < (n — 1) both hold. 

And this is true for any member iof A and any member j of ^(Pi H P2),Aj ^) 
such that {i,j} G holds. Hence M ((Pi n P2) , Pq, ^, ^, o", R, x) holds. 

Now (Pi n P2) C Pi C Po C Qi C (Qi U Q2) holds, hence 
Po G K ((Pi n P2) , (Qi U Qa)) holds. 

And if A G {Q2 l~ P2) holds, then with Fq now defined to be a member of IK (P2, Q2) 
such that M.{P2, Fq, H, A,a, R,x) holds, we again conclude, by an exactly analogous 
argument, that M ((Pi n P2) , Pq, H, A, a, R, x) holds. 

And (Pi n P2) C P2 C Po C Q2 ^ (Qi U Q2) holds, hence again 
Po G K ((Pi n P2) , (Qi U Q2)) holds. 

Hence if A is any member of {{Qi U Q2) l~ (Pi H P2)), then there exists a member 
P of K ((Pi n P2) , (Qi U Q2)) such that M ((Pi n P2) , P, H, A, a, R, x) holds. Hence 
((Pi n P2) , (Qi U Q2)) is a member of Q (P, a, P, x). 

If (y4, P) and (C, P) are ordered pairs of sets such that A (1 B holds and C ^ D 
holds, we shall say that {A, B) and (C, P) /inA; ifif (A U C) C (P n P) holds. 

We note that if {A, B) and (C, P) are ordered pairs of sets such that A (1 B holds 
and C C P holds, then {A, B) and (C, P) link ifif K (A, P) n K (C, P) ^ 0. For if 
(A U C) C (P n P) holds, then A C (A U C P holds and C C (A U C) C P holds, 
hence (A U C) is a member of both K {A, B) and K (C, P). And if P is a member of 
both K {A, B) and K (C, P), then A C P, C C P, P C P, and P C P all hold, hence 
(A U C) C P C (P n P) holds. 

We note that linking is not an equivalence relation. For if A and B are sets such 
that Ad B holds, then (A, A) and (A, P) link, and (A, P) and (P, P) hnk, but (A, A) 
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and {B, B) do not link, (for li A d B holds then (A, A) links (B, ifif 5 C A holds, 
which is not the case). 

If X is a set such that every member of X is an ordered pair (A, B) of sets such that 
A C B holds, we shall say that X is link-connected ifif for every partition {Y, Z} of X 
into two nonempty parts Y and Z, there exists a member {A, B) of Y and a member 
(C, of Z such that {A, B) and (C, D) link. 

Lemma 8 . Let V be any partition such that lA iV) is finite and # (l^) > 2 holds, let 
be any partition such that if E is any member of H such that E intersects more 

than one member of V , then E has exactly two members, let cr be any real number 

such that < (T < ^ holds, let R be any finite real number > 0, let d be any integer 

> 1, and let x be any member of (V)- 

Let X be any nonempty link-connected subset of Vt {H, a, R, x), let P be the map 

whose domain is X, and such that for each member a of X, is the first component 

of a, and let Q be the map whose domain is X, and such that for each member a of 

X, Qa is the second component of a. 

Then IJaex <5« is a wood of V, and ((flaex-Pa) ' {UaexQa}) is a member of 

n{H, a, R,x). 

Proof. We first show, for any integer r such that r > 1 and r < (X) — 1) both hold, 
that if there exists an r-member subset y of X such that ((flaey -^a) ' (Uaey Qo^)) is 
a member of Q {H, cr, R, x), then there exists an (r + l)-member subset Z of X such 
that ((flaez-Pa) , {[JaezQa)) is & member of Q{H,a,R,x). 

For if r is an integer such that r > 1 and r < (X) — 1) both hold, and Y is an r- 
member subset of X such that ((flaey -^a) 5 (Uaer Q")) is a member of fl {H, a, R, x), 
then the fact that X is link-connected, together with the facts that Y and (X h Y) 
are nonempty, imply that there exists a member (3 of Y and a member 7 of (X h Y) 
such that /? links 7, or in other words such that {Pp U P^) C fl (^7) holds. 

Now (n^ey Pa) U C U and Q^nQ^ C [[j^^y Q^) n both hold by 
the fundamental properties of sets, hence (flaey ^a) U P^ C P^ U P^ C fl C 
(Uagy Qa) n holds, hence (riagy -Pa) U P^ C (IJ^^y Qa) n holds, hence, defin- 
ing Z = Y U {7}, we have, from Lemma [71 that {[Ja&zQa) is a wood of V, and 
((riaez ^a) ' (Uaez <5a)) is a member of (if, cr, P, x). 

Now the assumption that X is a subset of Q {H, a, R, x) implies directly that if 
Y is any one-member subset of X, then ((flaey-^") ' {UaeY Qa)) is a member of 
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n {H, a, R, x), for ii Y = {/?}, then (n.^y = and (U^^y Q") = Qp- 

And the assumption that X is nonempty imphes that X has at least one one- 
member subset. Hence it follows directly, by induction, that if r is any integer such 
that 1 < T < 7^ (X) holds, then there exists an r-member subset Y of X such that 
UaeY Q» is a wood of V, and ((flaey ^a) , (Uagy Qa)) is a member of (iJ, a, R, x). 

But the only # (X)-member subset of X is X itself, hence IJaex is a wood of 
l^, and ((flaex ^a) > (Uaex is a member of O {H, a, R, x). 

We recall from page EOl that if X is any set such that every member of X is an 
ordered pair, then we define V (X) to be the set whose members are all the first 
components of members of X, and we define TZ (X) to be the set whose members are 
all the second components of members of X. 

And we recall from page |^ that if F is any set such that every member of F is 
itself a set, then we define U (F) to be the union of all the members of F, and we also 
recall from page |^ that if G is any nonempty set such that every member of G is itself 
a set, then we define T {G) to be the intersection of all the members of G. 

Thus if X is any nonempty set such that every member of X is an ordered pair, 
and P is defined to be the map whose domain is X, and such that for each member a 
of X, Pa is the first component of a, and Q is defined to be the map whose domain 
is X, and such that for each member a of X, Qa is the second component of a, then 
(riaex Po) =^{T^ {X)) holds and (U^^x Qc) = ^ (7^ (X)) holds. 

Hence Lemma |H1 can be restated as follows: Let V, iJ, a, -R, (i, and x be as in Lem- 
mas [7| and |Hl and let X be any nonempty link-connected subset of {H, a, R, x). Then 
W(7^(X)) is a wood of V, and {I {V (X)) ,U {n{X))) is a member of n {H,a, R,x). 

If X is a set such that every member of X is an ordered pair [A, B) of sets such 
that A ^ B holds, then a link- connected component of X is a nonempty subset Y of X 
such that Y is link-connected and Y is not a strict subset of any link-connected subset 
of X. 

Now given any set X such that every member of X is an ordered pair {A, B) of 
sets such that A ^ B holds, we may define U to be the set whose members are all the 
two-member subsets {a, (3} of X such that a links (3. Then if Y is any subset of X, 
Y is link-connected ifif Y is [/-connected, for if {J,K} is any partition of Y into two 
nonempty parts J and K, then there exists a member a of J and a member j3 of K 
such that a links (3 ifif there exists a member {a, (3} of U such that J fl and 
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K D {a, j3} are both nonempty. Hence we may conclude directly from Lemma |21 that 
if F is the set whose members are all the link-connected components of X, then F is 
a partition of X. 

And in particular we may conclude that if V, H, a, R, d, and x are as in Lemmas 
[7| and IHl and F is the set whose members are all the link-connected components of 
fl {H, a, R, x), then F is a partition of Q {H, a, R, x). 

If d is any integer > 1 and V is any partition such that U {V) is finite and # {V) > 2 
holds, then for every ordered quadruple {H, a, R, x) of a partition H, a real num- 
ber a such that < cr < | holds, a finite real number R > 0, and a member 
X of ¥d{V), we define A {H,a, R,x) to be the set whose members are the ordered 
pairs (X ("D {X)) ,l{ (JZ {X))) corresponding to all the link-connected components X of 
Q{H,a,R,x). Then it immediately follows from Lemma |S1 that if V, H, a, R, d, and 
X are as in Lemmas [7| and |Hl then A {H, a, R, x) is a subset of Q {H, a, R, x). 

Now it immediately follows from Lemma ^ that if U is any set such that every 
member of f/ is a set, and A and B are any [/-connected sets such that there exists a 
member E of U such that E intersects both A and B, then AU B is a [/-connected 
set. For let E be any member of U such that E intersects both A and B. Then the 
set E n {AU B) is certainly [/-connected, for if {J, K} is any partition of this set into 
two nonempty parts then the member E oiU intersects both parts, and furthermore, 
this set intersects both A and B. Hence by one application of Lemma Q we find that 
the set AU {E p[ {AVJ B)) is [/-connected, and then by a second application of Lemma 
□ we find that the set 5 U A U n (A U B)) is [/-connected. But n (A U B)) is a 
subset of A U 5, hence 5 U A U n (A U 5)) is equal to A U 5. 

And from this it immediately follows that if A is a set, [/ is a set such that every 
member of [/ is a set, and B and C are any two distinct [/-connected components of 
A, then there is no member E of U such that E intersects both B and C, for if there 
was such a member E of U, then B U C would be [/-connected, and both B and C 
would be strict subsets of the [/-connected subset B U C of A. 

Now let V, H, a, R, d, and x be as in Lemmas [7| and |Hl so that A {H, a, R, x) 
is a subset of Q {H,a, R,x), and let {P,Q) and {S,T) be any two distinct mem- 
bers of A{H,a,R,x). Then {P,Q) and {S,T) are members of distinct link-connected 
components of Q {H,a, R,x), hence it immediately follows from the above paragraph 
that (P, Q) and (5*, T) do not link. And this means, as shown on page EHl that 
K (P, Q) n K {S, T) is empty. 
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We recall from page 1361 that for any ordered pair (V, H) of a partition V such that 
U {V) is finite and # (V) > 2 holds, and a set H such that every member of if is a set, 
we define Q (V, H) to be the set whose members are all the woods F of V such that 
every member A of F is (V U ii)-connected. 

Now let V, H, a, R, d, and x be as in Lemmas [7| and |H1 and let F be any member 
of Q {V, H). Then as observed on page 1371 it immediately follows from the definition of 
Q [H, a, R, x) , that the ordered pair {F, F) is a member of Q {H, a, R, x) . And as shown 
above, the set whose members are all the link-connected components of fl {H, a, R, x), 
is a partition of Q{H,a,R,x), hence there exists a unique link-connected component 
X of Q {H, a, R, x) such that {F, F) E X holds. Let X be the unique link-connected 
component of Vt {H, a, R, x) such that (F, F) e X holds. Then (J (V (X)) , W (7^ (X))) 
is a member of A {H, a, R, x) and a member of Q {H, a, R, x) and, since it immediately 
follows from {F, F) G X that I {V (X)) C F C W(7^(X)) holds, F is a member 
ofK{I{V{X)) ,W(7^(X))). And by the foregoing, if (P, Q) and (5,T) are any two 
distinct members of A {H, a, R, x), then K (P, Q) H K (5*, T) = 0. Hence if (P, Q) is any 
member of A (if, a, R, x) such that (P, Q) is not equal to (I (T> (X)) ,U {IZ (X))), then 
F is not a member of IK (P, Q). 

Hence if V , H, a, R, d, and x are as in Lemmas [7| and |Hl and F is any member 
of Q (V, H), then there exists exactly one member (P, Q) of A (if, a, R, x), specifically 
the member {P,Q) = (I {V {X)) ,U (71{X))), where X is the unique link-connected 
component of Q {H, cr, R, x) such that (P, P) G X holds, such that P G IK (P, Q) holds. 

Furthermore, if V, H, cr, R, d, and x are as in Lemmas [7| and |H1 and (P, Q) is 
any member of A {H, a, R, x), then (P, Q) is a member of (ii, a, R, x), hence every 
member P of IK (P, Q) is a member of ^ (V, H) 

Hence if V, H, a, R, d, and x are as in Lemmas [7| and |H1 and Z is defined to be the 
set whose members are the sets K (P, Q), where (P, Q) is a member of A {H, a, R, x), 
then Z is a partition of Q (V, H). 

For any ordered pair (V, if) of a partition such that U {V) is finite and # (V^) > 2 
holds, and a set if such that every member of if is a set, we define M (V, if) to be the 
set whose members are all the ordered pairs (P, G) of members P and G of ^ (V, if) 
such that F (1 G holds. 

If (if, cr, P, x) is an ordered quadruple such that Q (if, cr, P, x) is defined and such 
that V = Ai {V (x)), H, cr, P, c?, (determined from x as the number of components of 
any member of 71 (x)), and x satisfy the conditions of Lemmas [7| and |H1 we shall say 
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that a member (P, Q) of A/" (V, i?) generates a good set of woods for {H, cr, R, x) ifif 
(P, Q) is a member of A {H, a, R, x), and we shall say a subset X of Q {V, H) is a (/ood 
set of woods for {H, a, R, x) ifif X has the form K (P, Q) , where (P, Q) is a member of 
A (if, a, R,x). 

If V^, if, 0", R, and are as in Lemmas [7| and |Hl then we shall partition the set of all 
ordered pairs [F, x) of a member P of ^ {V, H) and a member x of {V) into a finite 
number of sectors, the sectors being in one-to-one correspondence with some subset of 
Afiy,H), such that the sector associated with the member {P,Q) of Af(y,H) is the 
set of all ordered pairs (P, x) of a member P of IK (P, Q) and a member a; of (V) 
such that (P, Q) generates a good set of woods for (if, a, R, x) . 

We note that the number of sectors is less than the square of the total number of 
woods of V, which is itself less than 2^"^*^ 

Now let V, H, a, R, d, and x be as in Lemmas [7| and |H1 and let P be any member 
of Q {V,H). Then to identify the unique member {P,Q) of A {H,a, R,x) such that 
P G IK (P, Q) holds, we define Y to be the set whose members are all the members 
{S, T) of VL {H, cr, R, x) such that S* C P C T holds, or in other words such that 
P G IK (S*, T) holds. Then Lemma |H1 guarantees that there exists a unique member 
{J,K) of Y such that J C S ^ T ^ K holds for every member {S,T) of Y, for 
X {V (Y)) C S T CU (JZ (Y)) certainly holds for every member {S, T) of Y , and by 
LemmalHlthe ordered pair (X {T> (Y)) , U {TZ iY))) is a member of F , and furthermore if 
(J, K) and (M, A^) are members of Y such that J C S ^ T C K holds for every member 
(5, T) of r and M C 5 C T C holds for every member {S, T) of Y, then J C M 
and M ^ J both hold hence M = J holds, and N (1 K and K (1 N both hold, hence 
N = K holds, hence the member (X(P {Y)) ,U {JZ iY))) is the only member (J, K) of 
Y such that J G S T (1 K holds for every member (5*, T) of F . Now by definition 
A (P, 0", R, x) is the set whose members are the ordered pairs (X (V (X)) , W (JZ (X))) 
corresponding to all the link-connected components X ofQ [H, a, R, x) , and by Lemma 
ISl every member of A (P, cr, R, x) is a member of Q {H, cr, P, x), which as shown above, 
implies that no two distinct members of A{H,a,R,x) link, hence that if {J,K) and 
{M,N) are any two distinct members of A{H,a,R,x) then IK(J,P) n K{M,N) is 
empty. Now let X be the unique link-connected component of Q [H, a, R, x) that has 
(P, P) as a member. Then [I [V (X)) ,U [TZ (X))) is a member of Q{H,(y,R,x) by 
Lemma H and X(r'(X)) C P C W(7^(X)) holds, hence (X (X)) , W (7^ (X))) is a 
member of F. And Y (IX has the member (P, P) hence is nonempty, hence by Lemma 
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m Y U X is link-connected, hence y is a subset of X since X is a link-connected 
component of Q {H,a, R,x). Hence X{V{X)) C C T C U{TZ{X)) holds for every 
member {S,T) of F, hence (J (X)) , W (7^ (X))) is equal to {I {V {¥)) ,U {TZ {¥))). 

We note that if V, H, a, R, d, and x are as in Lemmas [7| and |H1 and (P, Q) and 
{S, T) are any two distinct members of A {H, a, R, x), then it immediately follows from 
the fact that (P, Q) and {S, T) do not hnk, that P ^ S holds and Q ^ T holds. 

Lemma 9 . Let V be any partition such that lA iV) is finite and # iV) > 2 holds, let 
H be any partition such that if E is any member of H such that E intersects more 
than one member of V, then E has exactly two members, let a be any real number 
such that < (T < ^ holds, let R be any finite real number > 0, let d be any integer 
> 1, and let x be any member of {V). 

Then the member (P, Q) of Af (V, H) generates a good set of woods for (if, a, R, x) 
ifif both the following conditions (i) and (ii) hold. 

(i) (P, Q)en {H, a, P, x) holds. 

(ii) For all (P, G) E Af {V, H) such that P C P and Q C G both hold, and (P, G) ^ 
(P, Q), (P, G) is not a member of Q {H, a, R, x). 

Proof. We note first that (i) is certainly necessary for (P, Q) to generate a good set 
of woods at X. And (ii) is also necessary, for if P C P and Q G both hold, and 
(P, G) ^ (P, Q), then (P U P) C (G n Q) holds, hence (P, G) links (P, Q), but at least 
one of P C P and G C Q is false. Hence if (P, Q) generates a good set of woods for 
{H,a, R,x), then (P, G) cannot be a member of Q {H,^, R,x) for if {P,Q) generates 
a good set of woods for {H, a, R, x) , then P ^ J ^ K <Z Q holds for every member 
(J, if) of the link-connected component of Vt {H, a, R, x) that contains (P, Q). 

Now let X be the subset of Q {H, a, R, x) whose members are all the members (J, K) 
of Q {H, cr, R, x) such that P '^^ J '^^ K C Q holds. We shall show that (i) and (ii) imply 
that X is the link-connected component of Q {H, cr, R, x) to which (P, Q) belongs. 

We first note that, since P ^ J ^ K (1 Q implies that ( J U P) C {K n Q) holds, 
every member {J,K) of X is linked to {P,Q), hence X is certainly link-connected. 

Now suppose X is a strict subset of Z, where Z is a link-connected subset of 
fl {H, a, R, x) . Consider the partition of Z into X and the nonempty set {Z h X) . 
Then the assumption that Z is link-connected implies that there exists (J, K) G X 
and (P,G) G (Z hX) such that {J,K) links (P,G). And (P, Q) links {J,K), hence 
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{(P, Q) , (J, K) , (F, G)} is a link-connected subset of Q {H, a, R, x), hence, by Lemma|Hl 
{{PnJnF),{QUKUG)) en {H, a, R, x) holds. Now {P f] J f] F) C P holds, and 
Q ^ {Q U K U G) holds. And by assumption, P C F C G C Q does not hold, since 
{F, G) is not a member of X. Hence at least one of (P h F) and (G h Q) is nonempty, 
hence at least one of (P h (P fl J fl P)) and {{Q U K U G) \- Q) is nonempty, hence 
((P n J n P) , (Q U U G)) is not equal to (P, Q). Hence (ii) implies that 
{{P n J n F) , {Q U K U G)) cannot be a member of Q {H, a, R, x), which contradicts 
the conclusion drawn from the assumption that (P, G) E Q {H, a, R, x) holds. Hence 
(ii) implies that (P, G) cannot be a member of Q {H, a, R, x). 

Hence (i) and (ii) imply that X is the link-connected component of Q {H, a, R, x) 
that contains (P, Q) . 

Lemma 10. Let V be any partition such that U {V) is finite and # {V) > 2 holds, 
let H be any partition such that if E is any member of H such that E intersects more 
than one member of V, then E has exactly two members, let a be any real number 
such that < o" < ^ holds, let R be any finite real number > 0, let d be any integer 
> 1, and let x be any member of F^^ (V"). 

Let (P, Q) generate a good set of woods for {H, a, R, x), and let A be any member 
of B (P). Then M ((P h {A}) , P, H, A, a, R, x) does not hold. 

Proof. Suppose that M ((P h {A}) , P, H, A, cr, P, x) does hold. We shall prove that 
this would imply that for every member B oi {Q \- {P \- {A})), there exists a mem- 
ber P of K ((P h {A}) , Q) such that M ((P h {A}) , P, if, P, a, P, x) holds, hence that 
((P h {v4}) , Q) is a member of Q {H, cr, P, x), which by Lemma IHl contradicts the as- 
sumption that (P, Q) generates a good set of woods for (P, a, R, x). 

For suppose first that P is a member of {Q l~ P). Then the assumption that (P, Q) 
generates a good set of woods for {H, a, R, x) implies that there exists a member P of 
K (P, Q) such that M (P, P, P, P, a, P, x) holds. Let P be a member of K (P, Q) such 
that M (P, F,H,B, a, P, x) holds. Then L (P, P, x) < P holds, and for alH G P and 
j G (3^ {P-iB) h P) such that G P holds, L(P, P,x) < <y\xz{F,H,i) — Xz{F,H,j)\ 

holds. Now if y ^(P h {A}),B^ is equal to y (^P,B^, then this implies directly that 
M ((P h {A}) , P, P, P, a, P, x) holds. 

Suppose now that y (^{P h {A}), pj is not equal to 3^ (P, P). Now by definition 
P = {PUiU {V)}), and 3^ (P, P) is the sma//est member G of P such that P C G 
holds, hence 3^ ^(P h {A}), pj is equal to 3^ (P, P) unless 3^ (P, P) is not a member 
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of (P h {v4}), or in other words, unless y (^P,B^ = A. Hence the assumption that 
y (JpTJA}), is not equal to y (P, P) implies that y (P, P) = A. And the as- 
sumption that 3^ ^(P h {A}),B^ is not equal to y {P,B) also implies that A is not 
equal to U (V), for if A = U (V) then (P h {A}) is equal to P. Let i be any member of 
P and j be any member of (y (JpTJA}),B^ h y (P,P)) such that {i,j} G P 

holds. Now y(^P,B) is equal to A, and furthermore, y (^{P \-{A}),B^ is equal 

to y ((P h {A}), y (P, P)) , hence y ((P h {A}), p) is equal to 3^ ((P h {A}), . 

Hence j is a member of (^y ^(P h {A}), ^4^ ^ A^, hence the assumption that 
M ((P h {A}) , P, P, A, cr, P, x) holds, implies that L (P, A, a;) < a \ xz{p,H.i) " ^z{p,H,j) \ 
holds. Let P be a member of K (P, Q) such that M{P, F, H, B,a, R,x) holds. Now 
A is a member of P, hence A is {V U P)-connected, and P is a member of {Q l~ P), 
hence P is a strict subset of A = y (P, P) , hence there exists a member k of B and a 
member m of (A h P) such that {A;,m} G P holds. Let A; be a member of P and m 
be a member of {A h P) such that {k, m} G P holds. Then by M (P, P, P, P, a, P, x), 
L(P, P,a;) < (j\xz{F,H,k) — xz{F,H,m)\ holds. Now Z{F,H,k) is a subset of A, and is 
not a strict subset of any member of V{P,A), for 3^ (^P,B) = A implies that P is 
not a subset of IC {P, A, k), (which by definition is the unique member of V{P,A) 
that has A; as a member), hence ]C{P,A,k) C P holds, hence m is not a mem- 
ber of }C{P,A,k), hence since P is a partition, hence {k,m} is the only member 
of H that has A; as a member, /C (P, A,k) C 2 (P, H, k) holds since /C (P, A, A;) is a 
member of P. Hence if Z (P, P, A;) was a strict subset of a member C of V (P, A) 
then K, (P, A, A;) C C would hold, which is impossible since K, (P, A, k) is a mem- 
ber of V (P, A). And furthermore Z (P, P, A;) overlaps no member of V (P, A), hence 
Z (P, P, k) is a member of S (P (P, A)), hence as shown on page ESI xz(F,H,k) is a mem- 
ber of the convex hull of the xc-, C G 'P{P,A). And Z {F, H,m) is a subset of A, 
and is not a strict subset of any member of V{P,A), for as just shown, m is not a 
member of /C (P, A, A;), hence /C (P, A, A;) is not equal to /C (P, A, m), hence k is not a 
member of IC {P, A,m), hence since P is a partition, hence {k,m} is the only mem- 
ber of H that has m as a member, /C (P, A, m) C 2 (P, P, m) holds since /C (P, A, m) 
is a member of P, hence the fact that K, (P, A, m) is a member of V (P, A) implies 
that Z {F, H,m) cannot be a strict subset of any member of V{P,A). And further- 
more, Z (P, P, m) overlaps no member of V (P, A), hence Z (P, P, m) is a member of 
H (P (P, y4)), hence as shown on pageEHl xz{F,H,m) is a member of the convex hull of 
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the xc, C E V{P,A). Hence by Lemma|Sl \xz(F,H,k) — xz{F,H,m)\ < L (P, A, x) holds, 
hence L(F, < a'L{P,A,x) holds, hence L,{F,B,x) < (y'^\xz{p,H,i) — xz{p,H,j)\ 

holds hence, by Lemma IHl (e) , L(F, _B,x) < (^iz^j \xz{F,H,i) — xz{F,H,j)\ holds, where 
A is the real number defined by A = (^) (l — \/l — 8a) , so that < A < | holds since 
< o" < ^ holds. Now A and a satisfy the equation A = j-fgX' < A < 1 holds, 
hence L (F, B,x) < a \xz(F,H,i) — xz{F,H,j)\ holds. 

Hence L (F, B,x) < a \xz{F,H,i) — xz(F,H,j)\ holds for alH G -B and all 
J e (^y ({P h {A}), h , hence M ((P h {A}) , F, H, B, a, R, x) holds in this case 
also. 

And finally, for the case B = A,M{{P h {A}) , P, H, A, a, R, x) holds by assump- 
tion. 

Hence the assumption that M((P h {A}) , P, H, A,a, R,x) holds implies that for 
every member B oi {Q \- (P \- {A})), there exists a member F of K((P h {A}) ,Q) 
such that M ((P h {A}) , F, H, B, a, R, x) holds, hence that ((P h {A}) , Q) is a mem- 
ber of Q{H,a,R,x). And by Lemma IHl this contradicts the assumption that {P,Q) 
generates a good set of woods for (if, a, R, x) . 

Lemma 11. Let V be any partition such that U {V) is finite and 7^ {V) > 2 holds, 
let H be any partition such that if E is any member of H such that E intersects more 
than one member of V, then E has exactly two members, let a be any real number 
such that < o" < ^ holds, let R be any finite real number > 0, let c? be any integer 
> 1, and let x be any member of F^^ {V). 

Let (P, Q) be any member of Q {H, a, R, x) such that there is no member (P, G) 
of Q {H, a, R, x) such that Q G G holds, let A be any member of B (P) , let X be 
any a-cluster of | {x,V {P, A)) such that # (X) > 2 holds, and X is not equal to 
1^ a ix,V {P, A))) = V{P,A), and let B be any (V U if )-connected component of 
U (X) such that B is not a member of V (P, A), and such that L (P, B,x) < R holds. 

Then P is a member of {Q \~ P). 

Proof. We first note that by the definition of a cr-cluster of J, (x, V (P, A)) and the 
assumption that # (X) > 2 holds, X is a subset of V {x,V{P,A))) = V {P, A) 
such that ^ (X) > 2 holds and such that for every I E X, J E X, K E X, and 
M e {V (P, A) h X), \xi -xj\ <cr \xk - Xm\ holds. 

Now if G is any member of X, then either G G B holds or C fl P = holds. For 
each member of X is a member of P hence is {V U ii)-connected, and by assump- 
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tion S is a (l^ U iJ)-connected component of X, hence is {V U iJ)-connected. Thus 
if (C h B) and {C fl 5) were both nonempty, then by Lemma ^ {C U B) would be a 
(y U i/)-connected subset of U (X) such that Be {C U B) holds, which contradicts 
the assumption that B is a (V U i/)-connected component of U (X). 

Furthermore, is a nonempty subset of A, and if C is any member of {V{P, A) hX), 
then C n 5 = holds. 

Hence i? is a member of S {V {P, A)), and since by assumption B is not a member 
of V{P,A), B is a member of (S(P(P, A)) \- V {P, A)), hence every member C of 
V {P, A) such that C B holds, is a strict subset of B. 

Now let C be any member of V {P, B). Then C is a member of P such that C G A 
holds hence, as shown on page EHl there is a unique member E of V {P, A) such that 
C G E holds. Let E be the unique member of V {P, A) such that C G E holds. Then 
E is a. member of V {P, A) such that ECiB is nonempty hence, by the foregoing, E G B 
holds, hence C G E cannot hold, (for if C G E held then E would be a member of P 
such that C G E G B held, contradicting C gV {P, B)), hence C = E holds, hence C 
is a member of V {P, A), hence since C is a subset of B hence a subset of U (X) hence 
cannot be a member of {V {P, A) h X), C is a member of X. 

Hence V {P, B) is a subset of X, hence since h{P,B,x) is by definition equal to 

max \xi — xj\, the inequality L,{P,B,x) < max \xi — xj\ holds. Furthermore, by 

ieV{P,B) i£X 
JeV{P,B) Jex 

assumption, h{P,B,x) < R holds. 

Now let i be any member of B and j be any member of (y (P, P) h P) such 
that {i,j} is a member of H. Now y (^P,B^ G A certainly holds, for 3^ (^P,B^ is by 
definition the smallest member D of P such that B G D holds, and A is a member of 
P such that B G A holds. Hence j is a member of A, hence j is a member of {A \- B). 
And furthermore, j is not a member of U (X), for if j was a member of U (X), then 
j would be a member of some member C of X such that C is not a subset of P, 
hence as shown on page E21 the facts that B and C are {V U if )-connected, together 
with the fact that {i, j} is a member of if, would imply by Lemma ^ that (C U B) is 
{y U ii)-connected, which together with the fact that C is not a subset of B, hence 
that P is a strict subset of (C U P), contradicts the fact that B is aiV 1} ii)-connected 
component of U (X). 

Now /C (P, A, i\ which by definition is the unique member of V (P, Al) that has i as a 
member, is a member of V (P, A) that intersects U (X), (since i is a member of U (X)), 
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hence is a member of X, and j is not a member of LI {X), hence /C (P, A,j), which is 
the unique member of V {P, A) that has j as a member, is not a subset of U {X), hence 
/C (P, A, j) is not a member of X, hence /C (P, A, j) is a member of (P (P, A) h X). 

Hence K. (P, A, j) is not equal to /C (P, A, i), hence j is not a member of /C (P, A, i), 
hence is not a subset of /C {P,A,i), hence since if is a partition, hence {i,j} is 

the only member of H that has z as a member, }C{P,A,i) is a subset of Z{P,H,i), 
which by definition is the largest member of P that has z as a member but does not 
contain as a subset any member of H that has i as a member. Furthermore {i,j} is a 
subset of A, and since JC (P, A, i) is a member of V (P, A), there is no member C of P 
such that /C (P, A,i) G C G A holds, hence /C (P, A, i) is the largest member of P that 
has 2 as a member but does not contain as a subset any member of H that has i as a 
member, hence JC (P, A,i) = Z (P, H, i) holds. 

And by an exactly analogous argument, /C (P, A,j) = Z (P, H,j) holds. 

Hence \xz(p^H,i) — xz(p^H,j)\ is equal to \xic(p,A,i) — xjc{p,A,j)\ hence since, as shown 
above, /C (P, A, i) is a member of X and /C (P, A, j) is a member of {V (P, A) h X), the 
inequality min \xk — xm\ < \xz(p,H,i) — xz[p,H,j)\ holds, hence by the fact that X 

Me{V{P,A) ^x) 

is a (T-cluster of | (x, P (P, A)) such that # (X) > 2 holds, 

L(P, P,x)< max|x/— xj|< a min |a;x — a^A/ 1 < cr |a^2(p,H,i) — a^2(p,H,j) I 

JeX Me{V{P,A)\-X) 

holds, hence L (P, B,x) < a \xz{p,H,i) — xz{p,H,j) \ holds. 
Hence M (P, P, H, B, a, R, x) holds. 

Now by assumption (P, Q) is a member of Q {H, a, R, x), hence for every member C 
of {Q h P), there exists a member P of K (P, Q) such that M (P, P, if, C, a, R, x) holds. 
Hence if B was noi a member of {Q \~ P), then for every member C of ((Q U {B}) h P) 
there would exist a member P of K (P, (Q U {P})) such that M (P, P, if , C, a, P, a;) 
holds, hence (P, (Q U {B})) would be a member of Q (if, a, P, x). 

But by assumption there is no member (P, G) of Q (if, cr, P, x) such that Q G G 
holds. Hence B must be a member of {Q \~ P)- 

Additional Note to Lemma 11. M (P, P, P, W (l^) , a, P, a;) holds whenever 

L(P, W(y) ,x)<R holds, hence with the same assumptions on {P,Q) as in Lemma 

CH W (y) G (Q h P) holds whenever L (P, W (l^) ,x) < R holds. 
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We recall from page QUI that for all s G M, we define T (s) by 

T(s) = 



1 if s < holds 
if s > holds 



For every ordered septuple (P, F, H, A, a, R, x) of a wood P, a wood F such that 
A4 {F) = A4 (P) holds and P O F holds, a partition H, a member A of 
(S {Ai (P)) h j\4 (P)), a real number a such that < cr < | holds, a finite real number 
P > 0, and a member x of {Ai (P)), where c? is an integer > 1, we define the number 
M (P, F, H, A, a, R, x) to be equal to 1 if M (P, F, H, A, a, R, x) holds, and to be equal 
to otherwise. 

And for every ordered triple {A, B, H) of a set A, a set B such that A C B holds, 
and a set H such that every member of if is a set, we define Q {A, B, H) to be the set 
whose members are all the ordered pairs of a member i of A and a member j of 
[B h A) such that {i,j} is a member of if. 

Now the proposition M (P, F, H, A, a, R, x) can be expressed as: 

For all 5 G P (P, A) and all T e P (P, A), jx^ - xt| < P holds, and for a\\ i e A 
and all j E [y (P, A) h A) such that {i,j} is a member of H, and for all S* G P (P, A) 
and all T G "P (P, A), \xs — Xt\ < cr \xz{F,H,i) — Xz{F,H,j)\ holds. 

Hence M (P, P, H, A, a, R, x) may be constructed as: 

M{P,F,H,A,a,R,x) = I JJ T {\xs - xt\ - R)\ x 

\A={S,T}eQ(ViF,A)) J 
( \ 



X 



(M)6Q(A,y(P,A),H) 

y A={S',T}eS(P(F,A)) y 

For any ordered sextuple {P,Q,H,a,R,x) of a wood P, a wood Q such that 
(Q) = M. (P) holds and P Q holds, a partition if such that if E is any member 
of H such that E intersects more than one member of A4 (P), then E has exactly two 
members, a real number a such that < a < ^ holds, a real number P > 0, and 
a member x of (A^ (-P))? where d is an integer > 1, we define the real numbers 
C (P, Q, H, a, R, x), n (P, Q, H, a, R, x), and £ (P, Q, P, a, P, x) by: 

£ (P, Q, H, a, R, x) is equal to 1 if (P, Q) is a member of Q {H, a, R, x), and equal to 
otherwise, 
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7i (P, Q, H, 0", R, x) is equal to 1 if (P, Q) is a member of (if, cr, P, x) such that there 
is no member (P, G) of (if, a, P, x) such that G C Q holds, and equal to otherwise, 
and 

S (P, Q, H, a, P, x) is equal to 1 if (P, Q) generates a good set of woods for (P, a, P, x), 
and equal to otherwise. 

We note that it follows directly from the definition of Q {H, a, P, x) that 
C (P, Q, H, a, P, x), H (P, Q, H, a, P, x), and £^ (P, Q, H, a, R, x) are all equal to un- 
less every member of Q is {A4 (P) U P)-connected, (which implies that every mem- 
ber of P is {Ai (P) U P)-connected), and we now assume that every member of Q is 
{M (P) U P)-connected. 

To construct C (P, Q, H, a, P, x), we first note that 
YlFeKiP,Q) (l - M (P, P, H, A, a, P, x)) is 1 if M (P, P, P, A, a, P, x) is /a/se for all F G 
K(P, Q), and otherwise, or in other words, it is if there exists an P G K{P,Q) 
such that M (P, P, H, A, a, P, x) is true, and 1 otherwise. 

Hence 

C{P,Q,H,a,R,x)= H [l- H (l-M(P,P,P,A,a,P,x)) 

A€{QhP) \ Fm{P,Q) 

For every ordered pair [Q, H) of a wood Q and a partition P such that every mem- 
ber of Q is (A1 (Q) U P)-connected, we define Q {Q, H) to be the set whose members are 
all the members G of ^ (A^ (Q) , H) such that Q G G holds. Then H (P, Q, P, a, P, x) 
may be constructed as: 

n{P,Q,H,a,R,x) = C{P,Q,H,a,R,x) JJ (1 - £ (P, G, P, a, P, x)) 

G£giQ,H) 

For every ordered triple (P, Q, P) of a wood P, a wood Q such that M. (Q) = 
M. (P) holds and P Q holds, and a partition H such that every member of Q 
is {Ai (P) U P)-connected, we define ^/ {P,Q,H) to be the set whose members are 
all the members (P, G) of Af {M (P) , P) such that F C P C Q C G holds and 
(P, G) 7^ {P,Q). Then condition (ii) of Lemma IHl niay be expressed by the func- 
tion n(^g,-)g^(pQ (1 — £ (P, G, P, 0", P, x)), which is unless no member (P, G) of 
A/" (P, Q, H) is a member of Q (P, cr, P, x). 

Hence S {P,Q, H, a, P, x) may be constructed as: 

S{P,Q,H,a,R,x) = C{P,Q,H,a,R,x) JJ (1 - £ (P, G, P, a, P, x)) . 

(F,G)€M{P,Q,H) 
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We observe that the following inequalities hold: 

E (P, Q, a, R,x)<n (P, Q, a, R,x) < C (P, Q, E, a, P, x) . 

For every ordered pair (A, B) of sets A and P, we define iS (A, P) to be 1 if A C P 
holds, and otherwise. 

Then if V is any partition such that lA {V) is finite and 7^ {V) > 2 holds, E is 
any partition such that if E is any member of E such that E intersects more than 
one member of V, then E has exactly two members, a is any real number such that 
< a < ^ holds, R is any finite real number > 0, and d is any integer > 1, it follows 
directly from the discussion on pages 1^ to 13^ that the following identity holds for all 
ordered pairs (P, x) of a member P of ^ {V, E) and a member x of {V): 

^ £{P,Q,E,a,R,x)S{P,F)S{F,Q) = 1. 

iP,Q)€Af{V,H) 

In fact, for any given ordered pair (P, x) of a member P of ^ {V, E) and a member 
X of iy), exactly one term in the left-hand side of this equation is equal to 1, and 
all the remaining terms are equal to 0, and the term that is equal to 1 is the term 
corresponding to the unique member (P, Q) of A (P, a, P, x) such that P G K (P, Q) 
holds. 

We now make the following observations: 

(1) If P is any wood, P is any set, and G is any subset of P such that V (P, B) C G 
holds, then V {G, B) = V (P, P) holds. For if C is any member of V (P, P), then G 
is a member of G such that G G B holds and there is no member D of F such that 
G G D G B holds, hence there is no member D of G such that G G D G B holds, 
hence C is a member of V{G,B). Now let G be any member of V{G,B). Then G 
is a member of G, hence a member of P, such that G G B holds, hence as shown on 
page 1221 the fact that P is a wood implies that there is a unique member EofV (P, P) 
such that G G E holds. Let E be the unique member of V (P, P) such that G G E 
holds. Then P is a member of G, (since by assumption V{F,B) is a subset of G), 
hence G G E cannot hold, (for if C C P held then P would be a member of G such 
that G G E G B held, contradicting the fact that C is a member of V [G, P)), hence 
G = E holds, hence C is a member of V (P, P) . 
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(2) If P is any wood, B is any nonempty subset of U (P), and G is any subset of P 
such that G is a wood, U (G) is a member of P, and y (P, P) is a member of G, then 
y (G, P) = 3^ (P, P) holds. For G has at least one member, namely 3^ (P, P) , that 
contains P as a subset, hence by definition y (G, P) is the smallest member of G that 
contains P as a subset. Now the assumptions that G is a subset of P and that U (G) 
is a member of P imply that G is a subset of P. Hence there is no member G of G 
such that B C C C y (P, P) holds, for if G was such a member of G then G would 
be a member of P such that B C C C y (P, P) held, which contradicts the fact that 
y (P, P) is the smallest member of P that contains P as a subset. Hence y (P, P) is 
the smallest member of G that contains P as a subset. 

(3) If P is any wood, H is any set such that every member of P is a set, i is any 
member of O (P, H), and G is any subset of P such that G is a wood and Z (P, H, i) 
is a member of G, then i is a member of O (G, P) and 2 (G, H,i) = Z (P, P, i) holds. 
For by definition (9 (P, P) is the set whose members are all the members i of U (P) 
such that there exists a member A of P such that i & A holds and there is no member 
B of H such that i E B and B (1 A both hold, and Z (P, P, z) is the largest member 
A of P such that i E A holds and there is no member B of H such that i E B 
and B (1 A both hold. And by assumption Z (P, P, i) is a member of G, hence G 
has at least one member, namely Z [F, H,i), that has i as a member and does not 
contain as a subset any member of H that has i as a member, hence z is a member 
of U {G) and also a member of 0{G,H), hence Z{G,H,i) is defined and moreover 
Z (P, H,i) C Z (G, P, i) holds. And furthermore there is no member A of G such that 
Z (P, H,i) G A holds and A does not contain as a subset any member of H that has i as 
a member, for if A was such a member of G then A would be a member of P such that 
2 (P, H,i) G A held and A does not contain as a subset any member of H that has i as 
a member, and by the definition of Z (P, P, i) there is no such member A of P. Hence 
2^ (P, P, z) is the largest member of G that has z as a member and does not contain 
as a subset any member of H that has i as a member, hence Z (G, H,i) = Z (P, P, i) 
holds. 

(4) Let P be any wood, let F be any wood such that Ai (P) = Ai (P) holds and 
P G F holds, and let A be any member of B (P). Then P fl H ("P (P, A)) is a wood 
of V{P,A). We note first that, as shown on pages ESI and EH V{P,A) is a partition 
of A such that #(P(P, A)) > 2 holds, hence U{V{P,A)) is equal to A hence is a 
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finite set. Now certainly no member of F fl S (7^ (P, A)) is empty and no two members 
of F n E{V{P,A)) overlap, and moreover P is a subset of F hence every member 
of V{P,A) is a member of F nE{V{P,A)), hence F n E{V{P,A)) is a subset of 
E{V{P,A)) that has V{P,A) as a subset, hence M {F f] E {V {P, A))) is equal to 

V (P, A). And furthermore, every member of S {V (P, A)) is a subset of A, hence every 
member of P n S (P (P, A)) is a subset of A, hence U{FnE{V (P, A))) is a subset 
of A, hence every member of U {F r)E.{V {P, A))) is a member of some member of 
M{F nE{V (P, A))) = V (P, A). 

(5) Let P be any wood, let Q be any wood such that M. (Q) — M. (P) holds and 
P C Q holds, and let B be any member of {Q \- P). Then there exists a unique 
member A of B (P) such that B eE{V (P, A)) holds, and the unique member A of 
B (P) with this property is given hy A ^ y (P, B). For P is a subset of y (P, P), P 
overlaps no member of V (P, y (P, P) ) , and B is no^ a strict subset of any member of 

V (P, y (P, P)) , (for if P was a strict subset of a member E ofV (P, y (P, P)) then 
P would be a member of P such that B C E C y (P, P) held, which contradicts the 
fact that y {P,B) is the smallest member of P to contain P as a subset), hence P 
is a member of E (V (P, 3^ (P, -B))) . Now let A be any member of P such that B is 
a member of E {V (P, A)). Then B ^ A holds, and each member of V (P, A) is either 
a subset of P or else does not intersect B, and furthermore since P is a member of 
{Q h P) hence is not a member of V (P, A), each member of V (P, A) is either a stnci 
subset of B or else does not intersect P. Furthermore P is nonempty. Let i be any 
member of P. Then ? is a member of A, and K, (P, A,i), which by definition is the 
unique member of V (P, A) that has i as a member, is a member of V (P, A) such that 
P n /C (P, A, i) is nonempty, hence, as just shown, /C (P, A, i) is a strict subset of P, 
hence the fact that /C (P, A, i) is a member of V (P, ^4) implies that there is no member 
C of P such that B C C G A holds, (for any such member C of P would be a member 
of P such that /C (P, A, i) C C C A held), hence A is equal to y (P, P) . 

Lemma 12. Let P be any wood, let F be any wood such that Ai (P) = Ai (P) holds 
and pep holds, let P be any partition, let A be any member of B (P) , let P be any 
member of {E {V (P, A)) \- V (P, A)), let a be any real number such that < cr < | 
holds, let R be any real number > 0, and let x be any member of F,^ [JKA. (P)), where 
d is an integer > 1. 

LetZ = 5(P (P,A)). 
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Then the proposition M (P, F, H, B, a, R, x) is equivalent to the proposition 

M{PnZ,FnZ,H, B, a, R, j (x, Z)). 

Proof. We first note that by observation ^ on page |^ both P (1 Z and F (1 Z 
are woods of V{P,A), and 5 is a member of {E{M{PnZ)) h M{P n Z)), and 
we note furthermore that it follows directly from the definition of F^^ (A^ (P)) that 
i {x,Z) =1 {x,E{V{P,A))) is a member of¥d{V{P,A)) = ¥diM{PnZ)), as is 
required for the proposition M {P H Z, F H Z, H, B, a, R, | {x, Z)) to be defined. 

We next note that V (P, B) is a subset of Z = H (P (P, A)), for by assumption P is a 
member of (S (P (P, A)) h P (P, A)), hence if C is any member of P (P, A) then either 
C n P is empty or else C is a strict subset of B. Let D be any member of P (P, P) and 
let C be any member of P (P, A) such that C fl P is nonempty. Then C is a member 
of P (P, A) such that C fl P is nonempty, hence C G B holds, hence D G C cannot 
hold, (for if P C C held then C would be a member of P, hence a member of P, such 
that D G C G B held, contradicting the fact that P is a member of P (P, P)), hence 
since C does not overlap D, C G D holds. Hence if D is any member of P (P, P) then 
P is a nonempty subset of P, hence a nonempty subset of A, such that each member 
of P (P, y4) is either a subset of P or else does not intersect P, hence P is a member 
of E (P (P, A)), hence P (P, P) is a subset of H (P (P, A)) 

Hence P (P, P) is a subset of P fl H (P (P, A)) = F n Z, hence by observation (T]) on 
page inSl V {F n Z,B) = V (P, P) holds, and it immediately follows from this, by the 
definition of L (P, P, x), that L (P n Z, P, j (x, Z)) = L (P, P, x) holds. 

And it immediately follows from this, in particular, that L (P fl Z, P, | (x, Z)) < R 
holds ifif L (P, P, x) < P holds. 

We next note that 3^ (P, P) is equal to A, for P is a nonempty subset of A such 
that each member of P (P, A) is either a sinci subset of P or else does not intersect P, 
hence there can be no member C of P such that B G C G A holds, (for if C was such 
a member of P then C would be a member of P, and if i was any member of P, then 
/C (P, A, i) C C C A would hold, contradicting the fact that /C (P, A, i) is a member of 
P (P, A)), hence A is the smallest member of P to contain P as a subset. 

Now U{Pr\Z) =U{PnE{V{P,A))) is equal to A, hence A = y {P, P) is cer- 



tainly a member of (P fl Z), hence by observation ^ on page 1221 3^ ( (-P H Z), P 




3^ (P, P) = A holds. 
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Now H is a partition, hence as shown on pages EHl and |^ if i is any member of B 
and j is any member of {A h B) such that {i,j} is a member of H, then both i and j 
are members of O {F, H), and furthermore Z {F, H, i) is the largest member of F that 
has i member but does not have member, and Z {F, H, j) is the largest 

member of F that has j as a member but does not have i as a member. 

Now let i be any member of B and j be any member of {A h i?) such that {i,j} 
is a member of H. Then is a subset of A hence Z{F,H,i) C A holds and 

Z {F, H,j) C A holds. And /C (P, A, i) is a member of V {P, A) that intersects B hence 
is a strict subset of B, hence j is not a member of /C (P, A, z), hence since /C (P, A, i) 
is a member of P, /C (P, A, i) C 2 (P, H, i) holds, hence Z (P, i) cannot be a strict 
subset of any member of V (P, A), (for if Z (P, if, i) was a strict subset of a member C 
of V (P, A), then C would be a member of P such that /C (P, A^i) d C d A held, which 
contradicts the fact that /C (P, A, i) is a member of V (P, A)), hence since Z (P, iJ, i) 
overlaps no member of V{P,A), Z{F,H,i) is a member of Z = ^(^(P, A)), hence 
Z (P, if, z) is a member of F (1 Z, hence by observation Q on page lMl i is a member 
of O (P n Z, H) and Z{FnZ,H,i) = Z (P, P", i) holds. And j is not a member of P, 
hence K, {P,A,j) is not a subset of B, hence JC {P,A,j) does not intersect B, hence i 
is not a member of /C (P, A, j), hence /C (P, A, j) C Z (P, P, j) holds, hence Z (P, P, j) 
cannot be a strict subset of any member of V (P, A), hence Z (P, P, j) is a member of 
= S (P (P, A)), hence Z (P, P, j) is a member of P fl Z, hence by observation on 
page El j is a member of O (P n Z, H) and Z{Fn Z,H,j) = Z (P, P, j) holds. 

Hence \xz{Fnz,H,i) - Xz(Fnz,H,j)\ = \xz{F,H,i) - Xz(F,H,j)\ holds, hence 
L (P n Z, P, I (x, Z)) < a \xz{Fnz,H,i) - Xz{Fnz,H,j)\ holds ifif 
L (P, B,x) < a \ xz{F,H,i) - xz{F,H,j)\ holds. 

Lemma 13. Let P be any wood, let Q be any wood such that Ai (Q) = M. (P) holds 
and P ^ Q holds, let H be any partition such that every member of Q is {Ai (P) U P)- 
connected and such that if E is any member of H such that E intersects more than 
one member of Ai (P), then E has exactly two members, let a be any real number 
such that < 0" < ^ holds, let R be any finite real number > 0, let be any integer 
> 1, and let x be any member of {V). 

For each member A of B (P) we define Za = S (P (P, A)). 

Then 

CiP,Q,H,a,R,x)= Yl CiPnZA,QnZA,H,a,R,iix,ZA)) 
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holds and 



n{P,Q,H,a,R,x)= II n{PnZA,QnZA,H,a,R,i{x,ZA)) 

holds. 

Proof. We first note that, by definition, C (P, Q, H, a, R, x) is equal to 1 if for every 
member B of {Q \~ P), there exists a member F of IK (P, Q) such that 
M (P, F,H,B, a, R, x) holds, and equal to otherwise, hence by observation (0) on 
page ESI C {P,Q, H,a, R,x) is equal to 1 if for every member A of B (P), and for 
every member B of {Q \- P) (1 S {V (P, A)) = {Q h P) n Za, there exists a member 
P of K (P, Q) such that M (P, P, H, B, a, R, x) holds, and equal to otherwise, hence 
by Lemma C (P, Q,H,a, R, x) is equal to 1 if for every member A of B (P) , and 
for every member B of {Q h P) fl Z^, there exists a member P of IK (P, Q) such that 
M (P n Za, F n Za, H, B, a, R, I (x, Za)) holds, and equal to otherwise. 
Now let A be any member of B (P) . 

Then by observation (jU on pageEH both PHZa and QHZa are woods of V (P, A), 
and furthermore, every member of Q fl Za is {V (P, A) U if)-connected, for if C is any 
member of Q H Za, then C is a member of Q hence is {A4 (P) U if )-connected, hence if 
{J, K} is any partition of C into two nonempty parts then there exists a member D of 
{Ai (P) U H) such that D intersects both J and K, and if D is a member of H then D 
is a member of {V (P, A) U if), while if i^ is a member of Ai (P) then P* is a member 
of P such that D G A holds, hence as shown on page 1221 there is a unique member E 
of V (P, A) such that D (1 E holds, and this member E of V (P, A) is a member of 
{V (P, A) U H) such that P intersects both J and iT. 

Hence, by definition, £ (P fl Z^i, Q fl Za, H, a, R, [ {x, Za)) is equal to 1 if for every 
member P of (Q fl Za) h (P fl Za) = {Q \- P) ^ Za, there exists a member G of 
K (P n Za, Q n Za) such that M (P n Z^, G, H, P, a, P, j (x, Z^)) holds, and equal to 
otherwise. 

Suppose now that P is a member of {Q h P) fl Za such that there exists a member 
GofK{PnZA,Qn Za) such that M (P n Za, G, H, P, a, R, I (x, Za)) holds, and let 
G be such a member of K (P fl Za, Q H Za)- Then P = P U G is a member of IK (P, Q) 
such that P n = (P U G) n = (P n Za) U (G n Za) = (P n Za) U G = G holds, 
hence M (P n Za, P n Za, P, P, ct, R, j (x, Za)) holds. 
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Now suppose that B is a. member of {Q h P) fl Za such that there exists a member 
F of K (P, Q) such that M (P n Z^, Q n Za, H, B, a, R, I (x, Za)) holds. Then G = Fn 
Za is a member of K (P n Za, Q n Za) such that M (P n Z^, G, H, B, a, R, i {x, Za)) 
holds. 

Hence £ (P fl Za, Q H Zyi, H, a, R, | (x, Za)) is equal to 1 if for every member B of 
{Q h P) n Za, there exists a member P of K (P, Q) such that 
M (P n Z^, F n Za, i^, P, cr, P, I (x, Za)) holds, and equal to otherwise. 

And this is true for every member A of B (P) , hence 

CiP,Q,H,a,R,x)= H CiPnZA,QnZA,H,a,R,iix,ZA)) 

AeB(p) 

holds. 

Now H{P,Q, H, a,R,x) is equal to 

C{P,Q,H,a,R,x) H {l-C{P,F,H,a,R,x)), 
Feg{Q,H) 

where Q {Q, H) was defined on pagel62lto be the set whose members are all the members 
P of ^ (A^ (Q) , H) such that QcF holds. 

Suppose H{P,Q, H, a,R,x) is equal to 1. Then C{P,Q, H, a,R,x) is equal to 1, 
hence by the result just obtained, £ (P fl Za, Q H Za, H, a, R, | (x, Za)) is equal to 1 
for every member A of B (P) , and for every member P of ^ {Q, H), C (P, P, H, a, R, x) 
is equal to 0, hence in particular, for every member P of B (P), and for every member 
G of Q {Q n Zb, H), C{P,QUG, H, a, R, x) is equal to Now if B is any member 
of B (P), G is any member of Q Zb, H), and A is any member of B (P), then 
{Q U G) n Za is equal to G if A is equal to B, and equal to Q H Za if A is not equal 
to B, hence by the result just obtained, C{P,QU G, H, a, R, x) is equal to 

£ (P n Zb, G, H, a, R, [ (x, Zb)) J] ^ ^ ^ ^' ^' ^' ^ ^^)) ' 

Ae(B(p) i-{B}) 

hence since the fact that C{P,Q, H, a, R, x) is equal to 1 implies, as just shown, that 
£ (P n Za, Q n Za, H, a, R, I (x, Za)) is equal to 1 for every member A of B (P) , the 
fact that C{P,QU G, H, a, R, x) is equal to implies that 

£ (P n Zb, G, H, o, R, I (x, Zb)) is equal to 0. And this is true for every member G of 
^ (Q n Zb, P), hence since, as just shown, the fact that £ (P, Q, P, a, R, x) is equal to 
1 implies that £ (P fl Zb, Q H Zb, H, a, R, | (x, Zb)) is equal to 1, it follows that 

niPnZB,Qn Zb, h, a, r, i (x, Zb)) = 
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= £ (p n Zb, g n Z^, H, a, R, i {x, Zb)) (i - >c (p n Zb, G, H, a, R, i {x, Zb))) 

Geg{QnZB,H) 

is equal to 1. And this is true for every member S of B (P), hence the assumption 

that T-L{P,Q,H,a,R,x) is equal to 1 implies that 

YIb&{p) 'H{PnZB,Qn Zb, H, a, R, i {x, Zb)) is equal to 1. 

Now assume that nBeB( p'^'H {P r\ Zb,Q r\ Zb, H, a, R, [ {x, Zb)) is equal to 1, 
hence that C (P, Q, H, a, R, x) = Ub&{p) jC(PnZB,Qn Zb, H, a, R, [ {x, Zb)) is 
equal to 1, and that for every member S of B (P), and for every member G of 
Q{Qn Zb, H), C{Pr\ Zb, G, H, a, R, i {x, Zb)) is equal to 0. Let F be any mem- 
ber of Q {Q,H). Then by the first part of this Lemma, C{P,F,H,a,R,x) is equal 
to n_BgB(p) ^{P ^ Zb, F n Zb, H, a, R, | {x, Zb)), and by the fact that P is a mem- 
ber of Q {Q,H), or in other words, that P is a member of Q {Ai {Q) ,H) such that 
Q C F holds, there exists at least one member P of B (P) such that Q fl Zb C 
P n Zb holds, hence such that P fl Zb is a member of Q {Q H Zb, H), hence such that 
£ (P n Zb, F n Zb, H, a, R, | {x, Zb)) is equal to 0. Hence C (P, P, H, a, R, x) is equal 
to 0. And this is true for every member F of Q {Q, H), hence Ti (P, Q, H, a, R, x) is 
equal to 1. 

Hence 7i (P, Q,H,a, R, x) is equal to 1 if and only if 
nAeB( p^T^{P ^ Za, Q n Za, H, a, R, I {x, Z^)) is equal to 1, hence, since each of these 
expressions can take only the values and 1, they are equal. 

Lemma 14. Let V be any partition such that U {V) is finite and # (V) > 2 holds, 
and let H be any partition such that if E is any member of H such that E intersects 
more than one member of V , then E has exactly two members. 

Let a be any real number such that < ci < | holds, and let A be the real number 
defined by A = (i) (l - VI - Sa), so that < A < i holds. 

We note that A and a satisfy the equation A = j:^, and that < o" < A holds. 

Let R be any finite real number > 0, let d be any integer > 1, let x be any member 
of Fd {y), and let (P, Q) be any member of Q, {H, a, R, x). 

Let i and j be any two members of U iV) such that is a member of H and is 

not a subset of any member of V, let J be the set whose members are all the A e Q 
such that Z (P, H,i) C A C Z {Q, H, i) holds, and let K be the set whose members 
are all the P e Q such that Z (P, H,j) CB CZ {Q, H,j) holds. 

Let u be any member of W such that ua > holds for all AeJ, and such that 
X^^gjiiA = 1 holds, and let v be any member of R-^ such that vb > holds for all 
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B E K, and such that ^bgk'^b = 1 holds. 
Then 



\xz(P,H,i) — Xz(P,H,j)\ < 



1-2A 



holds and 



^ uaXa I - I X] ^^^^ 



< 



\Xz{P,H,i) — Xz(P,H,j)\ 



1 - 2A 



holds. 



Proof. We first obtain the stated lower bound on \ {^a&.j'^aXa) — b^k b)\ 
In fact we will prove, defining T = max \xz{F,H,i) — xz{F,H,j)\i that 

FeK(P,Q) 

^ ^ (l^) \ {T.a&jUaXa) - {T.b&k^bXb) \ holds. 

For, using the triangle inequality, we have, for arbitrary F G K (P, Q), that 



AeJ 



+ 



+ 



y^^UAXA 



+ 



t^Ba;^ I - xz{F,H,j) > 



holds. 



Now we note that J is the set of all the possible Z{G,H,i) for G G K(P, Q). 
Hence, from Lemma ini(d), we have that 



xz{F,H,i) - I ^ MAa;vi I 
\AeJ / 



< - a^yil < ^uaAT = AT 



AeJ 



AeJ 



holds, (where we used that X^Aej""^ ~ ^^^^ — similarly we 

have that \ {J2BeK '^bXb) — xz{F,H,j)\ < AT holds. 
Hence 



\xz{F,H,i) — Xz{F,H,j)\ < 2 AT 



y^^UAXA 

\AeJ 



vbxb 



holds. And this is true for all T G K (P, Q), hence 

T < 2AT+ \ {J2Aej'^AXA) - {J2BeK^BXB) \ holds, hence 

T < (t^) liJ^AeJ^AXA) - (EBeK^BXB)] holds. 
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But \xz(^p^H,i) — 'Xz{p,H,j) \ < T holds, hence 



\xz{P,H,i) — Xz{P,H,j) \ < 



1 - 2A 



^ UaXa ) - I X ^^^^ 



holds. 



We now obtain the stated upper bound on \ {J2a<^j'^aXa) — b<^k bx b)\- In 



fact 



^ uaXa 1 - I X ^^^^ 



A6J 



uaVb (xa - Xb, 



< 



E 



^iA^^B \Xa - Xb\ 



< uaVb max |xc — a;^)! < T. 



B£K 



C&J 



Furthermore, by Lemma IHl (e), T < {yz2\) \^z{p,h,{) — xz{p,H,j)\ holds, hence 
\^a&j'^aXa) - (Z^Bei^ ^B^s) I ^ (t^) Vz{P,ii,i) -Xz{p,H,j)\ holds. 

Lemma 15. Let be a set such that every member of is a set, let n be an integer 
> 1, let V be a partition such that U. (V) is finite, lA (y) is iy U i/)-connected, and 
# {y") = n, and let A and B be any members of V. Then there exists an integer m 
such that 1 < m < n holds, and a map M such that T> (M) is the set of all the integers 
p such that 1 <p <m holds, 7^ (M) C \/ holds. Mi = A holds, M,^ = B holds, and 
such that if p is any integer such that 1 < p and p < (m — 1) both hold, then there 
exists a member C oi H such that C n Mp 7^ and C n Mp+i 7^ both hold. 

Proof. We use induction on n. The result is obvious for n = 1. Now let n > 2 hold 
and let be a partition such that U iV) is finite, U {V) is {V U -?/)-connected, and 
^ iy) = n, and let A and B be any members of V. Then if A = B the result is obvious. 
Assume now that A ^ B. We consider the partition of U {V) into the nonempty parts 
B and {U {V) h B). Then the fact that U (V) is {V U if)-connected implies that there 
exists a member C of {V U H) such that C n ^ holds and C n (W (V) h fi) ^ 
holds. But is a partition hence Cr\B and Cfl (W (l^) h B) cannot both be nonempty 
for any member C of V , hence C must be a member of H. Let C be a member of H 
such that C n 7^ holds and C n (W (y) h fi) ^ holds. Then C n (W (y) h fi) 7^ 
implies that there exists a member D of the partition V such that D ^ B holds and 
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C n D 7^ holds. Let D be a member of the partition V such that D ^ B holds 
and C n D 7^ holds. Then {V h {B}) is a partition such that U {V \- {B}) is finite, 
U{V h {B}) is {{V h {B}) U i7)-connected, and # (V^ h {5}) = (n - 1) > 1 holds, 
and A and -D are members of {V h {B}), hence by the induction assumption there 
exists an integer p such that 1 < p < {n — 1) holds, and a map P such that V (P) 
is the set of all the integers q such that I < q < p holds, 71 (P) C (F h {B}) holds. 
Pi = A holds, Pp = D holds, and such that if q is any integer such that 1 < q and 
q < (p ^ 1) both hold, then there exists a member E of H such that E (1 Pg ^ 
holds and E fl P^+i 7^ holds. Let p be such an integer and P be such a map. Then 
M = P U {{p + 1, B)} is a map with all the required properties. 

Corollary. Let H he a set such that every member of if is a set, let n be an integer 
> 1, let V" be a partition such that U (V) is finite, U (V) is (V U if)-connected, and 
7^ (V) = n holds, let A and B be any members of V, let T be any real number such 
that T > holds, let d be any integer > 1, and let x be any member of E^^y such 
that if C and D are any members of V such that there exists a member E of H 
such that C n 7^ holds and D n E (li holds, then \xc — xd\ < T holds. Then 
\xa — xb\ < {n — 1)T holds. 

Proof. By Lemma El there exists an integer m such that 1 < m < n holds, and a 
map M such that V (M) is the set of all the integers p such that 1 < p < m holds, 
TZ (M) C V holds. Ml = A holds, = B holds, and such that if p is any integer such 
that 1 < p and p < {m — 1) both hold, then there exists a member E of H such that 
E n Mp 7^ holds and E fl Mp+i 7^ holds. Let m be such an integer and M be such a 
map. Then by the triangle inequahty, \xa - xb\ < Y.pev(M) \^Mp - ^m^+i | < ("^ - 1)^ 
holds. 

5 The BPHZ Integrands. 

For any ordered pair (M, 6) of a map M such that V (M) is finite, and every member 
of TZ (M) is a finite set, and a map 6 such that V (M) C V (6) holds, and TZ (6) is a 
subset of the set Z of all the integers, we define X (M, 6) to be the set whose members 
are all the maps p such that V (p) =U {IZ (M)) holds, 7^ (p) C N holds, and for every 
member A of V (M), J2a€MA P'^ - holds. 
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We note that this definition has the immediate consequence that if, for any member 
A oiV (M), < holds, then X (M, 9) is the empty set, since there is no map p with 
the required properties. 



Lemma 16. Let M be a map such that V (M) is finite, and every member of TZ (M) 
is a finite set, and let L> be a map such that T> (M) C V (D) holds, and 7?.(L>) is a 
subset of Z. Let A be a map whose domain is U {TZ (M)), such that for each member a 
of U {TZ (M)), Aq, is a nonempty finite set, and such that for any two distinct members 
a and (3oiU{TZ (M)), X^nXp^ 0. 

And let T be the map such that T> {T) — V{M), and for each member A of 
V{T)^V (M), Ta = \JaeMA (^^^^ ^ (^)) disjoint union of all the A^, 

aeU{TZ{M)).) 

Let y be a map such that T> {Y) — U {TZ {T)) — Uaew(7e(M)) ^^^^ ^^^^ 

each member /3 of "D {Y), Yp is an operator such that the Yg obey the same commutative, 
associative and distributive laws of addition and multiplication as the real numbers. 

Then the following identity holds: 



E n (^)h:yX)]^ E n (^h 



neX{M,D) \a&U{n{M)) \ ^ " ^ \/3eAa / / / s€X{T,D) \P&U{-R{T)) 



Proof. For any ordered pair {X,p) of a finite set X and an integer p > 0, we define 
F {X,p) to be the set whose members are all the maps q whose domain is X, whose 
range is a subset of N, and which satisfy the requirement that '^^tex Qa = P holds. (We 
note that F{X,p) is a finite set.) 

Then by the multinomial theorem for p e M, we have 



^ E>>^ E [u{{i^yr 

Hence for any map n such that V{n) —U {TZ (M)) and TZ{n) C N we have 



n i^M^yX)- n E nO^-;- 



. X Wfy! / \ / / \ \ \ \ Qfl'- 

aeU{n{M)) \ ^ « / \/3eAa / / aeU{n{M)) \qeF{\„,nc) \l3e\oc ^ 



= n E n T^K. 
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where in the second form of the right-hand side we rewrote the dummy variable q as 
Qa in the factor associated with the member a oiU {TZ (M)). 

Now for any ordered pair (n, A) of a map n such that T> (n) is finite and TZ (n) C N, 
and a map A such that T> (X) — T> (n), and for each member o; of "D (A) = "D (n), A^ is 
a finite set, and such that for any two distinct members a and (5 oiV (A), A^ fl A^ = 0, 
we define G (A, n) to be the set whose members are all the maps s whose domain is 
\Jaev{\) whose range is a subset of N, and such that for each member a of 

V{n) = V (A), T^p^)^^ sp = ria holds. 

Now we observe that in the final form of the right-hand side of the above formula, in 
which the dummy variable q has been re-written as qa in the factor associated with the 
member a oilA iJZ (M)), we have a sum over all maps q such that T> {q) =U {IZ (M)), 
and for each member a oiU {TZ (M)) = T) (A) = T) (n), q^ is a member of F (A^, ria). 
We define the following one-to-one correspondence between G (A, n) and the set of 
all maps q such that V (q) =UiJZ{M)) = V (X) = V{n), and for each a G D(A), 
qa & F (Aq,, Ua) holds: 

Given any member s of G (A, n), the corresponding map q is the map whose domain 
is V {X) =V (n), and such that for each member aofV (A), =i (-s, A^), (or in other 
words, qa is the restriction of the map s to the domain Aq), which is a member of 
F (Aq,, Ua) in consequence of the definition of G (A, n). 

And given any map q such that T> {q) — T) (A), and for each member a oi T) (A), 
qa e F [Xaina] holds, we define s = UaeX'(A) which is a member of G{X,n) in 
consequence of the definition of F (A^, riQ,). 

And we verify immediately that these two correspondences are one another's in- 
verses, noting that for a e I> (A) and P E T> (X) such that a P, qa r\ qjs — $ holds 
since T> (qa) fl T> [qp) — holds by assumption. 

Now in the correspondence from 5 to s we have that for any member a oiV (A) 
and any member (5 of Aq, that sp — {qa)p holds, hence we have that 



n ( E fn((7;A.)^r')))- e i n (^)y. 




aeV{\) \qaeF{Xc,nc) V/3eAa W'^^"^/?'/ J J J seG{X,n) \l3eU{TZ{T)) 

holds, since U {TZ (T)) = Uaei?(A) ^a- 

But V{X)^U {TZ (M)), hence we have 

n ((i)(E>^)> E ( n {£]y. 

aeu{n{M)) \ \ " / \/3eA„ / / seG{x,n) \i3eu{n{T)) ^ ^ 
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Now X {T, D) is the set whose members are all the maps s such that V (s) = 
U{TZ{T)) — Uaei)(A)'^a' whose range is a subset of N, and such that for each 
member A of V{T) = X>(M), E/3eT^ < Da holds. But by definition Ta is the 
disjoint union of the for a e Ma, that is, Ta — UaeMyt and, for a e Ma and 
/3 e such that a ^ (3, X^f^Xp — holds. Hence the constraint on s for A 
may be written X^^^Ma S/3eAc, "^/^ — hence if, for all members a of U{TZ{M)), 
S/3eAc, "^/S ~ holds, where n is a member of X(M, D), then s is automatically a 
member oiX{T,D). 

Furthermore, if s is any member of X (T, D), then if we define a map n such that 
V{n) = U{n{M)) and such that for each member a of W(7^(M)) = P(A), = 
S/3eAc holds, then n is automatically a member of X (M, D). 

Hence X (T, Z^) is equal to Unex(M£)) ^ l-^' '"')' hence we may express ^sgx(TD) 

SneX(M,D) X]seG(A,ri)- 

Hence, summing the above formula over n e X (M, D), we obtain the stated result. 

For any maps X and Y such that 7^ (X) C R holds, 7^ (F) C R holds, and V (X) = 
"D (Y) holds, we define X + y to be the map whose domain is V (X), and such that 
for each member A of V {X), {X + Y)^ = {Xa + Ya) holds, and we define X-Y to 
be the map whose domain is V{X), and such that for each member A of V{X), 
(X - Y)^ = {Xa - Ya) holds. 

Lemma 17. Let y be a map such that T> (V) is finite and such that for every member 
AofV (V), Va is a finite set, let J be any subset of V (V), and let K = {V (V) h J). 
Let W be the map such that !){]¥) = K and such that for each member A ol K, 

WA = VA^U{n (i {V, J))) = Va^ Use,/ Vb holds. 

Then U (7^ [W)) =K{n (V)) h W (7^ (i {V, J))) holds. 

Furthermore, if is a map such that V (V) C V (^0) holds and TZiO) C Z holds, 
(where Z is the set of all the integers), and if for each member u of N^('^(J-(^'"^))), (-u) 
is a map such that K C holds and such that for each member A of K, 

Ca (u) = (C (u))^ = T,a(^VAnu{n{i{v,j))) holds, and if F is a map such that V (Y) = 
U {TZ iy)) holds, and such that for each member a of V (Y), Y^ is an operator such 
that the Y^ obey the same commutative, associative and distributive laws of addition 
and multiplication as the real numbers, then the following equation holds: 

E ( n 

meX(V,0) \aeU(Ti(V)) 
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u&x{i{v,j),e) DGX(iy,((9-c(u))) ypeuiiziw)) \ ^ / / \aeu{niiiv,j))) 
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Proof. We first prove that U (7^ (W)) = U {TZ {V)) h W (7^ (j {V, J))). Let a be any 
member of U {TZ {V)) \- U (TZ(l {V, J))). Then a is a member of Va for some member 
AofV (V) = ( J U K), but a is not a member of for any member B of J, hence a is 
a member of Va for some member A of -fC, hence « is a member of Wa = Va \~ Ubg j 
for that member A of K, hence a is a member of U {TZ (W)) = [Jagk Now let a 
be any member of U {TZ {W)). Then a is a member of Wa for some member A of K, 
hence a is a member of U {TZ {V)), but is not a member of Usej Vb =U {TZ (J, {V, J))), 
hence a is a member ofU{TZ{V)) h W (7^ (i {V,J))). 

From this it follows immediately that the domain of each member m of X(V^, 
namely U {TZ {V)), is equal to the disjoint imion of the domain of each member u of 
X (I {V, J) ,6), namely U {TZ {[ {V, J))), and the domain of each member v of 
X {W, {e-C («))), namely U {TZ {W)). 

We now define a one-to-one correspondence between the members m of 
and the set of all ordered pairs {u, v) of a member u of and a member v 

of by specifying that to any member m of N"^^'^^^^ the corresponding such 

ordered pair is {u,v) = (i (m,W(7^(i {V, J)))) , i {m,U {TZ{W)))), and that to any 
such ordered pair {u,v), the corresponding member m of N"^^^^^^ is m = uU v. We 
verify directly that these two correspondences are one another's inverses. 

Now let m be any member of X (V, 9) . Then X^aev^ "^a ^ holds for every 
member AoiV {V) ^{JUK), hence if u =i {m,U {TZ (i {V, J)))) and ^; = 
J, {m,U {TZ{W))), then X^^gy^ ita < holds for every member A of J, hence it is a 

member of X(i {V,J),9), and (EaG(v^ hw(7^a(y,j)))) + (Eag(y^nw(7^a(v,j)))) ^ 
holds for every member A of K, hence i; is a member of X {W, {6 — ( {u))). And if 
u is any member of X (j (l^, J) ,9), and i; is any member of X {W, {9 — C,{u))), and we 
define m = uU v, then we directly find that X^^^^a — holds for every member 
A of {J U K) = V {V), hence m is a member of X (V, The equation stated follows 
directly from this. 

For any map V such that T> {V) is finite and for each member A of T>{V), Va is 
a finite set, we define t/j {V) to be the map whose domain is equal to T> {V), and such 
that for each member A ofV {V), ipA {V) = {i> {V))j^ is the set whose members are all 



77 



the ordered pairs {a, X) of a member a olU{TZ iV))^ and a subset X olV (V) such 
that A & X holds, and for every member B ol X, a &Vb holds. 

We note that it follows immediately from this definition that U {TZ{'^ (y))) is the 
set whose members are all the ordered pairs {a, X) of a member a oiU {TZ (V)), and a 
nonempty subset X oiT> (V) such that a eVb holds for every member B of X. For if 
{a, X) is any such ordered pair, then {a, X) is a member of ipA (V) for every member 
A of the nonempty set X, hence (a, X) is certainly a member of U {TZ (■^ (V))). And 
if (a, X) is any member of U [TZ {ip {V))), then there exists a member A oiV (V) such 
that {a, X) e ipA {V) holds, hence a eU{7l {V)) holds, and A e X holds hence X is 
nonempty, and a &Vb holds for every member B of X. 

And we note furthermore that it follows immediately from the above that if A is any 
member of V {V), then ipA (V) is the set whose members are all the members {a,X) 
of U (7^ (V))) such that AeX holds. 

For any ordered pair {V, n) of a map V such that T) {V) is finite and every member 
of TZ iy) is a finite set, and a map n such that T) {V) C T) (n) holds and TZ (n) C N 
holds, we define A {V, n) to be the set whose members are all the maps m such that 
V{m) = U{TZ{ilj{V))), TZ{m) CM holds, and for each member A of V(y), the 
equation E(a,x)eVA(v) "^(«,^) = holds. 

We shall often abbreviate m(^a,x) to ruax- 

Lemma 18. Let V" be a map such that V (V) is finite and such that for every member 
A oiT) (V), Va is a finite set, let C be a map such that lA {TZ iV)) C T) (C) holds, and 
such that for every member a oilA {TZiV))^ Ca is the set whose members are all the 
members A of T? (V) such that a E Va holds, let n be a map such that T? (V) C T? (n) 
holds and TZ (n) C N holds, and let / be a map whose domain is a subset of R^(''^(^)) 
and whose range is a subset of M, such that there exists an open subset S of R^(''^(^)) 
such that S Q V {f) holds, and such that all derivatives of / of degree less than or 
equal to '^Aev{v) exist and are continuous throughout S. 

For any member p of R^^^^ let p (p) be the member of M^(^(^)) such that for each 
member aoiU{TZ {V)), Pa (p) = {p{p))^ = YlAeCc, Pa- 

Then for any member p of R^*^^) such that p (p) is a member of S, the following 
equation holds: 
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E n 

mGA(y,n) \ \(a,X)eU{n{ip{V))) 



U.Be(Cc hx) Pb) '^a) 




Proof. The proof is by induction on g = ^^£x>(i/) ^-4- equation is certainly true 
for q = 0. 

We shall show that if q is any member of N, and the result is true for all members 
n of N^(^) such that '^jiev{v) '^a = <1 holds, then it is also true for all members n of 
N^(^) such that Y^Aaviv) nA = {q + l) holds. 

For any ordered pair (p, m) of a member p of R-^*^^) such that p{p) & S holds, and 
a member m of we define 



T{p,m)^[[ n 

Aa,x)eu{n(^{v))) 



rriax^- 




Then to prove the induction step it will be sufficient to prove that if A is any 
member of T) (V), and n is any member of N'^^'-^-' such that the result is true for n, and 
if we define u to be the member of N"^^^-* such that Ub = holds for all members B 
of {V {V) h {A}) and ua = {ua + 1) holds, then 

PaI Y1 T{p,m)\ ^{UA + I) Yl 

holds. 

For any ordered pair {A, m) of a member AoiV {V) and a member m of n^^n^^v))) , 
we define E{A, m) to be the set whose members are all the members (a, X) of 
U (7^ (V' {V))) such that ^ e (C„ h X) holds and ruax ^ holds. 

And for any ordered triple {A,m,{a,X)) of a member A of V{V), a member 
m of N^^^^'^W)), and a member {a,X) of E{A,m), we define s(A,m, (q;,X)) to be 
the member of N"(^(^(^))) such that for all members {(5,Y) of U{n{i}{V))) such 
that ^ (a,X) holds and ^ (a,XU{A}) holds, spy {A,m,{a,X)) = 

(s (A, m, (a, X)))^y = m^y holds, and such that s^x {A, X)) = {^aX — 1) holds 

and {s{A,m, (a, ^)))(„,(xu{A})) = ("H«,(^u{A})) + l) holds. 

From this definition it immediately follows that if A is any member of V {V), m is 
any member of A (V, n), and {a, X) is any member of E {A, m) then s {A, m, {a, X)) is 
a member of A (V^, m), where u is defined for A and n as above. For if B is any member 
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of {V {V) h {A}), then {a, X) e ipB {V) holds iM B e X holds and {a, {X U {A})) e 
il^BiV) holds m B e X holds, hence (a,X) e (^) holds ifif (a,(XU{A})) e 
V'b(T^) holds, hence ^^fs,Y)ei'B{v)^f^Y{A,m,{a,X)) = E(Ay)6VBW "^^^ ^ ns ^ ub 
holds, and furthermore the assumption that A e (C^ h X) holds implies that A is not 
a member of X, hence (a, X) is not a member of t/jA {V), whereas (a, {X U {^})) is a 
member of tpA (V), hence E(/3,y)G^^(v) rn, {a, X)) = (E(/3,y)gVa(v) ^(^y) + 1 = 

(n^ + 1) — ua holds. 

For any ordered triple {A, m, a) of a member A oiV (V), a member m of 
^u{Ti{ip{v))) ^ and a member a of F^, (or in other words a member a oi U {TZ{V)) 
such that A e Ca holds), we define t{A,m,a) to be the member of N^i'^^'I'i^'^)) such 
that for every member {(3,Y) oi U {U {^p (V))) such that F) 7^ (a, {A}) holds, 
t^y {A, m, a) = rri/sY holds, and such that ta{A} {A, m, a) = [rria^A} + l) holds. 

It immediately follows from this definition that if A is any member of V (V), m is 
any member of A (V", n), and a is any member of Va, then t {A, m, a) is a member of 
A{V,u). For if B is any member of {V {V) h {^}), then (a, {/I}) is not a member 
of ■^b{V), hence E(/3,y)G^s(y) V (^'"^'") = J2(f3,Y)ei>B(v)'^l3Y ^ Ub = Ub holds, 
and furthermore (a, {A}) is a member oiipAiV), hence E(/3 y)eVA(v) ~ 

(E(/3,y)eVA{v) + 1 = (nA + 1) = MA holds. 

Furthermore, it follows directly from these definitions that 

PaT {p, m) = I ^ (m(„,(xu{A})) + l) T (p, s (A, m, (a, X))) J + 

\(a,X)e£;(A,m) / 



+ ( ("'"{^} + 1) ^ ^ ) 



holds. For when pA acts on 
T{p,m)^ll n 



IIbg{C^ hX) PB ) f-a 



rriax^. 




it can either act on a factor Pa in the factor associated with some member of 
U (7^ (V^ (K))), or it can act on (/ (r)),^p(^) = f {p{p))- 

Now if Pa acts on the factor associated with the member {a,X) of U {TZ {ip {V))), 
it produces nothing unless A is a member of (Cq h X) and rriax 7^ holds, or in other 
words, it produces nothing unless {a,X) e E{A,m) holds. And if {a,X) e E{A,m) 
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holds, it produces T {p, s {AjUi, {a, X))), up to a p-independent factor. And to de- 
termine this p-independent factor, we note firstly that there is a numerator factor 
of m.ax from the exponent m.ax- Now in T{p,m), the denominator factor in the 
factor associated with {a,X) is niax^., whereas in T {p, s {A,m, {a, X))), the denom- 
inator factor in the factor associated with {ck,X) is (m^x ~ 1)'- Hence the numer- 
ator factor of niax combines with the denominator factor niax^- in T {p,m) to pro- 
duce the denominator factor {niax — 1)' in T {p,s{A,m,{a,X))). And in T{p,m), 
the denominator factor in the factor associated with (a, (X U {^})) is m(^a,(xu{A}))^-, 
whereas in T (p, s {A, m, {a, X))) the denominator factor in the factor associated with 
{a, {X U {^})) is {m(a,{xu{A})) + l)!- Hence the overall factor is {m(a,(xu{A})) + l)- 
And if Pa acts on / (p (p)), we have, by the chain rule for differentiation, 

PAf {P{P))= J2 \ n P^] ^^"-^ (^))r=p(p) ' 

and the term associated with a in this expression produces T {p,t {A,m,a)), apart 
from a p-independent factor. And to determine this p-independent factor, we note 
that in T (p, m) the denominator factor in the factor associated with {a, {A}) is 
m(^a,{A})^-, whereas in T (p, t {A, m, a)) the denominator factor in the factor associated 
with {a, {A}) is {m(^a,{A}) + l)', hence the overall factor is {m(^a,{A}) + l)- 

We note, furthermore, that the coefficient (m(Q,(xu{A})) + l) of T (p, s {A, m, (a, X))) 
in the above expression for p^T (p, m), is equal to (s {A, m, {a, X)))^^^ {xu{A}))j ^^^^ 
the coefficient {m(^a,{A}) -l- l) of T (p, t {A, m, a)) in the above expression for p^T (p, m) , 
is equal to {t {A, m, 0())^^^y. 

Thus Pa (j2meA{Vn) ^ (P' equal to the sum, over the members w of A (V, u), 

of T (p, w) times a p-independent coefficient. 

Now let w be any member of A (V, u). To determine the total coefficient of T (p, w), 
wc shall identify all the members m of A {V, n) such that w is equal to s (A, m, (a, X)) 
for some member (q;,X) of m), and all the members m of A(V, n) such that w 

is equal to t (A, m, a) for some member a of Va- 

Let (a, X) be any member of U {TZ {ip (V"))). Then if m is a member of A {V, n) such 
that s{A,m, {a,X)) = w, then we must have m^y = W/^y when {P,Y) 7^ {a,X) and 

F) 7^ (a, (X U {A})), and we must also have niax = {wax + 1) and m(^a,{xvj{A})) — 
('*^(«,(xu{A})) — l)- Furthermore we must have A G (C„ h X), and '?W(q,(xu{A})) 7^ 0. 

If these requirements are satisfied, then paT (p, m) contains T (p, w) with coefficient 
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W(^a,{xu{A})), while if these requirements are not satisfied, then pAT{p,m) does not 
contain T {p,w). 

Now let a be any member of U {TZ (V) ) . Then if m is a member of A {V, n) such that 
t{A,m,a) — w, then we must have a e Va, (or equivalently A e C^), and we must 
have mpY — wpv for ^) 7^ and we must also have ma{A} — {yJa{A} — l)- 

Furthermore we must also have Wa{A} 7^ 0. 

If these requirements are satisfied, then paT {p, m) contains T {p, w) with coefficient 
Wa{A}, while if these requirements are not satisfied, then pAT{p,m) does not contain 
T{p,w). 

Thus the total coefficient of T (p, lu) in pA (^meA(Vn) ^ (P' "^)) equal to the sum 
over all members (a, X) ofU {IZ {tp {V))) such that A G (Cq h X) holds, of W(q,,(xu{a})), 
plus the sum over all members a oiU {TZ {V)) such that A E holds, of Wa{A}- But 
this is precisely equal to the sum over all members (a, F) of ipA iY)-, of WaYi and by 
the definition of A (V, m), this is equal to ua = {^a + !)• 

We observe that, if J and K are any two sets such that J fl i^' = 0, then 
U (^{0}^U {1}^) is the unique map M whose domain is {J UK), and such that for 
each member A of J, Ma = holds, and for each member A of Ma = 1 holds. 
For {0}"' is the set whose members are all the maps P such that T) (P) = J holds and 
TZ (P) C {0} holds. But there is only one such map, namely the unique map P such 
that V (P) = J holds, and Pa — holds for every member A of J. Similarly the set 
{1}^ has exactly one member, namely the imique map Q such that V {Q) = K holds, 
and Qa — 1 holds for every member A of K. Furthermore P ^ Q holds provided J and 
K are not both equal to the empty set 0, for JflX = imphes that J ^ K holds unless 
J and K are both equal to the empty set 0. Hence if J and K are not both equal to the 
empty set 0, then the set {0}"^ U {1}^ has exactly two members, namely the two maps 
P and Q, whose union is equal to the map M, hence U ({Ol-^Ujl}^) =M. And if 
J and K are both equal to the empty set 0, then {0}"^ U {1}^ has the one member 0, 
hence U ^{0}"^ U {1}^^ = holds, and furthermore the map M is equal to the empty 
set in this case. 

Lemma 19. Let y be a map such that T> (V) is finite and such that for every member 
A of T>{V), Va is a finite set, let ^ be a map such that T>{V) C T>{9) holds and 
TZ{9) CN holds, and let / be a map whose domain is a subset of and whose 

range is a subset of R, such that there exists an open subset S of such that 
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S V (/) holds, and such that all derivatives of / of degree less than or equal to 
J^Aeviv) exist and are continuous throughout S. 

For any member p of M-^*-^) let p (p) be the member of R^('^(^)) such that for each 
member a oi U {IZiV)), Pa (p) = ip{p))a equal to the product of pa over all the 
members A oiV {V) such that a G Va holds. 

Let J be any subset of V {V), and let K = {V (V) h J). We assume furthermore 
that p (u ({0}-^U {1}^')) is a member of S. Then the following equation holds: 




fiPip)) 



P=w({o}-^u{i}^) 



™6X(|(V,J),<)) VVa6«(K(i(V-,J))) ^ <"V / „,(u({Ol-'u(l)'^)) 

Proof. For any ordered pair {W, n) of a map W such that T> {W) is finite, and every 
member of TZ (W) is a finite set, and a map n such that V (W) C V (n) holds, and 
71 (n) is a subset of the set Z of all the integers, we define H(W, n) to be the set whose 
members are all the maps p such that V {p) =U {IZ {W)) holds, 7^ (p) C N holds, and 
for every member AofV (W), X^ogWa ~ holds. 

We note that this definition has the immediate consequence that if, for any member 
A ofT> (W), ua < holds, then H{V, n) is the empty set, since there is no map p with 
the required properties. 

And we observe that X {W, n) is the disjoint union of H {W, m) over the set whose 
members are all the members m of N^'-^-' such that for every member A of T){W), 
^A < nA holds. 

We define C to be the map whose domain is U (JZiV)), and such that for each 
member a oiU {TZ (V^)), Ca is the set whose members are all the members A oiV {V) 
such that a eVa holds, so that C satisfies the requirements on the map C in Lemma 
[THl and we consider Lemma ^1 when n is any member of N^(^) = W^^) such that 

= holds for every member A of and p is any member of M'^'^^^ such that p^ = 
holds for every member A of J. 

Now ip iy) is the map whose domain is equal to V (V), and for each member A of 
T) (y), ipA iy) is the set whose members are all the ordered pairs (a, X) of a member a 
of U [TZ y))-, and a subset X olT) y) such that A E X holds, and for every member 
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B of X, a holds. And A {V, n) is the set whose members are all the maps m such 
that V{m)^U (7^ {tl) {V))) , 11 (m) C N holds, and for each member AoiV {V), the 
equation E(a,x)6VA(v) ^otX = ua holds. 

Prom this it immediately follows that if m is any member of A (V, n) in the present 
case, and (a, X) is any member of U {TZiV)), then rUax vanishes unless X contains 
no member of or in other words, ruax vanishes unless X C. J holds. Furthermore, 
the term associated with m in the sum over A (V, n) vanishes when pA — ^ holds for 
every member A of J, unless rriax — holds for every member (a, X) oiU [TZ {ip {V))) 
such that (Cq, h X) contains any member of J, or in other words, the term associated 
with m in the sum over A (V, n) vanishes when = holds for every member A of 
J, unless rUax = holds for every member {a, X) of U {IZ {ip {V))) such that X does 
not contain all the members A of J such that a E Va holds. Thus in the present case 
the sum over the members m of A {V, n) becomes a sum over maps m whose domain 
is the set of all the ordered pairs (o;, X) of a member a oiU {TZ {V)), and a nonempty 
set X whose members arc precisely those members A oi J such that a E Va holds. 
Thus there is at most one possible ordered pair (a, X) for each member a oiU {TZ {V))-, 
namely the ordered pair (a, X) where X is the set of all the members A oi J such that 
a eVa holds, provided this set is nonempty. Thus the set of these ordered pairs {a, X) 
is in one-to-one correspondence with the set U {TZ (| {V, J))), namely the set of all the 
members a oi U {TZ{V)) such that a is a member of Va for at least one member A 
of J. To each such member m of A {V, n) we define the corresponding member n of 
^u{n{i{v,j))) the requirement that for each member a oiU{TZ {[ (V, J))), Pa = rUax 
holds, where X is the set of all the members A of J such that a eVa holds, (and the 
fact that q; is a member of U {TZ (J, (V, J))) guarantees that X is nonempty). 

Now the constraints on m associated with the members of K have been satisfied 
by requiring rUax to be equal to if X contains any member of K, hence the maps 
p are only constrained by the constraints associated with the members of J. And the 
constraint on the map p associated with the member ^4 of J is that the sum of p^ over 
all members a oiU {TZ (J, (V, J))) such that the corresponding (a, X) is a member of 
■0A {V), be equal to ua- But a member {a, X) of U {TZ {ip {V))) is a member of ipA {V) 
iHi A e X holds, and in the present case, X is the set of all the members B oi J such 
that a E Vb holds, hence (a,X) is a member of ^/ja {V) ifif a E Va holds, thus the 
constraint on the map p associated with the member ^4 of J is X^^j^y^Pa = ^a- 

Thus the maps p are precisely the members of H {I {V,J),n), and the following 
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equation holds: 




) 



) 



fiPip)) 



) 



p=W({0}^U{l}^) 



meH(iiV,J),n) 



E 




aeu{na{v,j))) 



n 




) 



) 



fir) 



) 



r=p(w({0}'^U{l}^)) 



And summing this equation over all members n of N'^ such that < holds for 
every member A of J, we obtain the stated result. 

We recall from page |^ that for any ordered pair {F, i) of a set F such that every 
member of F is a set, and a member i oiU {F), we define C {F, i) to be the intersection 
of all the members A of F such that i E A holds, and we note that if F is a wood, then 
C {F, i) is equal to the unique member A oi M. {F) such that i E A holds. 

And we recall from page 1251 that for any ordered pair {A, H) of a set A, and a set H 
such that every member of is a set, we define T {A, H) to be the subset of A whose 
members are all the members i oi A such that there is no member B oi H such that 
i e B and B <Z A both hold. 

And we also recall from page 1251 that for any ordered pair (F, H) of a wood F, and 
a set H such that every member of -ff is a set, we define O (F, H) to be the set whose 
members are all the members i oiU (F) such that there exists a member A of F such 
that i E A holds and there is no member B of H such that i E B and B (1 A both 
hold, and we note that it immediately follows from this definition that the equation 



Furthermore, we observe that if F is any wood and H is any set such that every 
member of if is a set, then O (F, H) = O {M (F) , H) holds. For M (F) is a subset of 
F, hence O {M. (F) , H) C O (F, H) certainly holds, and if i is any member of U (F) 
and A is any member of F such that i E A holds, then the member C (F, i) of M. (F) 
is a subset of A, hence if there is no member B oi H such that i E B and B (1 A both 
hold, then there is certainly no member B oi H such that i E B and B (1 C (F, i) both 
hold. Hence if there exists a member of F that has i as a member and does not contain 
as a subset any member of H that has z as a member, then there exists a member of 
A4 (F) that has i as a member and does not contain as a subset any member of H that 
has i member. 



0{F,H) = [j^^pT{A,H) holds. 
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And we note furthermore that it immediately follows from the preceding paragraph 
that if F and G are any woods such that M. (F) = Ai (G) holds, and if is a set such 
that every member of is a set, then O {F, H) = O {G, H) holds. 

We also recall from page 1^ that for any ordered triple (F, if, i) of a wood F, a set H 
such that every member of if is a set, and a member i oiO {F, H), we define Z {F, H, i) 
to be the largest member Aoi F such that i & A holds and there is no member B oi H 
such that i E B and B ^ A both hold, and we note that it immediately follows from 
this definition that Z [F, H, i) is the largest member A oi F such that i E T {A, H) 
holds. 

We recall from page |^ that for any set F such that every member of i^ is a set, 
we define B (F) to be equal io {F h M (F)). 

And we recall from page |2S1 that for any ordered triple (F, A, B) of a wood F, 
a nonempty set A, and a set B, we define Y (F, A, B) to be the set whose members 
are all the members C of F such that A G C and C B both hold, and we note 
that Y (F, A, B) is equal to the empty set if A C i? does not hold. And we note 
furthermore that if C and D are any two distinct members of Y {F, A, B), then C 
and D are members of F hence do not overlap, and C (1 D contains as a subset the 
nonempty set A, hence either C d D holds or D G C holds. 

For any ordered pair (F, H) of a wood F and a set H such that every member of 
if is a set, we define I (F, H) to be the map whose domain is B (F) = (F h (F)), 
and such that for each member A of B(F), (F, if ) = (I(F, if))^ is the set whose 
members are all the ordered pairs {i, B) of a member i oi T {A, if) and a member B 
of Y(F,C(F,i) ,v4). 

Lemma 20. Let Q be any wood, let F be any wood such that A4 (F) = A4 (Q) holds 
and F G Q holds, and let if be any set such that every member of if is a set. Then 
^Am(F) '^A {Q, H) is the set whose members are all the ordered pairs {i, B) of a member 
i of O {Q, H) and a member S of Y (Q, C (F, i) , Z (F, H,i)). 

Proof. Let {i, B) be any member of UAeB(F) {Q, H). Then there exists a member 
A of F such that {i, B) G Ia {Q, H) holds. Let A be a member of F such that (i, B) G 
Ia{Q,H) holds. Then i G T {A, H) holds and B G Y (Q, C (Q, i) , A) holds. Now 
i e T{A, if) implies directly that i e O {F, if) holds, hence that i e 0{Q, if) holds. 
And 2 G O (F, if) implies that 2 (F, if, z) is the largest member C of F such that 
t G r(F,C) holds, hence A G Z{F,H,i) holds. But B G Y (Q, C (Q, z) , A) holds. 
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hence C{Q,i) C B C A holds, hence C{Q,i) C B C Z{F,H,i) holds, hence B E 
Y (g, C (g, i) , Z (F, i/, 2)) holds. 

Now let {i, B) be any ordered pair such that i E O {Q, H) holds and 
B G Y {Q,C{Q,i) ,Z{F,H,i)) holds. Then i e O {F, H) holds hence Z{F,H,i) is 
the largest member A of F such that i E T {A, H) holds, hence i eT [Z {F, H, i) , H) 
holds. Hence («, -B) G l2(F,_f/,i) {Q,H) holds, hence {i,B) G [j^^^^p-jlA{Q, H) holds. 

We now observe that if Q is any wood, F is any wood such that Ai (F) = M. (Q) 
holds and F (1 Q holds, and H is any set such that every member of if is a set, then 
i (I (g, H) , F), the restriction of I {Q, H) to the domain V (I [Q, H))nF = M (F), is 
the map whose domain is B {F), and such that for each member A of B {F), 
(i iI{Q,H),F))^ = lA iQ,H) holds. 

Now if M is any map such that every member of TZ (M) is a set, then the equation 
^Y(7^(M)) = U^gI,(A^) Ma holds. 

Hence if Q is any wood, F is any wood such that Ai (F) = M. (Q) holds and 
F (1 Q holds, and H is any set such that every member of ii is a set, then the 
equation W(7^(i (1{Q,H),F))) = U^gg^^^ 1^ (g, if) holds. Hence by Lemma El 
U (Jl (I (I (g, H) , F))) is the set whose members are all the ordered pairs (z, B) of a 
member i of O {Q, H) and a member i? of Y (g, C (g, i) , Z (F, if, z)). 

Furthermore, if Q is any wood, and H is any set such that every member of H is 
a set, then [ {J{Q,H),Q) = 1{Q,H) holds, hence U{nil{Q,H))) is the set whose 
members are all the ordered pairs (i, B) of a member i of O {Q, H) and a member i? 
of Y{Q,C{Q,i),Z{Q,H,i)). 

For any ordered triple (P, g, ii) of a wood P, a wood g such that M. {Q) = M. (P) 
holds and P Q holds, and a set H such that every member of ii is a set, we define 
J (P, g, H) to be the set whose domain is {Q \~ P), and such that for each member A 
of (g h P), I A {P, Q, H) = (J (P, g, ii))^ is defined by the equation: 

Ja{P,Q,H)={ia{Q,H)^ U lB(g,ii)) 

y B&(p) I 

Thus, by Lemma|2ni iP-, H) is the set whose members are all the ordered pairs 
(i, B) of a member i of T {A, H), and a member P of Y {Q, C {Q, i) , A) such that P is 
not a member of Y (g, C (g, z) , Z (P, P, i)). 

Now there is no such B unless Z (P, P, i) C A holds, hence i is a member of 
T{A,H) such that Z{P,H,i) C A holds. Now i G T (A, P) implies z G 0{Q,H), 
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hence i G 0{P,H), hence Z{P,H,i) is the largest member C of P such that i G 
T (C, H) holds. Hence the requirement that Z {P, H,i) G A holds, is equivalent to the 
requirement that there is no member C of P such that A C C holds and i eT {C, H) 
holds. 

Thus Ja (-P, Q,H) is the set whose members are all the ordered pairs {i, B) of a 
member i of T (A, H) such that there is no member C of P such that A ^ C holds and 
i E T (C, if) holds, and a member i? of Y (Q, C (Q, , ^) such that B is not a member 
of Y((5,C(Q,i) ,Z (P,ii,z)). Now A e {Q ^ P) holds hence the requirement that 
there is no member C of P such that A (1 C holds and i E T {C, H) holds, implies that 
Z{P,H,i) C A holds, hence B is a member of Y {Q, Z {P, H,i) , A). Furthermore, 
there is no member D of P such that Z (P, H,i) G D G A holds, for if there was 
such a member D of P then i E D would hold and i G T {D, H) would hold, (for if 
there was a member E of H such that i E E and E G D both held, then i E E and 
EGA would both hold, contradicting i E T {A, H)), and this contradicts the fact 
that by definition Z{P,H,i) is the largest member D of P such that i E T{D,H) 
holds. Hence Z (P, H, i) is equal to /C (P, A, i), which by the definition on page is 
the largest member D of P such that i E D and D G A both hold. 

Hence (P, Q, H) is the set whose members are all the ordered pairs (i, B) of a 
member i of T (A, H) such that there is no member C of P such that A G C holds 
and iET{C, H) holds, and a member P of Y (Q, IC (P, A, i),A). 

We recall from pagel24lthat for any ordered pair (P, B) of a wood F and a nonempty 
set P, we define 3^ (P, P) to be the smallest member A of P such that B G A holds, 
if any members A of P exist such that B G A holds, and to be equal to the empty set 
if there are no members A of P such that B G A holds. 

And we observe that it immediately follows from this definition and the preceding 
paragraph, that Ja (P, Q,H) is the set whose members are all the ordered pairs {i, B) of 
a member i of (T (A, H) ^ T {y (P, A) , P)), and a member P of Y {Q, K. (P, A, i),A), 
for if i is a member of T (A, H) such that there is no member C of P such that A GC 
holds and i E T (C, H) holds, then either there is no member C of P such that A G C 
holds, in which case 3^ (P, A) = holds and T (3^ (P, A) , H) = T (0, P) = holds, 
hence i is a member of {T {A,H) h T {y {P, A) ,H)) = T {A,H), or else there is at 
least one member C of P such that A G C holds, in which case i is not a member 
of T (C, H) for any such member C of P, and in particular i is not a member of 
T {y (P, A) ,H), (for in this case 3^ (P, A) is by definition the smallest such member of 
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P), hence again z is a member of (T {A, H) \- T [y [P, A) , H)), and if i is a member 
of (T {A, H) \- T {y (P, A) , H)), then i is a member of T {A, H) but not a member of 
T (3^ (P, A) , hence either y (P, A) = holds, in which case there is no member C 
of P such that A C C holds, hence in particular there is no member C of P such that 
A C C and i E T (C, H) both hold, or else y (P, A) 7^ holds, in which case there 
exists at least one member C of P such that A (1 C holds, and 3^ (P, A) is the smallest 
member C of P such that A (1 C holds, and i is not a member of T {y{P,A) ,H), 
hence since i E y (P, A) certainly holds in this case, there exists a member B of H 
such that i E B and B y (P, A) both hold, hence for every member C of P such 
that A C C holds, there exists a member B of H such that i E B and B C C both 
hold, hence again there is no member C of P such that A <Z C and i E T (C, if) both 
hold. 

Lemma 21. Let P be any wood, Q be any wood such that ^A (Q) = M. (P) holds 
and P ^ Q holds, F be any member of K(P, Q), and H be any set such that every 
member of if is a set. Then IJAe(Fi-p) ■^^ (-^' -f^) is equal to ^IJAeB(F) -^)) 
(UyieB(P) ('^j H)^ , and is the set whose members are all the ordered pairs (i, B) of 
a member i of O {Q, H) and a member P of Y {Q, Z (P, H,i) ,Z {F, H,i)). 

Proof. For any member A of {Q l~ P), Ja (-P? H) is by definition equal to 
(Ia (Q, H) \~ [Jb&{p) (Q , H)^ . Now suppose a is a member of Ia (Q, H) for some 
member A of B(P), and that a is not a member of IJ^gj^j^p-j (Q, ii). Then A is 
not a member of B (P) hence A is a member of (P l~ P), and a is a member of 
Ja (P, Q,H), hence is a member of IJAe(FhP) (-^' Q^^)- Now let a be any member 
of IJBgB(P) {Q,H). Then a is not a member of Ja (P, Q, ii) for any member A of 
(P l~ P), hence a is not a member of IJAe(Fi-p) -^)- 

Finally we note that it follows directly from Lemma QUI that ^IJAeB(F) (Q' -^)) 

(UAeB(P) (Q' -^)) is the set whose members are all the ordered pairs (z, B) of a 
member i of O (Q, H) and a member P of Y (Q, Z (P, ii, i) , Z (P, ii, z)). 

For any ordered quintuple (P, Q, ii, x, r) of a wood P, a wood Q such that M. {Q) = 
M. (P) holds and P Q holds, a set H such that every member of ii is a set, a member 
X of ¥d (Ai (P)), where d is an integer > 1, and a member r of ^"('^{■''('P'Q'^)))^ (or in 
other words, a map r whose domain is the set of all ordered pairs {i, A) of a member i 
of O (P, H) = (Q, H) and a member A of Y {Q, Z (P, ii, i) , Z (Q, H, i)), and whose 
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range is a subset of R), we define the member // (P, Q, H, x, r) of E^*-^-* by: 

{XZiQ,H,i) + ^ TiA {xjc(Q,A,i) - xa) if i G O (P, H) 

A&Y{Q,Z{P,H,i),ZiQ,H,i)) 
xciP,i) ifie(W(P) hO{P,H)) 

where /Xj (P, Q, H, x, r) = (/x (P, Q, ff, x, r)) .. 

For every ordered triple (P, i7, x) of a wood P, a set such that every member of 
is a set, and a member x of [Ai (P)), where d is an integer > 1, we define the 

member rj (P, x) of E^*^^^ by: 



r),{F,H,x) = {rj{F,H,x)),= 




iiieO (P, P") 

if i e (W(P) h C(P,P)) 



We observe that if P and Q are any woods such that Ai {Q) = Ai (P) and 
P C Q both hold, P is any member of K(P, Q), P is any set such that every 
member of P is a set, x is any member of ¥d{M (P)), where d is an integer > 
1, and r is the particular member of BJ^C^W^'Q'^))) such that for each member i 
of 0(P,H), TiB = holds for all members B oi Y (Q, Z (P, H,i) , Z (F, H,i)), and 

— 1 holds for all members P of Y (Q, Z (P, H,i) ,Z [Q, H, i)), or in other words, 
if r ^ ZY({Of ™^'^'^)))u{lf ™^'^'^)»), then the equation (P, Q, P, x, r) = 
77 (P, P, x) holds. 

For any ordered pair (Q, P) of a wood Q and a set H such that every member of H 
is a set, we define G {Q, H) to be the map whose domain is the set of all ordered pairs 
(i, B) of a member i oi O (Q, H) and a member B of Q, and such that for each member 
(i, P) of P (G (Q, P)), (Q, P) is the set whose members are all the members A of 
Q such that B CA and AC Z{Q, H, i) both hold. (Thus G^b (Q, P) is the empty set 
if P C Z (g, P, i) does not hold.) 

We observe that if P and Q are any woods such that M{Q) = M(P) and P C Q 
both hold, P is any set such that every member of P is a set, and (i, B) is any member 
of U {JZ (J (P, Q, P)))j then Gjs (Q, P) is the set whose members are all the members A 
of {Q h P) such that (i, P) G (P, Q, P) holds. For if A is any member of (Q h P), 
then by definition, (P, Q, P) is the set of all the ordered pairs (i, P) of a member i of 
T (A, P) such that there is no member C of P such that A C C holds and i eT (C, P) 
holds, and a member P of Y (Q, Z (P, P, i) , A). And W (7^ (J (P, Q, P))) is the set of 
all ordered pairs (i,P) of a member i of 0{P,H) — 0{Q,H), and a member P of 
Y{Q,Z{P,H,i),Z{Q,H,i)). 



90 



Let {i,B) be any member of U {TZ {P, Q , H))) , and suppose first that A is any 
member of GiB {Q, H). Then B C AC Z{Q,H,i) holds, hence 

B eY{Q,Z (P, H, i) , A) holds, and furthermore Z (P, H,i) d A holds. And further- 
more i e T{A,H) holds, for i e Z{P,H,i) holds hence i e A holds, and if there 
was a member E ol H such that i e E and E C A both held, then E would be a 
member of H such that i E E and E C Z (Q, if, i) both held, which is impossible. 
And furthermore there is no member C of P such that A C. C and i E T (C, if) both 
hold, for if C is any member of P such that i E T {C, H) holds, then C Q Z [P, H, i) 
holds, hence Z (P, H,i) <Z A implies C G A. Hence {i, B) e Sa {P, Q, H) holds. 

Now let A be any member of {Q h P) such that (i, P) G (P, Q, if) holds. Then 
i E T {A, H) holds, hence A C Z (Q, H,i) holds, and P is a member of 
Y (g, Z (P, H, i),A), hence B CA holds, hence A E GiB (Q, H) holds. 

For any ordered quadruple (P, Q, P, p) of a wood P, a wood Q such that M. {Q) = 
Ai (P) holds and P C Q holds, a set H such that every member of P is a set, and a 
member p of M^'^'"-^), we define X (P, Q, P, p) to be the member of M"(''^(-J(^'<3'-^))) such 
that for each member (i, P) of U {U (J (P, Q, P))), 

A',B(p,g,p,p) = (A'(p,g,p,p)).5= n 

AeGiB(Q,i?) 

We observe that if P and Q are any woods such that M. (Q) — M. (P) and P C Q 
both hold, F is any member of K(P, Q), P is any set such that every member of 
P is a set, x is any member of ¥d{A4 (P)), where d is an integer > 1, and p is 
the particular member of R^'^'"^) such that pa — holds for every member A of 
(P l~ P), and Pa — I holds for every member ^4 of (Q h P), or in other words, 
if p = W (^{0}^^^^^ U {l}^*^^^^), then XiB {P,Q,H,p) = holds for every member 
(i,P) of W(7^ (J (P,g,P))) such that P e Y {Q, Z {P, H,i) , Z {F, H,i)) holds, and 
XiB{P,Q,H,p) = 1 holds for every member (i,P) of W (7e (J (P, Q, P))) such that 
P G Y (Q, 2 (P, H,i) ,Z (Q, H, i)) holds, hence the equation 
p [p,Q,H,x,X {P,Q,H,U {{<d}^^^^^ U {1}'^^^'^))) =v{P,H,x) holds. 

We observe that if P and Q are any woods such that Ai (Q) = Ai (P) holds 
and P C Q holds, P is any set such that every member of P is a set, x is any 
member of ¥d{Ai{P)), where d is an integer > 1, i is any member of 0{P,H), 
and p is any member of R^'^^-P) such that < < 1 holds for every member A 
of {Q l~ P), then pi {P,Q, H,x, X {P,Q, H, p)) is a member of the convex hull, (in 
Ed), of all the xa, A E {{Z (P, P, i)} UY {Q,Z (P, H,i),Z {Q, H, i))). (We note that 
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{{Z {P, H, i)} LiY{Q,Z {P, H,i),Z {Q, H, i))) is the set of all the members A of Q 
such that Z{P,H,i) C AC Z (Q, H, i) holds.) For by definition, 

Hi {P, Q, H, X, X {P, Q, H, p)) = xz{Q,H,i) + n {^nQA.i) - ^a) 



AeY{Q,Z{P,H,i),Z{Q,H,i)) 



\BeGiA{Q,H)J 



Yl Pb \ xz(p,H,i) +^ I Yl Pb\{1-Pa)xa, 

^BeY{Q,ZiP,H,i),Z{Q,H,i))J AeY{Q,Z{P,H,i),Z{Q,H,i))\BeY{Q,A,Z{Q,H,i)) 

hence if we define the member u of _ 

^ ^{{ZiP,H,i)}UYiQ,Z{P,H,i),ZiQ,H,i))) 

uz(p,H,i) = I n 

\B&Y{Q,Z{P,H,i),Z{Q,H,i)) 

and by 

ua=\ n (1 - Pa) 

\BeY{Q,A,Z{Q,H,i)) I 

for all A e Y (g, Z (P, H,i),Z (Q, H,i)), we have that 

IJ,i{P,Q,H,x,X {P,Q,H,p)) ^ ^ uaxa 

Ae{Giz(P,HMQ^^)) 

holds and that 

Ae{Giz(P,HMQ^^)) 

holds, and furthermore, since < < 1 holds for all members B of {Q h P) , that 
ua>0 holds for all members A of G!iz{p,H,i) {Q,H). 

We note that if V is any partition such that U (V) is finite and # (V) > 2 holds, H 
is any partition such that if E is any member of H such that E intersects more than one 
member of V, then E has exactly two members, a is any real number such that < a < 
I holds, R is any finite real number > 0, c? is any integer > 1, a; is any member of F^^ (V) 
such that for every member A of B (P) , and for every two distinct members B and C 
of V (P, A) such that there exists a member i of B and a member j of C such that j} 
is a member of if, [xb — > holds, (P, Q) is any member of VL {H, a, R, x), and y is 
any member of E^*'^'' such that for every member i of O {V, H), yi is a member of the 
convex hull, (in E^), of all the xa, A e {{Z (P, H, i)} UY {Q,Z (P, H,i),Z (Q, H, i))). 
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then it follows directly from Lemma IT^ that if i and j are any two members ofU {V) 
such that {i,j} is a member of H and is not a subset of any member of V, then 
lUi — Vjl > holds. For if i and j are any two members of U {V) such that {i,j} is a 
member of H and is not a subset of any member of V, then y (P, {«, j}) is a member 
of B (P) = (Phi/), and the fact that H is a partition implies that Z (P, iY, i) is 
the largest member of P that has z as a member but does not have j as a member, 
hence Z (P, H,i) = IC (P, 3^ (P, {«, j}) , i) holds, and Z (P, if, j) is the largest member 
of P that has j as a member but does not have i as a member, hence Z (P, H,j) = 
/C (P, 3^ (P, {«, j}) , j) holds, hence Z (P, if, z) and Z (P, ii, j) are distinct members of 
V [P,y [P, {i, j})) , hence by assumption \xz{p,H,i) — xz(p^H,j)\ > holds, hence by 
Lemma HH \yi — yj\ > holds. 

If d is an integer > 1 and A is a finite set then an open subset of is a subset S of 
such that for every member x of S" there exists a real number e > such that every 
member y of such that \yi — Xi\ < e holds for every member i of A, is a member of 
5. 

For any ordered quadruple (P, Q, H, u) of a wood P, a wood Q such that M. {Q) = 
M. (P) holds and P ^ Q holds, a set H such that every member of ii is a set, and a 
member u of fii^inmQ,H),P))) ^ ^gg^g ^ (^p^ ^) 

map whose domain is 
{Q l~ P), and such that for each member A oi {Q l~ P), the equation 

U{P.Q.H,u)^{i{P,Q,H,u))j,^ 

{i,B)&{lA{Q,H)nU{-Ra{I{Q,H),P)))) 

holds. 

Lemma 22. Let P and Q be any woods such that ^A (Q) = M. (P) holds and P ^ Q 
holds, let H be any partition, let d be any integer > 1, let 5* be any finite real number 
> 0, let D be any map such that B (Q) C D {D) holds and 7^ (P") C Z holds, and let 
1 be a map such that {Q \~ P) C P (1) holds and such that for each member A of 
(g h P), 1a = 1 holds. 

Let JT" be a map such that K (P, Q) '^V {J') holds, and such that for each member 
F of ]K(P, Q), JTf is a map whose domain is a subset of E^*-^'' and whose range is a 
subset of M. 

For each member F of ]K(P, Q), and for each member y of V{J'f), we define 
Let iT" satisfy the requirement that if F and G are any members of ]K(P, Q), and 
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y is any member of such that for every two-member member of H such 

that {i,j} C O (P, H) holds, either \yi - yj\ < S holds or y (F, {i,j}) = y {G, {i,j}) 
holds, then y is a member of V {Jf) ifif y is a member of T> {Jg)-i and if y is a member 
of V {Jf), then Jp (y) = Jo (y) holds. 

Let X be any member of ¥a{M. (P)) such that L(P, A, x) < S holds for every 
member A oi {Q \- P), and such that there exists an open subset Z of that 
satisfies the following two requirements: 

(i) If y is any member of such that for every member i of 0{P,H), yi is a 
member of the convex hull, (in E^), of all the x^, A G ({^ (P, i/, i)} U 

Y (Q, Z (P, i/, i) , Z (g, H, i))), then i (y, O (P, ii")) is a member of Z. 

(ii) (y) and all its derivatives with respect to the y^, i e 0{P,H), of degree up to 
and including X]AeB(Q) (niax(£)^, 0) + 1), exist and are continuous for all members y 
of E"^^^ such that [ (y, 0(P,H))eZ holds and 

i (y, (W (P) h O (P, =i (r^ (P, H, x) , (W (P) h O (P, //))) = xc(p,,) holds. 

Let D be the set whose members are all the members p of M*^*^ such that < 
Pa ^ 1 holds for every member A oi {Q l~ P). 
Then the following equation holds: 

£ (-i)*^-) j2 X 

F6]K(P,Q) neX(I(F,if),D) 



X 



u&(l{I(Q,H),P),D) meA{S{P,Q,H),{D-i{P,Q,H,u)+l)) "^^ 



X 



n (1 - (D^ - (P, g, i/, + 1) I X 

^Ae(Ql-P) 

n n |x 

((j,B),x)ew(7e(v(J(P,Q,i?)))) \Ee{GiB{Q,H)hx) J 



X 



n 

r(j,B),x)ew(7e(v(J(P,Q,i?)))) 



{{xK:{Q,B,i) - xb) -yj) 
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\UiA 



X 



,(.,A)ffl(K<i(I(Q,H).P))) V // / ,.MP,a,if,x,Jf(P,«,«,p)), 



Proof. We first note that our assumptions on J' imply that if y is any member of 
E^*''^^ such that \yi — yj\ < S holds for every two-member member of H such 

that {i.j} C O {P, H) and y {Q, {i,j}) e {Q \- P) both hold, then there exists a real 
number e > such that for every member F of K{P,Q), and for every member z of 
E^*'^'' such that — Zi| < e holds for every member i of O {P, H), ^ is a member of 
V {Jf) ifif ^ is a member of V {Jq)i and if 2; is a member of V {J^q), then J'p {z) — 
Jq {z) holds. 

For let e equal half the minimum value taken hy {S — \yi — yj\) when {i,j} is allowed 
to be any two-member member of H such that {i,j} C O (P, H) and y {Q, £ 
{Q h P) both hold. Then if z is any member of "^^^^ such that \yi — Zi\ < e holds 
for every member i of 0{P,H), and is any two-member member of H such 

that {ij} C O (P, //) and y (Q, {i, j}) e (Q h P) both hold, we find by the triangle 
inequality that 



< \zi - yi\ + \yi -yj\ + \yj - Zj\ < s + {S - 2e) + e = S 



holds. 

Now let z be any member of E^^^^ such that \zk — Zjn\ < S holds for every two- 
member member {k, m} of H such that {k, m} C O (P, H) and y {Q, {k, m}) e 
{Q h P) both hold, and let be any two-member member of H such that {1,3} Q 

0{P,H) holds. Then either: y {Q, {i, 3}) e {Q h P) holds or :V (g, {i, j}) e P holds 
or y{Q, {1,3}) ^Qholds. 

Suppose first that y [Q, {i, j}) ^ {Q l~ P) holds. Then by the stated condition on 
I < S holds. 

Now suppose that 3^ (Q, G P holds. Then for every member P of K (P, Q), 

y{F,{z,3}) = y{Q,{i,3}) holds. For y{Q,{z,3}) e P implies y{Q,{i,3}) G F 
hence, since y (Q, is the smallest member of Q to contain i and j, it is certainly 

the smallest member of F to contain i and j. Hence 3^ (P, {«, j}) = y {Q, {hj}) holds. 

And finally suppose that y {Q, ^ Q holds, or in other words, that 

y {Qj {h 3}) = holds. This implies that no member of Q contains both i and j, 
hence for every member P of K (P, Q), no member of P contains both i and j, hence 

y {F, {z, 3}) = y{Q,{t, 3}) ^0 holds. 
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Hence for every member F of K(P, Q), and for every two-member member 
of H such that C O {P, H) holds, either \zi - Zj\ < S holds or y{F,{i,j}) = 

y {Qi {hi}) holds, hence by the assumed properties of J , Jf {z) is defined ifif Jq {z) 
is defined, and if Jq {z) is defined, then Jp {z) = Jq [z) holds . 

From this it follows immediately that if F is any member of K(P, Q), and y is 
any member of E^''^'' such that \yi — yj\ < S holds for all two- member members {i, j} 
of E such that C 0{P,H) and y{Q,{i,3}) G (Q h P) both hold, then each 

derivative of Jp with respect to the i G O {P,H), exists at y ifif the corresponding 
derivative of Jq exists at y, and if the corresponding derivative of Jq does exist at y, 
then the corresponding derivative of Jp is equal to it. 

We now observe that our assumption that L (P, A,x) < S holds for every member 
A oi {Q h P), implies that if {i,j} is any two-member member of H such that {i,j} C 
O (P, H) and y (g, {i,3}) e {Q h P) both hold, then \r]i (P, H, x) - 7]j (P, H,x)\ < S 
holds. 

For {i,j} G 0{P,H) implies that, by definition, rii{F,H,x) = Xz(F,H,i) holds. 
Furthermore Z (P, H,i) C 3^ (Q, {z, j}) holds, since y {Q, {i,j}) is a member of P that 
contains the member {i,j} of P as a subset, and Z (P, H, i) is by definition the largest 
member B of F such that i E B holds and there is no member C of H such that i E C 
and C C P both hold. 

Furthermore the assumption that {i,j} C 0{P,H) holds implies directly that 
y {Q, {i,j}) is not a member of (P), hence that P (P, y {Q, is a partition of 

y{Q,{i,j}) such that #(P(P,3^(g,{z,j}))) > 2 holds. 

Furthermore the assumption that P is a partition implies that Z (P, H, i) is not 
a strict subset of any member of V {P,y {Q, {i, j})). For }C {P,y {Q, {i, j}) ,i) is a 
member of Q, hence the fact that y {Q, {i,j}) is by definition the smallest member of Q 
that contains {i,j} as a subset, implies that j is not a member of /C (P, 3^ (Q, {i,j}) , i). 
And the assumption that P is a partition implies that is the only member C 

of H such that i E C holds, hence there is no member C of H such that i E C and 
C C }C{P,y{Q,{i,j}),i) both hold, hence the fact that IC {P,y {Q, {i, j}) ,i) is a 
member of P implies that /C (P, 3^ (Q, {«, j}) ,i) Z (P, P, i) holds. 

Hence Z (P, P, i) is a member of H (P (P, 3^ (Q, {«, j}))), hence, as shown on pageESl 
rji (P, P, x) = xz{F,H,i) is a member of the convex hull of the xc, C EV{P,y {Q, {i, j})). 

And similarly, rjj {F,H,x) = xz{F,H,j) is a member of the convex hull of the xc, 
CeV{P,y{Q,{z,m. 
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Hence by Lemma El \Vi {F, H, x) - rjj {F, H,x)\<]L (P, y (Q, {i, j}) , x) holds. But 
y {Qi {^7 j}) ^ {Q ^ P) holds by assumption, hence the assumption that L (P, A, x) < 
S holds for every member A oi {Q h P), implies that L (P, y {Q, {«, j}) ,x) < S holds, 
hence that |?7j (P, if, x) — rjj (P, if, x) | < S" holds. 

Now for each member P of K (P, Q) let ?7ir be defined by: 

E (f n ))^,(,)] 

neX(I(F,//),D) \ \(i,A)eW(7^(I(F,//))) \ H 1 y=rj{F,H,x) 

Then it follows immediately from the foregoing, together with our assumptions 
on J' and our assumptions on x, that for each member P of K(P, Q), the following 
equation holds: 

E ff n ( "^'^'^"•'„7'-^-'''1 )^afa)) 

neX(I(F,//),D) \ \{i,A)€U(n{I{F,H))) \ H ) y=ri{F,H,x) 

Now let P be any member of K (P, Q). We use Lemma El taking M of Lemma 
IT^ to be the map I{F,H), and A of Lemma El to be the map whose domain is 
U (JZ (I (P, H))), (namely the set of all ordered pairs (i, B) of a member i of O (P, if) = 
(9 (P, H) and a member P of Y (P, C (P, z) , Z (P, H,i))), and such that for each member 
(i, B) of (A) = W (7?. (I (P, P))), A(j^B) is the set whose members are all the ordered 
pairs {i, C) such that C E Y {Q, /C (P, B, i) , B) holds. (We note that this satisfies the 
requirement that if (i, B) is a member of V (A) and (j, P) is a member of T> (A) such 
that (i, P) 7^ (j, P) holds, or in other words such that at least one oii ^ j and B ^ E 
holds, then X{i,B) H X{j,E) = holds.) 

Then the corresponding map T, defined in terms of M and A as specified in Lemma 
ITHl is the map I (I{Q,H),F), that is, the restriction of the map I{Q,H) to the 
domain T>{I{Q,H)) fl P = B(P). For if A is any member of T>{M), or in other 
words, if A is any member of V (I (P, H)) =M (P), then by definition Ta = UaeM^i 
which in the present case becomes Ta = [J(i B)eiA{F h) ^(i,B)- But 1^ (P, P) is the set 
of all ordered pairs {i, B) such that i E T {A, H) holds and P G Y (P, C (P, i) , A) 
holds hence, with A(j^B) defined as above, Ta is the set of all ordered pairs (i, P) such 
that i E T (A, P) holds and P G Y (Q, C (P, z) , A) holds, or in other words such that 
P G Y (Q,C (Q, i) , A) holds, hence Ta = Ia (Q, H). 

And, as specified in Lemma IT^ V (T) is equal to V (M), hence T =], (I (Q, H) ,F). 
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Hence Lemma El implies directly that the following equation holds: 



We next use Lemma El with the map V of Lemma El taken as the map 
I (I (Q, if) , -F), the set J of Lemma IT71 taken as the set B (P), and the set K of Lemma 
IT7I taken as the set {F h P). 

Then the corresponding map W , defined as specified in Lemma El is the map 
i (J (P, g, H),{F V- P)) =i (J (P, g, i/) , P). (This follows directly from the fact that 
i (i (I (g, H),F), P) is equal to i (I (g, H) , P).) 

Furthermore with V, J, and i^" taken as above, and u being any member of 
^u(TZii(v,j))) ^ which in the present case means that u is any member of 
the map ^ {P,Q, H,u), defined on pages 1221 and 1221 satisfies the assumptions made on 
the map ( (u) in Lemma El 

Hence Lemma El implies directly that the following equation holds: 

E Ex 

u€J.{l{I{Q,H),P),D) veXil(3iP,Q,H),F),(D-^{P,Q,H,u))) 



n 

.{i,A)eU{n{l{3iP,Q,H),F))) 



\UiA 



y=ri{F,H,x) 



^(^,A)6W(7^(i{^(Q,^^),p))) V 

Now, as shown on page IHH t] (P, H, x) is equal to 
/i (^P,Q,H,x,X (^P,Q,H,U (^{OY^^^^ U {1}^^^^^))), hence the above equation may 
be rewritten as 

E Ex 

ueX{l(I{Q,H),P),D) veX{l(I{P,Q,H),F),(D~^(P,Q,H,u))) 



X 



n 

(i,A)eU{Tl(l{I{P,Q,H),F))) 



{{xK{Q,A,i) - ^a) -yi) 
ViA^. 



■ViA 



(i,A)eU(1za(KQ,H),P))) 




'y=fi{P,Q,H,x,r)^ 

r=;t(p,Q,H,w({o}(^^^'u{i}(«^^))) 
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Hence by the chain rule for differentiating a function of a function, and noting that 



holds, we have 



MGX(i(n(Q,H),P),D) DGX(i{J(P,Q,/f),F),(D-5(P,Q,H,«))) \\(j,A)GW(7^(i(JI(P,Q,H),F))) 

\ 



' iA 
ViA^. 



X 



X 



tJ.iP,Q,H,x,r)/ 
r=Af(P,Q,//,W({0}(^^^)u{l}«^^))) 

Hence by Lemma with V of Lemma El taken as J (P, Q, -f^), J of Lemma IT^ 
taken as {F h P), and the function p{p) of Lemma fT^ taken as X {P,Q,H,p), and 
noting that j (J (P, Q, H),{F h P)) =i (J (P, Q, if) , P), we have 



^ II n E ^ 



X 



X 



,(^,A)GW(7^(i(I(Q,^^),p))) 



y=,i{P,Q,H,x,X{P,Q,H,p))^ 



We now define, for each member A of (Q l~ P), the operators uao and z/^i by 
specifying that for any p-dependent function / (p), the identities 

i^Aofip) = (/(P))p^=0 

and 

^Ai/(p) = (/(p)),,=i 

hold. 

The above equation for Up may then be re-written as 

/ / \ / / iDA-UiP,Q,H,u)) 

E n n E ^^^Mx 



99 



X 



Hence 



F€K{P,Q) u€X{l(I{Q,H),P),D)\\Ae{QhP)\ nA=0 



X 



X 



Now if is a map whose arguments include the real variable s, then the Taylor 
remainder identity for the single variable s, derived by repeated integration by parts, 
is 

A sufficient condition for the validity of this identity is for all derivatives of g of 
degree up to and including {n + 1) to exist and be continuous throughout an open 
subset of M that contains the interval < s < 1. 

We use this identity in turn for each of the pa, A E {Q h P), to obtain: 

FgK(P,Q) 

r II / (^^_^^^(Da-U{P,Q,H,u)) 4.DA-U(P,Q,H,u)+iy 

Hence by Lemma ITBl with the map V of Lemma ITHl taken as the map J (P, Q, if), 
and the map C of Lemma ITHl taken as the map G (Q, if), we have 

FgK{P,Q) 

r II / {Da~U{p,Q,h,u)) \\ 

= J2 /(rf*(^"^V) n (i-P^) {Da-U{P,Q,H,u) + 1))] 

ueX{liI{Q,H),P),D)^^ \\AG(QhP)^ 
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\miBX 



X 



',Q,H),{D-^{P,Q,H,u)+l)) 



n 

{{i,B),x)eu(n{ip{S{p,Q,H)))) 



vv 



V 



n 

,(^,A)eW{7^(i{I{Q,^^),P)))' 



n I "^^B I 

,£^e{G,s(Q,//)hX)^ 



JJ 



=fiiP,Q,H,x,r)// 



r=X{P,Q,H,p)/ 



Finally we again use the chain rule for differentiating a function of a function to 
express the f derivatives in terms of y derivatives, and observe that in consequence of 
our assumptions on J' and on x, each term in the sum over the members m of the finite 
set A (J (P, Q,H) ,{D — ^ (P, Q, H, u) + 1)) is continuous and bounded for all p G D, 
so that the sum over the members m of A (J (P, Q, -ff) , (-D — ^ (P, Q, -ff, m) + 1)) may 
be taken outside the p-integral, to obtain the stated result. 



6 First Convergence Theorem. 

We recall from page 1221 that for any integer d > 1 and any ordered pair (V, uj) of a 
partition V such that is a finite set, and a set uo of contraction weights for V , we 
define (V^ uj) to be the set whose members are all the members x of EJ^^^'* such that 
for every member A of (H {V) \- V), xa = Y1ib&v{v a) ^ab^b holds. 

We observe that if d is any integer > 1, is any partition such that U {V) is finite 
and # (V") > 2 holds, u is any set of contraction weights for V, and A and B are any 
two distinct members of S (V) such that An B is empty, then the subset of Ud (V, u) 
whose members are all the members x of {V,^^) such that \xa ~ xb\ = holds is 
the same as the subset of {V, u) whose members are all the members x of (V, uj) 
such that the d independent linear relations x^a — a;^^ = 0, (where fi is the c?- vector 
index), hold among the dj^ (V) independent components of the xc, C E V, hence the 
equation \xa — xb\ =0 defines a. d{^ {V) — l)-dimensional hyperplane in the d^ {V)- 
dimensional space (V, uo). And for any given real number e > there exists an open 
subset Sg of {y, uj) such that this d {V) — l)-dimensional hyperplane is a subset 
of Se and the (i# (F)-volume of Se is < e, for we cut up {V, uj) into a cardinality-N 
collection of finite- volume sectors labelled by a bijection from N, then for each n G N we 
choose an open subset T„ of (V, uj) such that the intersection of this d {V) — 1)- 
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dimensional hyperplane with the n*'* sector is a subset of and the d# (y)-volume of 
Tn is < 2-('*+i)£, then define to be the union of all the neN. 

And furthermore, if d, V, and cu are as in the preceding paragraph, then the set 
whose members are all the two-member subsets {A, B} of S (V) such that Ad B — $ 
holds, is a finite set, hence for any given real number £ > there exists an open subset 
Ss of Ud {V, uj) such that the d# (y)-volume of Se is < e and contains as a subset 
the set of all members x of {V, uj) such that there exist two distinct members A and 
S of S (V) such that Af] B is empty and the equation \xa — xb\ — holds. 

And we observe furthermore that if d, V, and cu are as in the two preceding para- 
graphs, b is any member of M^, h is any member of U (V), and W is the subset of 
Ud (V, uj) whose members are all the members x of (V, uj) such that xc(v,h) = b holds, 
then for any given real number e > there exists an open subset of the d (7^ {V) — 1)- 
dimensional space W such that the d, (V") — l)-volume of is < e, and S'^ contains 
as a subset the set of all members a; of W such that there exist two distinct members 
A and 5 of S {V) such that An B is empty and the equation \xa — xb\ = holds. 

Lemma 23. Let n be an integer > 1 and let 5" be a subset of R". Let / be a map 
such that (R" h 5") is a subset of (/), TZ (/) is a subset of R, and such that if T is 

any subset of M" such that the volume of T is well-defined and finite, and such that 
for every member a; of S* and every member y of T, \x — y\ > holds, then d"'xf (x) 
is well-defined and finite and j^.d^'x \f {x)\ is well-defined and finite. 

Suppose further that there exists a map F such that (M" h S") is a subset of T) (F), 
n (F) is a subset of R, F (x) > \ f {x) \ holds for all x G (M" h S), and j\^„^s) ^''^^ (^) 
is well-defined and finite as an improper Riemann integral. 

Then J^^„ d'^xf {x) is well-defined and finite as an improper Riemann integral, 
and is moreover absolutely convergent. 

Proof. Let F be a map such that (M" h 5) C V{F), 7^ (F) C M, F (x) > \f {x)\ 
holds for all x G (R" h S), and J^^„^g^d"'xF (x) is well-defined and finite as an im- 
proper Riemann integral. This last assumption implies that there exists a map u such 
that V (u) = N, and for each member m of N, subset of (R" h S) such that 

d^xF {x) is well-defined and finite, and for any members m and p of N such that 
m < p holds, u„i C Up holds, and such that if T is any subset of (R" h S) such that 
|x — y| > holds for every member x of S and every member y of T. then there 
exists a member /c of N such that for all members m of N such that m > k holds. 
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T C Um holds, and such that for any given e > 0, there exists a member /c of N such 
that for all members / of N such that / > k holds, and all members m of N such 



that m > / holds, 



< e holds, or in other words, 
< e holds 



r , (T'xF ix) < e holds. Let u be such a map. Then f , d"-xf (x 
and |_^^ (i" a; I / (x)! < e holds, hence the sequences (x) and d"-x\f{x)\ 

are Cauchy sequences hence convergent. 

We note that, as is well known, if an improper Riemann integral J(^n\-s^ dT'xf (x) 
is absolutely convergent then its value is independent of the particular choice of the 
map u used to define it, provided that u has the properties listed in the proof of 
Lemma 1221 For suppose that /^jg„ |_^^ dl^xf {x) is absolutely convergent and that u and 
V are two possibly different such maps. Then for given e > let A; be a member 
of N such that for all members / and m of N such that m > I > k holds, both 

lu hM; '^"•^ 1^ — I Iv hi); '^"^ I ^ (^) I — 1 ^ol^, aud Ist TTi > k be such that 
Uk ^ Vm and Vk C Um both hold. Then for any p > m and any q > m, {up h Vq) C 
{up h Uk) holds, (for any member of Up that is ^ Vg, is not a member of Uk), hence 
/upht., 1/ (^)l - Iuphuk^"'^\f (^)\ - 2 ^o\ds, and similarly {vq h Up) C {vq h Vk) 
holds hence d^x\f{x)\ < |_^^ |/ < | holds, hence both sequences of 

integrals converge to the same limit. 

Lemma 24. Let be a finite set such that # (V) > 2, let x be a member of E^, and 
let A be any member of MX such that Yliev -^i = 1- Let i be any member of V, and let 
the member z of be defined by Zi = A^Xj, and zj = (xj — Xj) for j ^ i. 



Then the Jacobian det ^ is equal to 1, and Xi = Zi — ^jZj- 



Proof. We first note that 

^ ^ ^j^j ^ ^ Aj (xj Xj) ^ ^ Aj (xj Xj) Zj Xj. 

JT^i j^i jev 

And to calculate the Jacobian we note that the transformation from x to 2; is equal 
to the compound of a transformation from x to w, where Wi = Xi, and 
for j 7^ z, followed by the transformation from w to z defined by Zi = Wi + 'Ylij^i ^j'^ji 
and Zj = Wj for j ^ i. And if we write these transformations as matrices with i in 
the first rows and columns, then the transformation from x to if is lower triangular 
with 1 in every leading diagonal position, and the transformation from w to z is upper 
triangular with 1 in every leading diagonal position. 
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Theorem 1. Let F be a partition such that U {V) is finite and # {V) > 2 holds, and 
let if be a partition such that U (V) is {V U if)-connected and such that if E is any 
member of H such that E intersects more than one member of V, then E has exactly 
two members. (Hence no member of H intersects more than two members of V.) 

Let W be the subset of H whose members are all the members E ol H such that E 
intersects exactly two members of V . (Thus is a partition such that every member 
£■ of 1^ has exactly two members.) 

Let d be an integer > 1. 

Let Z be the subset of E^*^^^ whose members are all the members y of E^*^^^ such 
that \yi — yj\ = holds for at least one member {i, j} of W. 
Let ^ be a member of Z^. 
For each member A of (S iV) h V"), we define 

Da^\ Y1 oA-d{i^{V{V,A))-l). 
\Ae{wnQ{A)) J 

Let N = J2Ae{s{v)hv) (1 + max (Da, 0)). 

Let M be a finite real number > 0, and let S and T be finite real numbers such 
that < < T holds. 

Let J he a, map whose domain is G (V, H), and such that for each member F of 
Q (y, H), Jf is a map whose domain is (eJ(^) h Z) and whose range is a subset of R. 

For each member F of ^ (V, H), and for each member y of ^e"*-^^ \- Z^, we define 

Jf (y) = iJF)y. 

Let J satisfy the requirement that if F and G are members of Q {V, H), and y is a 
member of ^E^*^^'' h Z^, such that for every member {i,j} of W, either — yj\ < S 
holds or y {F, {i,j}) = y {G, holds, then Jp (y) = Jg (y) holds. 

Let J also satisfy the requirement that for each member F of ^ (V, H), Jp {y) and 
all its derivatives with respect to the yi, i E O (V.H), of degree up to and including 
A^, exist and arc continuous for all y e ^E^''^^ h Z^ . 

For any ordered pair of a map i such that V [i) is finite and TZ[i) Q O {V, H) 
holds, and a member j of O {V, H), let Uij denote the number of members a oi T> (i) 
such that ia = j holds. 

And let J also satisfy the requirement that if i is any map such that V (i) is finite, 
# {V (i)) < N, and 7^ (i) C O {V, H), and u is any map such that V{i)<ZV (u), and 
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for each member a oiV (i) , unit (i-vector, then the following inequality holds 

for all F e ^ ( V, H) and for all y G (e^^^^ h : 



A={j,k}GW 



And let JT" also satisfy the requirement that if y is any member of ^E^*-^'* h Z 
such that \yi — yj\ > T holds for any member {i,j} of W, then J7f (y) = holds for 
all members F of ^ (V, if). 

Let uj be any set of contraction weights for V, let h be any member of W {V), let 
O = C (y, h) , let 6 be any member of E^, and let W be the subset of (V, u) whose 
members are all the members x of {V, u) such that xq = b holds. Then the following 
integral is finite and absolutely convergent: 



\^G(VI-{0}) / \FegiV,H) nGX(I(F,//),D) 



X 



n 

^^,A)ew(7^(I(F,/^))) 



{{xKiF,A,i) -^a) -yi) 




Proof. We choose a real number a such that < cr < ^ holds, and we define the real 
number A by A = (i) (l - y/1 - 8a), so that < A < | holds. 

We note that A and a satisfy the equation A = jt^, and that < o" < A holds. 

And we choose a real number R such that < i? < (1 — 2 A) S holds. 

We recall from page l63l that for any member F of ^ (V, H), and any member x of 
Urf (y,uj), the following identity holds: 

^ S{P,Q,H,a,R,x)S{P,F)S{F,Q) = l 

{P,Q)(iN{V,H) 

Inserting this identity into the integrand of the above integral, and noting that 
S (P, F) S (F, Q) is unless F G K (P, Q) holds we find that the above integral is equal 
to 

n d'^xM Yl SiP,Q.H,a,R,x) Y: i-l)*'^^''' E X 

.A£(V\-{0}) J \{P,Q)£M{V,H) FeK(P,Q) n€X{I{F,H),D) 
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X 



n 




We shall prove that for each member (P, Q) of TV (V^ H)^ the integral over W of the 
term associated with (P, Q) in the integrand of this integral, is finite and absolutely 
convergent. 

We first use Lemma |22l to conclude that the term associated with (P, Q) in the 
integrand of the above integral is equal to 

(-l)*(»(^»^(P,Q,i/,cr,P,x)x 

«GX(i(I(Q,H),P),D) ■meA(JJ(P,Q,H),(Z)-5(P,Q,//,«)+l)) 

XII n (1 - p^)(^--«-(^.Q.^'-)) {Da - U {P, Q, H,u) + l)\x 
\Ae{QhP) 

n n X 

{(i,B),X)eU{'R.ii>aiP,Q,Hm \Ee{G,B{Q,H)hX) / / 



n 

({i,B),X)eU('Jlii:0{P,Q,H)))) 



{{xK:{Q,B,i) - Xb) -yj) 



iriiBX 



X 



X 



.{:i,A)&u{n{mQ,H),P))) 



' y=fi{P,Q,H,x,X{P,Q,H,p)) ) 

where 1 is a map such that [Q l~ P) C P (1) holds and such that for each member 
A of (Q l~ P), 1a = 1 holds, and D is the set of all members p of M^'^'"'^) such that 
< Pa ^ 1 holds for every member A oi [Q l~ P). 

We shall prove, for each ordered pair (u, m) of a member u of X (I (I (Q, H) ,P),D) 
and a member m of A ( J (P, Q, H) , {D — ^ (P, Q, -f/^, u) + 1)), that the integral over W 
of the term in the above formula associated with u and m is finite and absolutely 
convergent. 

Let Z denote the subset of W whose members are all the members x of W such that 
\xa — xb\ =0 holds for at least one member {A, B} of Q (H (V)) such that AnB = 
Now if e is any given real number > 0, then as observed on page IIUH there exists an 
open subset of W such that Z C K holds, and the d (V) — l)-volume of is < e. 
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And our assumptions on J guarantee that the integral over (W h is finite, hence 
by Lemma ESI it is sufficient to prove, for some F{x) such that for all x E (w h Z^, 
F{x) is greater than or equal to the absolute value of the term under consideration, 
that the integral over W of F{x) converges. 

For each ordered pair {y,i) of a member y of E[^^^^ and a member i of 0{V,H), 
we define a{y,i) to be equal to \yi — yj\ if the partition W contains the member {i,j}, 
and to be equal to 1 if z is not a member of U {W). 

Let u be any member of X (| (I {Q, H) ,P),D) and m be any member of 
A (J (P, Q,H),{D (P, Q, H, u) + 1)). Then by the assumed properties of J, the 
following inequality holds: 




n 



{{xK{Q,B,i) - Xb) -iji) 



rriiBX 



.{i,A)eU{'R.aiI(Q,H),P))) 



<m\\ n 

({i,B),X)€U('R.{^{I{P,Q,Hm 




n 

H,A)&A{n{i{l{Q,H),P))) 



XI II I F^(QA.)-^A| ^ 



a(?/,z) 



X 



y=fi{P,Q,H,x,X(P,Q,H,p)) 

For any ordered pair (x, i) of a member x of {V, u) and a member i of O {V, H), 
we define b(x,i) to be equal to \xz(p,H,i) — xz{p,H,j)\ if i is a member of the member 
{i, j} of the partition W , and to be equal to 1 if i is not a member of any member of 
W. 

Now if € W then by page 1911 and Lemma IT^ we have, for any finite real 

number a, that 



l/x, (P, Q, i/, X, A" (P, Q, p)) - /i, (P, g, i^, X, X (P, Q, if, p)) < 

• 1 I 

1 I ^Z{P,H,i) - Xz{P,H,j) I 



< 
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holds for all p e D and for all x such that £ {P,Q, H,a, R,x) 7^ 0, hence for all p e D 
and for all x such that S {P, Q, H, a, R, x) ^ 0, the above expression is bounded above 
by 



m( n 

,((i,B),X)eW(72,(V(J(P,Q,i?)))) 



miBx 

\XlC{Q,B,i) — '^bI 



[l-2X)b{x,i) 



X 



\9a\ 



X' n II n yr^,' ix 

The absolute value of the integrand has now been bounded by the product of a 
factor that depends on p but not on x, and a factor that depends on x but not on 
p, and furthermore the p-dependent factor is the product of finite powers, all > 0, of 
(1 — Pa) and p^, where A is a member of (Q l~ -P), and the p integration domain is 
< Pa < 1 for all A e (Q l~ -P), hence the p-integral is finite and absolutely convergent. 

Now for any member A of (S (V) h V\ the inequality |a;;c(Q,A,j) — 2:^1 < L (-P, ^, x) 
holds. Hence it is now sufficient to prove that if u is any member of X(|(I {Q,H) ,P) , D) 
and m is any member of A (J (P, Q,H) ,{D — ^ (P, Q, u) + 1)), then the integral over 
W of the quantity defined as follows, is finite: 



Ium = S{P,Q,H,a,R,x) ( Yl 

({i,A),X)&UCR(iPgiP,Q,Hm 



'h{P,A,x) 
. b{x,i) 



X 



n (Wf) 



Ai,A)GU(TZa(I{Q,H),P))) 



where we also define 



and 



®=1 n \^Z{P,H,j) - Xz{P,H,k)\ 
.A={j,k}&W 



$ = ( n S (T - (1 - 2A) \xziP,H,j) - xziP,H,k)\) 
.A={j,k}ew 
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Let u be any member of X (J, (I (Q, H) , P) , D), m he any member of 
A (J (P, Q,H) ,{D — ^ (P, Q, H, u) + 1)), and G be the set whose members are all the 
maps g such that V{g) —M (Q), and for each member A of B (Q), qa is a member of 

Q{r{p,A)). 

For any ordered triple {x^g^A) of a member x of ]E^^^\ a member g of G, and 
a member A of B (Q), we define c (x, g^, A) = \xj — xk\-i where J and K are the two 
members of gA, or in other words, gA — {J-, K}. 

And for any member g of G, we define 

U, = S{P,Q,H,a,R,x) [ J] 

\((j,B),x)eW(7i(v(J(P,Q,if)))) 

n 

\{^,B)€W(7^(i(^(Q,^^),P))) 

Now for any member x of E^^^^ and for any member A of B (Q), L (P, A, x) is by 
definition equal to max \xj — xk\, hence if x is any member of E^^^^ then the 

A={J,K}eQ(P,A) 

following inequality holds: 

geG 

(For every term in the right-hand side is > 0, and there is always at least one term 
in the right-hand side that is equal to the left-hand side.) 

We shall prove that if g is any member of the finite set G, then the integral of Ug 
over W is finite. 

Let g be any member of G. We first observe that, apart from the factors 

S {P,Q, H,a, R,x) and $, Ug is a product of factors each of which has the form 
\xj — Xk\°', where a is a finite real number, and J and K are members of P such 
that the following two conditions hold: 

(i) Jj^K 

(ii) If A is any member of P, then J G A holds iM K G A holds. 

For \xj — Xk\ is either c {x, g, B) for some member B oiM (Q), which means that 
{J, K} G Q{V (P, B)) holds, or else it is \xz{p,H,i) — xz{p,H,j)\ for some member {i,j} 
oiW. 



f cix,g,B) Y^^A 
V b{x,i) J 1 
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In the first case, J follows directly from { J, X} e Q (7^ (P, B)). Let A be any 
member of P. Then \iB Q A holds, J <Z A and K C A both hold. Now suppose that 
B C A does not hold. Then since both A and S are members of the wood Q, either 
A <Z B holds or >1 n S = holds. And if A <Z B holds, the fact that J is a member of 

V (P, B) implies that J C A cannot hold, and the fact that X is a member of V (P, B) 
implies that K G A cannot hold. And if A n P = holds, then J n A = holds and 
K OA — $ holds, hence since neither J nor K is empty, neither J G A nor K <Z A can 
hold. 

And in the second case, i is a member of Z {P,H,i) and j is a member of Z {P,H,j), 
but {i,j} is not a subset of Z{P,H,i), hence Z{P,H,i) is not equal to Z{P,H,j). 
Now let A be any member of P. Then if {i,j} C A holds, (A \- Z (P, H,i)) has 
the member j hence is nonempty, and {Ad Z {P, H,i)) has the member i hence is 
nonempty, hence Z (P, H,i) C A holds since Z (P, H, i) and A do not overlap, and 
{A \- Z (P, H,j)) has the member i hence is nonempty, and {ACl Z (P, H,j)) has the 
member j hence is nonempty, hence Z (P, H,j) C A holds since ^ (P, H,j) and A do 
not overlap. Now suppose that is not a subset of A. Then at least one of i and 

j is not a member of A. Suppose first that i is not a member of A, and j is a member 
of A. Then 2 (P, H,i) G A does not hold. And by definition, Z (P, H,j) is the largest 
member of P to have j as a member, but not to have as a subset any member of H that 
has j as a member. But H is a partition, hence {i,j} is the only member of H to have 
J as a member, hence Z (P, H, j) is the largest member of P to have j as a member but 
not have i as a member, hence A C Z {P, H, j) holds, hence Z (P, H, j) C A does not 
hold. And if i is a member of A, and j is not a member of A, an analogous argument 
shows again that neither Z (P, H,i) G A holds nor Z (P, H, j) G A holds. And finally, 
if neither i nor j is a member of A^ then neither Z {P,H,i) G A nor Z {P,H,j) G A 
can hold. 

We next note that (i) and (ii) imply directly that J f] K — $ holds. For taking A 
as J in (ii) shows that K G J does not hold, and taking A as X in (ii) shows that 
J G K does not hold, hence since J and K do not overlap, and J is not equal to K, 
J n X = must hold. 

We now observe that (i) and (ii) imply that J and K are distinct members of 

V (P, y{P,JUK)). For J ^ K and J and K are nonempty, hence J Gy {P,JU K) 
and K G y (P, J U if) both hold. Furthermore, there is no member C of P such 
that J G C G y {P,JUK) holds, for if there was such a member C of P, then 
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(ii) and J C C would imply that K C C, hence {J Li K) C C, which contradicts 
C C y (-P, J \J K) since by definition y (P, J \J K) is the smallest member of P to 
have (J U as a subset. Hence J E V [P,y {P, J U X)) holds. And by an analogous 
argument, K eV {P,y {P, J U K)) holds. 

Hence {J, X} is a member of Q {V (P, y{P,JUK))). 

We now define a to be the map whose domain is UAeB(p) ^ (-^' ^))' 
that for each member {J, of T> (a), o:^j^k} is equal to the negative of the total power 
of I X J — xk\ in the expression 

n C-^r)! n f^Tie. 



^i{i,B),x)euin{^{S{p,Q,H))))^ / j \(i,B)eu{n{mQ,H),P)))^ ^^^'^ 

Then for each member ^4 of B (P) , ct is a set of powers for A, and for each member 
X of E^^^^ , the following equation holds: 



Ug = £{P,Q,H, a, R,x) 



H ^{i{x,V{P,A)),a) 

Now let A be any member of B (Q), and let {j, k} be any member of W. Then 
{Z (P, i/, j) , Z (P, /J, A;)} is a member of Q (P (P, A)) ifif {j, A;} C A holds and {j, k} is 
not a subset of any member of P(P, A). For suppose first that {Z (P, if, j) , (P, if, k)} 
is a member of Q(V{P,A)). Then {j, A;} C A certainly holds, and furthermore k is 
not a member of Z (P, i/, j) and j is not a member of Z (P, if. A;), hence {j, k} is not 
a subset of any member of V {P,A). Now suppose that {j. A;} C A holds and {j. A;} 
is not a subset of any member of V (P, A). Then {ACl Z (P, H,j)) has the member j 
hence is nonempty, and {A \- Z (P, H,j)) has the member A; hence is nonempty, hence 
Z [P, H, j) C A holds since Z{P,H,j) and A do not overlap. And if is a partition 
hence {j, k} is the only member of if to have j as a member, hence the fact that 
{j,k} is not a subset of /C(P, implies that lC{P,A,j) C Z{P,H,j) holds. But 
K, (P, A, j) C Z (P, if, j) cannot hold since K, (P, ^4, j) is a member of V (P, ^4), hence 
K. (P, A, j) = Z (P, if, j) holds hence Z (P, if, j) is a member of V (P, ^). And by an 
analogous argument, Z (P, if, /c) is a member of V (P, A). 

It follows immediately from this, together with the definition of a, that if A is any 
member of B (Q), then the contribution to F (a, P (P, ^4)) from © is equal to 



E "A - 

,Aew^nQ(A) / Ce(P(P,A) 



E ( E 

■(p,A)i-y) \AeVFnQ(C) / 
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where we noted that there is no need to include members C of {V [P, A) n V) in the 
outer summation in the second term, since by assumption no member of is a subset 
of any member of V, hence W (1 Q (C) is empty for every member C of V. 
Now for any member A of (S (V") h V), was defined on page 111) 31 bv 

Da^I Y1 Oa] -dii^iViV,A))-l), 

\A£WnQ{A) J 

hence if A is any member of B (Q), then the contribution to F {a, V {P, A)) from B is 
equal to 

{Da + ci (# (P {V, A))-l))- J2 + ^ (# C)) -I)). 

C(i{T{P,A)^V) 

Now 

#(P(\/,A))= I i^iv{y,c))\ +#(P(p,A)nr) 

\Ce(P(P,A)i-y) ) 

hence 

/ 

d{j^{V{V,A))-l)- Yl d{if{ViV,C))-l) 

\ce{V(P,A)^v) 

= d(#(P(p,A)ni^)-i + #(P(p,A) ^v)) 
= rf(#(p (P,A))-i), 

hence the contribution to T {a,V (P, A)) from is equal to 
d{if{ViP,A))~l) + DA- ( Y 

\C(^{V{P,A)^V) 

We now make the following observations: 

1) Let A be any member of B {Q) and B be any member of B {Q) such that B C A 
holds and B is not a subset of any member of V{P,A). Then V{P,B) C V{P,A) 
holds. For let J be any member of V{P,B). Then J G B holds, and there is no 
member C of P such that J G C G B holds. Hence J G A holds. Now suppose that E 
is a member of P such that J G E G A holds. Then E Pi B has the nonempty subset 
J hence is nonempty, hence either E G B holds or B G E holds, since E does not 
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overlap B. But E G B cannot hold, since J <Z E holds and J is a member of V [P, B). 
Now let X be the set whose members are all the members F of P such that E C Y 
and Y G A both hold. Then X is a finite set such that if Y and Z are any members 
of X, then exactly one of Y G Z, Y = Z, and Z G Y holds, and furthermore E is a 
member of X hence X is nonempty, hence there is a unique member F of X such that 

Y G E holds for every member Y of X. Then F is a member of V {P, A) and E G E 
holds, hence the assumption that B is not a subset of any member of V {P, A) implies 
that B G E cannot hold. Hence there is no member E of P such that J G E G A 
holds, hence J is a member of V {P, A). 

2) Let A be any member of B [Q) and let B be any member of B [Q) such that B G A 
holds and B is not a subset of any member of V {P, A). Then it follows directly from 
observation d) above that Q {P (P, B)) GQ{P (P, A)) holds. 

3) Let A be any member of B (Q) and {i,j} be any member of W such that 
{Z{P,H,i),Z{P,H,j)} is a member of Q{V{P,A)). Then {i,j} G A holds, and 
{i,j} is not a subset of /C (P, A, i). For i E Z {P, H, i) holds and Z (P, H,i) G A holds 
hence i E A holds, and j E Z (P, H,j) holds and Z (P, H,j) G A holds hence j E A 
holds. And by assumption Z{P,H,i) is a member of V{P,A), hence Z{P,H,i) is 
the unique member of V (P, A) to have z as a member, hence Z (P, H,i) = JC (P, A, i). 
But {i,j} is a member of W hence a member of H, hence {i,j} is not a subset of 
Z (P, if, z), hence {i,j} is not a subset of /C (P, A, i). 

4) By page [77| and page IHOl W (7^ (^/^ (J (P, Q, ii)))) is the set whose members are all 
the ordered pairs ((i, B) , X) of a member (z, P) of W (JZ (J (P, Q, -ff))) and a nonempty 
subset X of GiB{Q,H). And by Lemma EH W (7^ (J (P, Q, P"))) is the set whose 
members are all the ordered pairs {i, B) of a member i of O {Q, H) = O (V, H) and a 
member P of Y (Q, Z (P, H,i),Z {Q, H, i)). 

5) Let A be any member of B (Q) and ((i, B) , X) be any member of 

U (7^ (J (P, Q, P")))) such that ieU{W) holds and C {W, i) C A holds and C {W, i) 
is noi a subset of /C (P, A, i). Then B G A holds and P is not a subset of any member of 

V (P, A). For by observation 0]) above P is a member of Y {Q, Z (P, H,i) ,Z {Q, H, i)). 
Now C (ly, i) ^ A implies i & A and 2 (P, H,i) G B implies i & B, hence A (1 B is 
nonempty hence either B G A holds or A G B holds since both B and A are members 
of Q hence do not overlap. But B G Z {Q, H, i) holds hence C {W, i) is not a subset of 
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B hence A <Z B does not hold hence B (1 A holds. Now z is a member of /C (P, A, i), 
W is a subset of H, H is a. partition, and by assumption C (W, i) is not a subset 
of /C (P, A, i), hence i is a member of T (/C (P, A, i) ,H), hence K. (P, A, i) is a subset 
of Z (P, H, i) since by definition Z (P, if, i) is the largest member C of P such that 
i eT{C, H) holds. But Z (P, H,i) C B holds hence /C (P, A, i) C P holds, hence B 
is not a subset of any member of V (P, A), for if B was a subset of a member P of 
V{P,A), then /C (P, A, z) C P would hold, which is impossible since }C{P,A,i) is a 
member of V (P, A) and V (P, A) is a partition. 

6) Let ((i, P) , X) be any member of U (JZ {ip (J (P, Q, H)))). Then the contributions 
of the factor ^^^^j^ j to the map a are as follows: 

The numerator contributes {—miBx) to a^j^x}, where J and K are the two members 
of the member qb oiV (P, P), and makes no contribution to q;a for any member A of 
T) (a) other than the member qb = {J-, K}. 

And ii i E U {W) holds, then b{x,i) is equal to \xz(p,H,i) — xz{p,H,j)\, where j 
is the other member of C{W,i), (or in other words, where C{W,i) = {i,j}), and the 
denominator makes the contribution {+miBx) to a{z{p,H,i),z{p,H,j)}, and no contribution 
to OA for any member A of P (a) other than the member {Z (P, H,i) ,Z (P, H,j)}. 

And if i is not a member of U (W), then i) is equal to 1, and the denominator 
makes no contribution to q;a for any member A of P (a). 

7) Let A be any member of B {Q) and ((i, P) , X) be any member of 

U {n{ijmP,Q,H)))). Then the contribution of the factor f j to 

T {a,V {P, A)) is < 0. For niiBx is > hence by observation IH)) above the contribution 
of the numerator is always < 0. And also by observation IHl), the denominator makes no 
contribution to the map a unless i eU (W) holds, and ii i ElA {W) does hold then it 
contributes +miBx to (y{z(p,H,i),z{p,H,j)}, where C (W, i) = {i,j}, and nothing else. Now 
suppose the denominator does contribute. Then {Z (P, H,i) ,Z (P, H,j)} is a member 
of Q (V (P, A)), hence by observational) above, {i,j} C A holds and {i,j} C /C (P, A, i) 
does not hold, hence by observation above, B (1 A holds and P is not a subset of 
any member of V (P, A), hence by observation ^ above, Q {V (P, P)) C Q[V (P, A)) 
holds hence the member qb of Q{V{P,B)) is a member of Q{V{P,A)), hence by 
observation ini) above the numerator contributes —miBx to F (a, P (P, A)), hence the 
total contribution of the factor ( ) to F (a, V (P, A)) is < 0. 



8) Let A be any member of {Q h P) and ((z, P) , X) be any member of ipA (J {P-, Q, H)). 
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Then the factor ( }j{xi) ) contributes —rriiBx to V {a,V {P, A)). For by page 1771 
ipA (J <5, H)) is the set of all ordered pairs ((z, B) , X) such that (z, B) G Ja <5, -f^) 
holds and X is a subset of Gib {Q, H) such that A E X holds, and by page |HHl 
Ja (-P, Q, H) is the set of all ordered pairs (i, B) of a member i of (T (A, if) h 
T (3^ (P, A) , H)) and a member 5 of Y (Q, /C (P, A, i) , A), and by pageEHl (Q, ii) 
is the set of all members C oi Q such that B C C and C Z {Q, H, i) both hold. 

Now B G Y (Q, /C (P, A, i) , ^) implies that B (1 A holds and P is not a subset 
of any member of V{P,A), hence the member Qb of Q{V{P,B)) is a member of 
Q {V (P, A)) hence by observations El andlH)) above the numerator contributes —rriiBx 
to r {a,V {P, A)). And i G T{A,H) implies that no member of W that contains i 
as a member is a subset of A, hence if z zs a member of U {W), and C {W,i) = 
then by observation El) above {Z (P, H,i) ,Z (P, H,j)} is noi a subset of Q (P (P, A)), 
hence the denominator does not contribute to F (a, P (P, A)), and if i is not a member 
of U{W), then b{x,i) = 1 hence the denominator certainly does not contribute to 
T{a,ViP,A)). 

9) It follows directly from observation [7j) above that if A is any member of B (P), then 
the total contribution to T {a,V (P, A)) from the factor 

^{{i,B),X)eU{nWI{P,Q,Hm ^ ^^'^^ ^ J 

10) If A is any member of {Q \~ P), then the total contribution to F {a, V (P, A)) from 

\{(i,i?),x)ew(7^(v(J(P,o,J^)))) ^ V > ; / 
< — (Da — ^A Q, -f^, m) + 1). For by observation [7j) above the contribution of every 

individual factor in this expression is < 0, and by observation |H)), for each member 

/ , r?\ \ rriiBX 

{{i, B) , X) of ipA (J (P, Q, H)), the factor ( h{xi) ) contributes —rriiBx, hence the 

total contribution is < — fniBX- But m is a member of 

((j,B),X)eVA(JI(P,Q,H)) 

A (J (P, Q,H),{D-i (P, Q, H, u) + 1)), hence by the definition of A on page EHl and 
the definition of the map 1 on page I1U51 

m,Bx = {Da - U {P, Q, H, u) + 1) holds. 

{{i,B),X)&iljA{HP,Q,H)) 

11) By Lemma|21 ^ (i (I (Q, H) , P))) is the set of all the ordered pairs (i, B) of a 
member i of O {V, H) = O (Q, H) and a member P of Y (Q, C (V, i) , Z (P, if, i)). (We 



•rriiBX 



IS 
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note that for any member iofU {V), C [Q, i) is by definition the unique member A of 
M{Q) = V such that i G A holds, hence C (Q, i) = C {V, i).) 



12) Let A be any member of B (Q) and {i, B) be any member of W (7^ (i (I (Q, , P))) 
such that i E U (W) holds and C (VF, i) A holds and C (PF, i) is not a subset of 
/C (P, y4, i). Then either B ^ A holds and B is not a subset of any member of V {P, A), 
or else i e [T {K. (P, A,i),H) h T (A, holds and P G Y {Q, C (V, i) , /C (P, A, i)) 
holds. For C {W, i) A implies Z (P, H,i) C A hence B G A holds by observa- 
tion [TT|) . Now IC{P,A,i) n P has the member z hence is nonempty hence either 
/C (P, A, i) C P holds or P C /C (P, A, i) holds, since P is a member of Q hence 
does not overlap IC {P, A,i). And if ]C{P,A,i) C P holds then B C A holds and 
P is not a subset of any member of V{P,A). Now suppose that P C /C(P, A, i) 
holds. Then P is a member of Q such that C {V, i) G B and B G IC (P, A, z) both 
hold, hence P G Y {Q,C {V,i) , JC {P, A,i)) holds. Now by assumption C{W,i) is 
not a subset of IC {P, A,i), hence since W H holds and P is a partition, there 
is no member C of H such that i G C and C C /C (P, A, i) both hold, hence i G 
T {IC {P, A,i) , H) holds, and furthermore C{W,i) C A implies i ^ T{A,H), hence 



iG{T{IC (P, A,i),H) h T (A, P)) holds. 

13) Let (z,P) be any member of U{71{1 (I (Q, P) , P))). Then the contributions of 



The numerator contributes {—UiB) to a{j^K}i where J and K are the two members 
of the member Qb of Q{V (P, P)), (or in other words, the member Qb of Q(V (P, P)) 
is equal to {J, -ft'}), and makes no contribution to q;a for any member A of P {a) other 
than the member qb = {</, K}. 

And if i gU {W) holds and C (VF, i) = {i,j}, then i) is equal to 
|3;2(p,H,i) — Xz{p,H,j)\, and the denominator makes the contribution {+UiB) to 
C({z{p,H,i),z{p,H,j)}, and makes no contribution to a a for any member A of P (a) other 
than the member {Z (P, H,i) ,Z (P, P, j)}. 

And if z is not a member of U{W), then b{x,i) = 1 holds and the denominator 
makes no contribution to for any member A of P (a). 

14) Let A be any member of B (Q) and (i, P) be any member ofU {TZ (j (I (Q, P) , P))). 
Then the contribution of the factor ^^^^f^j to T {a,V {P, A)) is < unless i G 
(T {IC (P, A,i),H) h T (A, P)) and P G Y (Q, C (\/, z) , IC (P, A, i)) both hold, in which 
case the contribution is < Wie- 



the factor 
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For UiB > holds hence by observation ^ above the contribution of the numerator 
is always < 0. And also by observation IH)) , the denominator makes no contribution to 
the map a unless i ElA {W) holds, and ii i ElA {W) does hold it contributes +UiB to 
Oi{z{p,H,i),z{p,H,j)}, where C{W,i) = {i,j}, and nothing else. 

Now suppose the denominator does contribute to T {a,V (P, A)). Then 
{Z (P, H,i),Z (P, H,j)} e Q{V (P, A)) holds, hence by observation EI) above, {i,j} C 
A holds and {i,j} C }C{P,A,i) does not hold. Hence by observation [T^ above, 
either B (1 A holds and B is not a subset of any member of V{P,A), or else i G 
(T (/C (P, A,i),H) h T {A, H)) holds and P G Y (Q, C (V, i) , /C (P, A, z)) holds. And if 
B C A holds and B is not a subset of any member of V (P, A), then by observation 
121) above, Q (P (P, B)) C Q{V (P, A)) holds, hence the member qb of Q {V (P, P)) is 
a member of Q(P(P, A)), hence the numerator contributes —Uis to T {a,V {P, A)), 
hence the total contribution of the factor f ^ w'^'f is < 0. 

And finally, by observation II 3|) above, the total contribution toT {a,V (P, A)) from 
the factor (^^^^f^j is always < Uis- 

15) Let A be any member of B (Q). Then Ar]T{y (P, A) , i7) is equal to T (A, H) f] 
T {y (P, A),H). For T (A, C A holds, hence T (A, iJ)nT (3^ (P, A) , if) is certainly 
a subset of An T (3^ (P, A),H). Now let i be any member oi AnT {y (P, A) , P"). Then 
AnT{y (P, A) , H) is nonempty, hence 3^ (P, A) 7^ 0, hence A C y (P, A) holds. And 
if C was a member of H such that i E C and CCA both held, then C would be a 
member of H such that i G C and C C 3; (P, A) both held, hence i e T {y (P, A) , H) 
implies that there is no member C of H such that i & C and C ^ A both hold, hence 
ieT{A, H) holds, hence i e T {A, H) nT {y (P, A) , H) holds. 

16) Let y4 be any member of B (Q), i be any member of A fl T (3^ (P, A) , P), and B 
be any member of Y (Q, /C (P, A, i),A). Then (z, B) e U {TZ (i (I (Q, P) , P))) holds, 
and the factor (^^^^f^ j contributes {—Uis) to F (a, P (P, A)). 

For i G A holds and i G T (3^ (P, A) , H) holds, hence 3^ (P, A) 7^ and i G 
(9 (V, P) holds. And K, (P, A, i) C P implies P is not a member of (P) = V , hence 
C {V, i) C B holds. And i G T (3^ (P, A) , P) implies furthermore that y (P, A) C 
Z (P, P, holds, hence A O Z (P, P, holds, hence B C Z (P, P, i) holds, hence 
P G Y (Q, C (V, i) , Z (P, P, i)) holds, hence (z, P) G W (7^ (i (I (Q, P) , P))) holds. 

Now P G Y (Q, /C (P, A, z) , A) implies that B <Z A holds and that P is not a 
subset of any member of V{P,A), hence by observation [21) above the member Qb of 
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Q {V [P, B)) is a member of Q {V {P, A)), hence by observation I13p above the numera- 
tor contributes {—UiB) to F (a, V {P, A)). And i & T {A, H) imphes that no member of 
W that contains i as a member is a subset of A, hence if i G W {W) and C {W, i) = {i, j} 
then by observation |2I) above {Z (P, H,i) ,Z (P, H, j)} is not a member of Q {V (P, A)), 
hence the denominator does not contribute to F (a, P (P, A)). 

17) Let A be any member of M{Q). Then the total contribution to F(a,P(P, A)) 
from the factor | JJ^ \~^bf^^^)l 



IS 



\CGCP(P,A)hy) (i,B)e(ic(Q,^^)i-iA(Q,^^)) / \ie{AnT(y{P,A),H)) B&Y(Q,ic{PA,i)A) 

(c(x B)\^'^ 
h(xi) ) (^oes not give a contribution 

> unless i e {T {K. (P, A,i),H) h T (A, H)) and P G Y (Q, C (V, i) , /C (P, A, i)) both 
hold, and in that case the contribution is < UiB- But z G (T (/C (P, A, i) , h T {A, H)) 
and P G Y (Q, C (y, z) , /C (P, A, z)) imply that there exists a member C of V{P,A), 
namely C = /C (P, A, i), such that z G (T (C, H) h T {A, H)) holds and 
P G Y (Q, C (V, i) , C) holds, and furthermore C is not a member of V, since if C 
was a member of V then C (V, i) would be equal to C, hence C {V,i) G B C C could 
not hold, which contradicts B G Y {Q,C {V,i) , IC {P, A,i)). And conversely, if C is 
a member of {V{P,A) h V) and i is a member of {T{C,H) h T(A, P)) and P is 
a member of Y (Q, C (r, , C), then i G {T {IC {P, A,i) , H) h T {A, H)) holds and 
P G Y(Q,C(y,i),/C(P,A,i)) holds. (We note that i G T (/C (P, A, i) , P) implies 
z G O (V, P) and /C (P, A, C Z (P, P, i), hence P G Y (Q, C (F, i) , /C (P, A, i)) implies 
P G Y (Q, C (F, z) , Z (P, P, i)), hence by observation [TT|) above, (i, P) is a member of 
W(7^(i (I(Q,P),P))).) 

And furthermore, if C is any member of {V (P, A) l~ V^), then the set whose mem- 
bers are all the ordered pairs {i,B) of a member i of {T {C,H) h T {A,H)) and a 
member P of Y (Q, C {V, i),C), is equal to (I^ {Q, H) h 1^ (Q, P)). For by definition 
Ic {Qi H) is the set of all ordered pairs (i, P) of a member i oiT {C, H) and a member 
P of Y(Q,C(V,i) ,C), hence if z is any member of {T{C,H) ^ T {A, H)) and P is 
any member of Y {Q, C (V, i) ,C), then (i, P) is certainly a member of {Q, P), and 
furthermore i is not a member of T {A, P), hence (i, P) is noi a member of Ia {Qi H), 
hence {i,B) is a member of {Ic{Q,H) h I^((5,P)). And if {i,B) is any member of 
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{Ic {Q, H) h Ia (Q, H)), then i G T (C, H) holds and 5 G Y (Q, C (V, i) , C) holds. But 
B eY{Q,C {V, i) , C) implies 5 G Y (Q, C (y, , A), hence [i, B) ^ Ia {Q, H) implies 
t^T{A,H), hence z G (T (C, h T (A, H)) holds. 

Now let i be any member of ACiT {y {P, A) , H) and 5 be any member of 
Y {Q, JC {P, A,i) , A). Then by observation I15|) above, i is a member of T{A,H) fl 
r (3^ (P, A) , i/), and by observation M) above, (i, B) e U (TZ (i (I (Q, i/) , P))) holds 
and the factor (^^^^f^j^j contributes {—UiB) to F (a, "P (P, A)). (We note that i G 
T (y4, H) r\T {y (P, y4) , H) implies directly that i is not a member of 

(T(/C(P,AO,^) HT(Ai^)).) 

18) Let A be any member of {Q \~ P)- Then the following identity holds: 
U{P.Q.H,u) = 

^ceCPCP,^)!-!/) (j,B)e(ic(Q,^^)niA(Q,^^)) / \jG(Anr(y(P,A),H)) BeY(Q,/c(P,A,i),A) 
For (P, Q, H, u) was defined on page lUHl bv 

(^,p)e(I.4(Q,H)nw(7^(i(I(Q,/^),p)))) 

Now (Q, H)nU (7^ (i (I (Q, H) , P))) is the set of all ordered pairs {i, B) such that 
2 G T (A, i/) and P G Y (Q, C (V, , (A n Z (P, if, «))) both hold. And K. (P, A, i) C A 
certainly holds. And furthermore i E T (A, H) implies that there is no member E of 
H such that i E E and P C A both hold, hence there is no member E of H such 
that i E E and P C /C (P, A, i) both hold, hence i G T (/C (P, A, i) , P) holds, hence 
/C (P, y4, z) C 2 (P, P, z) holds since Z (P, P, z) is by definition the largest member C 
of P such that z G T (C, H) holds. 

Hence IC (P, A, z) C (A n Z (P, P, i)) holds, hence Y (Q, C {V, i),{AnZ (P, P, z))) 
is equal to the disjoint union of Y {Q, C {V, i) , /C (P, A, i)) and 

Y(g,/c(p,A,z),(Anz(p,p,0)). 

Now if Z (P, H,i)cA holds then Z (P, H,i) = IC (P, A, holds, since IC (P, A, i) C 
Z (P, P, holds as just shown above, and IC (P, A,i) G Z (P, H,i) G A cannot hold 
since IC (P, A, i) is a member of V (P, A), hence Y (Q, /C (P, A, z) , (A n Z (P, P, i))) is 
empty unless A G Z {P, H, i) holds. And A G Z {P, H, i) implies 3^ (P, A) ^ ^ and 
3^ (P, A)GZ (P, P, i) hence i G T {y (P, A) , P) holds hence i G A n T (3^ (P, A) , P) 
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holds. And conversely, i e Af^r {y {P, A) ,H) implies y (P, A) ^ (for T (0, H) = 0) 
and y (P, A)CZ (P, i/, i), hence A C Z (P, i/, i), hence 

Y (Q, /C (P, A,i),{Ar]Z (P, if, i))) = Y (g, /C (P, A, i) , A). Hence the set of all ordered 
pairs {i, B) of a member i oiT (A, ii) and a member B of 

Y (Q, /C (P, A, i) , {A n Z (P, if, i))) is equal to the set of all ordered pairs {i, B) of a 
member i oi Ar\T {y (P, A) , if) and a member P of Y (Q, /C (P, A, z) , A). Hence the 
following identity holds: 

U{P.Q.H,u) = 

i&r{A,H) B£Y{Q,C{V,i),IC{PA,i)) J \i€iAnr{y{P,A),H)) B&[{QMP,A,i)A) 

But the first term in the right-hand side of this identity is equal to 
^ MiB . For if i G T (A, ii) holds and 

yC&{V{P,A)^V) {i,B)&(Ic(Q,H)nlA[Q,H)) ) 

B eY {Q,C {V, i) , /C (P, A, i)) holds then (z, P) G 1^ (Q, i^) holds and i G /C (P, A, i) 
holds, and furthermore /C (P, A, i) is not equal to C (V, i) hence /C (P, A, i) is not a 
member of V", and furthermore there is no member E oi H such that i & E and 
P C /C (P, A, i) both hold, (for any such E would satisfy both i ^ E and E C A, 
contradicting i G T {A,H)), hence i G T (/C (P, , P) and (i,P) G 1I/c(p,a,*) (Q)-^) 
both hold, and conversely if C is any member of {V (P, A) h V^) and {i, B) is any 
member of (Ic (Q, P) H 1^ (<5, P)), then i G T (C, P) n T{A,H) holds hence i G 
C n r (A, P) holds, and P G Y (Q, C (V, i) , /C (P, A, z)) holds. 

19) Let A be any member of {Q l~ P). Then the following inequality holds: 
T{a,V{P,A))<d{i^{V{P,A))-l)-l- Yl i^o- Yl "^^)- 

C£(V{P,A)\-V) \ {i,B)&c{Q,H) ) 

For by pages ITTTl and ITT^ the contribution from B is equal to 
d{#{V{P,A))-l) + DA-[ Y 

\C(^{V{P,A)^V) 

and by observation I1U|) above the total contribution of the factor 

n f I is < - (Pa - U (P, Q, P, u) + 1), which 

^({i,B),X)m{Tl{^{I{P,Q,H))))^ ^ j 
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by observation II 8j) above is 



<-{Da + 1) + 

\ce{v(P,A)^v) {i,B)£{ic{Q,H)niA(Q,H)) J \ie(Anr{y{P,A),H)) B&i{Q,K.{P,A,i)A) 
and by observation ITTj) above, the total contribution from the factor 

'c{x,g,B) 



n 

Ai,B)(iU{TZ{mQ,H),P))) 



b (x, i) 



is 



\c(i(V(P,A)^V) (i,B)e(lc{Q,H)\-lA{Q,H)) J \ie{AnT{y{P,A),H)) B&l(Q,K.(P,A,i)A) 

and adding these three bounds and noting that for each member C of {V {P, A) \~ V), 
we have the identity 

^ii,B)eilc{Q,H)nlA{Q,H)) J \{i,B)e{lc{Q,H)hlA{Q,H)) J {i,B)&c{Q,H) 
we obtain the stated result. 

20) Let A be any member of B (P). Then the following inequality holds: 
r(a,P(P,A))< L(#(P(P,A))-1) + D^- I Y + 

\ \C€(V{P,A)^V) J 

\C&{V{P,A)\-V) {i,B)e{Ic(Q,H)\-lA(Q,H)) J \ieT{A,H) B&l{Q,K{P,A,i)A) 

This follows directly from pages lllll and 11121 and observations Ej) and ITTjl above, 
after noting that when A G B (P) holds, the sum over i G {Ar\T {y (P, A) , if)) in 
the second term in the result of observation II 7|) may be re- written as a sum over i G 
r (A, H), since A G B (P) implies y (P, A) = A and (A n T (3^ (P, A) ,H)) = T {A, H). 

21) Let {J,K} be any member of T> {a) such that there is no member {j-,k} of W 
such that j & J and k (z K both hold. Then ot{.j^K} ^ holds. For by the definition 
on page lllOl of the map a, contributions > to Oi{j^K} can only come from powers of 
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\xj — xk\ in the factor 9, and from any h (x, i) such that h (x, i) is equal to \xj — xk\- 
But it directly follows from the definition of the factor B on page 110^ that does not 
include any nonzero power of any \xj — Xk\ such that there is no member {j, /c} of 
W such that j & J and k ^ K both hold, and it directly follows from the definition 
of b{x,i) on page 111) 7l that b{x,i) is not equal to any \xj — xk\ such that there is no 
member {j, k} of W such that j E J and k E K both hold. 

Now let A be any member of B (P) and x be any member of {V, u) such that 
S (P, Q, H, a, R, x) is nonzero. Then by Lemma CUl M ((P h {A}) , P, H, A, a, R, x) 
does not hold. Hence either L (P, A,x) > R holds or else there exists a member i 



of A and a member j of [{P h {A}), h Aj such that {i, j} G W holds and 
L (P, A,x)>a \ xz(^p^H,i) — xz{p,H,j)\ holds. (We note that ii A = U (V) holds then the 
only possibility is L (P, A, x) > R.) 

We now define I to be the set whose members are all the maps i such that V (i) = 
B (P), and such that for each member A of B (P), is a member of Q {V (P, A)), and 
we define F to be the set whose members are all the maps / such that T> (/) = B (P), 
and for each member A of B (P), J'a is either R or else is an ordered pair (j, k) of a 



member j of A and a member A; of (^(P h {A}), h Aj such that {j, A;} G 
holds. And for each member i of / and each member A of B (P) we define e{x, i, A) to 
be \xj — Xk\ where = {J, K}, and for each member f of F and each member A of 
B (P) we define h{x, f, A) to be P if = R, and otherwise to be a \xz{p,H,j) — xz(p,H,k) \ 
where /a = (j, A;). 

Then if r is any member of M'^*-'^-' such that > holds for all A G B (P), the 
following inequality holds for all x {V, uj) such that £ (P, Q, i^, cr, P, x) 7^ 0: 



(for there is always at least one term in the right-hand side that is > 1, and every term 
in the right-hand side is > 0.) 

We now define r to be the member of M'^'^^^ such that for each member A of B (P), 
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where we note that B (P) r)E{V {V, A)) is the set of all the members S of B (P) such 
that B CA holds. 

Now u is a, member of X (J, (I (Q, H) ,P) ,D), hence Yli{i b)&a{Q h) ''^iB < Da holds 
for every member A ofM (P), hence > holds for every member A of B (P). 

We now define, for each ordered pair (i, /) of a member i of / and a member / of 

F, 




Then it follows immediately from the above observations that the following inequal- 
ity holds for all x eV^ (V, u): 

feF 
iei 

We shall prove that for every ordered pair (i, /) of a member i of the finite set / 
and a member / of the finite set P, the integral of Pj/ over W is finite. 
Let i be any member of / and / be any member of P. 

We first note that it follows directly from the definition of / that for each member 
A of B(P), lA is a member of Q{V{P,A)), and hence iA is a member of T> (a) — 

Now let A be any member of B (P) such that /a is not equal to R. Then /a is an 
ordered pair (j, k) of a member j of A and a member k of ^(P h {A}), Aj h A^ 
such that {j, k} e W holds. We note first that it follows immediately from this that 
Z (P, H,j) is equal to A. For W C H holds and P" is a partition, hence Z (P, H,j) 
is the largest member B of P such that j E B holds and {j, k} is not a subset of 
B. Hence A C Z{P,H,j) holds. And k e (y (JpTJA}),A^ h A^ implies that for 
every member B of P such that A G B holds, k E B holds, hence {j, k} C B holds, 
hence A is the largest member of P to have j as a member but not to have {j, k} as a 
subset, hence A = Z {P, H,j). 

Now J'a^R implies that A (V), hence there exists at least one member B of 
B (P), namely B = U iV), such that A G B holds. Let B be the smallest member 
of B(P) such that A G B holds. Then A e V{P,B) holds, hence Z{P,H,j) e 
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V {P, B) holds. And furthermore, Z {P, H,k) e V {P, B) holds. For W Q H holds 
and if is a partition, hence Z{P,H,k) is the largest member C of P such that k E C 
holds and {j, k} is not a subset of C, hence j is not a member of C. (We note 
that this implies immediately that Z{P,H,k) is not equal to Z {P,H,j).) Now k e 

^(P h {^}), h implies that /c is a member of every member E oi P such 
that A<Z E holds, hence k e B holds, hence {j. A;} C P holds, hence Z (P, H,k) G B 
holds. Now suppose there was a member E ol P such that Z{P,H,k) C E C P 
held. Then the fact that Z (P, H, k) is the largest member of P to have A; as a member 
but not have j as a member, imphes that j E E holds, hence {j, k} C E holds, 
hence A C E holds, and this contradicts the fact that by definition, B is the smallest 
member of P to contain ^4 as a strict subset. Hence there is no member E of P 
such that Z{P,H,k) C E C B holds, hence Z (P, H,k) e V (P, B) holds, hence 
{Z (P, H, j) ,Z{P,H,k)} e Q {V (P, B)) holds, hence {Z (P, H, j) , Z (P, P", A;)} is a 
member of I? (a) = UBeB(p) 2 ^))- 

We now define f3 to be the map whose domain is equal to V (a) = 

Ub6b(p) Q ("^ (-^' -^))' ^'^'-^ ^^'^'^ ^^^^ ^^'^'^ member {J, K} of "D = V (a), i3{j^k} 
is equal to Q;{j,i^} plus the negative of the total power of \xj — xk\ in the expression 



e(x,i,A) 



rA 



And we define k, to be the product, over the members A of B (P), of if Ja is equal 
to R, and of ^ if is not equal to R, and we note that since ex is a finite real number 
> and P is a finite real number > 0, k is a finite real number > 0. 

Then it follows immediately from these definitions that the following equation holds: 



Eif^KS iP,Q,H, a,R,x) 



Yl *a(a;,P(P,A)),/5) 

yAGB(p) J 



We now make the following observations: 

22) Let A be any member of B(P). Then it follows directly from the definition 
of the set I that = {J:^} is a member of Q{V{P,A)), hence that the factor 
e (x, i, Ay^ — \xj — xk\'^^ makes the contribution — to F V (P, A)). 

23) Let A be any member of B (Q) and C be any member of B (P) such that fc is not 
equal to R, so that fc is an ordered pair {j, k) of a member j of C and a member k of 
(y (JpTJC}), h c) such that {j, k}eW holds. Then {Z (P, P, j) , Z (P, P, A;)} 
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is not a member of Q {V (P, A)) unless C e (V (P, A) h V) holds. For if 
{Z (P, H,j) , Z (P, if, k)} eQ{V (P, A)) holds, then by observation E)) above, {j, k} C 
A holds and {j, k} is not a subset of /C (P, A, j). And W C H holds hence {j, k} C A 
implies Z (P, if, j) C A, and if is a partition hence {j, k} is the only member of H to 
have j as a member, hence the fact that {j,k} is not a subset of IC{P,A,j) implies 
that }C{P,A,j) C Z{P,H,j) holds. But }C{P,A,j) C Z{P,H,j) C A cannot hold 
since /C (P, A, j) is a member of P (P, A), hence /C (P, A, j) = Z (P, ii, j) holds, hence 
Z (P, if, j) is a member of V (P, A). 

And furthermore, as shown on pages 11221 and 11231 the facts that C G B (P) 
holds, J e C holds, and A; G (^3^ (jPTJC}), h holds, imply directly that 
C C Z {P, H, j) holds, and that for every member B of P such that C G B holds, 
{j, k} C B holds, hence that Z (P, H,j) = C holds. Hence C is a member of V (P, A). 

And furthermore, C is a member of B (P), hence C is not a member of V , hence C 
is a member of {V (P, A) \~ V). 

24) Let A be any member of B (P). Then it follows directly from observations and 



above that the contribution to V V{P, A)) from the factor (^nAeB(P) 

is < j ^ rc \ -ta- 

\CG{P{P,A)hy) j 
And by the definition of the map r. 



^ rc -rA = 

^ce(P{P,A)^v) J 

\- ((n V- ^ , #(B(P)nS(P(V -,C))) 

^Ce(ViP,A)^V) W {i,B)&c{Q,H) / TTV V 

#(B(P)ns(p(y,A))) 



e{x,i,A) 
h{xJ,A) 



rA 



Da~ 5Z I + 

{i,B)&A(Q,H) 



#(B (P)) 



^ Idc- Y1 UiBn - {da- Y1 \ - 

^C&(V{P,A)^V) \ {i,B)&c{Q,H) J J \ {i,B)&A(Q,H) 

25) Let A be any member of B (P). Then the following inequality holds: 

1 



1 



#(B(P)) 



T{(3,V{P,A))<d{i^{V {P,A))-1)- 



#(B(P))- 
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For by observations OUj) and I24j) above we have 

r(/?,p(p,A))< L(#(p(p,A))-i)+ [ Yl 

I \{i,B)€lA{Q,H) 



, Ce(P(P,A)l-y) (i,B)e(Ic(Q,H)nlA(Q,H)) / \ieT{A,H) B€Y{Q,!C{P,A,i),A) 



# (B (P)) 



And by using the identity 

,(i,B)elA(Q,H) 



^ier(yl,_ff) BeY(Q,C(y,j),/C(P,A,j)) J \ieT{A,H) B&Y{Q,K.{P,A,i)A) 

and noting that the first term in the right-hand side of this identity is equal to 

MjB 1 , we obtain the stated result. 

^Ce(P(P,A)hV) (i,B)(i{lciQ,H)rMAiQ,H)) / 

26) Let y4 be any member of {Q l~ P). Then it follows directly from observation 
above that the contribution to T {P,V (P, A)) from the factor ('nAGB(P) ^ '^'^^'^'^^ 



ycG(P(p,A)hy) 
And by the definition of the map r, 

, ceCP(P,A)i-y) 



,ce(P{P,A)hy) V V {i,B)€ic{Q,H) 



#(B(P)nS(P(\/,C)) ) 
#(B(P)) 



27) Let A be any member of {Q \~ P). Then the following inequality holds: 

r(/3,p(p,A))<rf(#(p(p,A))-i) ^ 



#(B(P)) 
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For by observations IT^ and I26j) above we have 



\ce(P(P,A)i-y) [ )) 

Now A is a member of {Q \~ P), hence # (B (P) n H (P (\^, A))) is the number of 
members S of B (P) such that B C A holds. And this number is < (# (B (P)) - l), 
smce the member U {V) of B (P) is not a strict subset of any member of S {V), and in 
particular is not a sMci subset of A. And the stated result follows directly from this. 

28) Let A be any member of B (Q). Then directly from observations andlTTf) above, 
the following inequality holds: 

r(/3,p(p,A))<ci(#(p(p,A))-i) ^ 



#(B (P))- 

29) Let {J, fC} be any member of V = V (a) such that there is no member {j, k} of 
W such that j E J and k E K both hold. Then P{j,k} < holds. For < holds 

by observation ED) above, and by the definition on page 11211 of h (x, f,A), h (x, /, A) is 
either equal to R or else is equal to \xb — xc\, where B and C are members of P such 
that there does exist a member {j, k} of ly such that j E B and k E C both hold, 
hence it directly follows from the definition on page 11231 of the map P that P{j,k} < 
holds. 

Now the factor $ was defined on page I1U8I by 

$EE Yl S{T-{l-2X)\xz(^p,H,j)-Xz(^p,H,k)\) 

\A={j,k}eW 

Now every member A of B (P) is {V U H^)-connected, hence every member A of 
B (P) is {V (P, A) U iy)-connected. 

LetL^(^) max (# (P (P, A)) - 1). 

AeB(p) 

Now as shown on Dages fTTMTTTH {j, k} e W implies that {Z (P, H, j) , Z (P, H,k)}e 
UyieB(p) 2 ("P ^)) holds. Hence it follows directly from Lemma ITHl that 

$< n ( n ^iL-\xj-xK\) 

A&(P) \A={.J,K}eQ(V{P,A)) 
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holds. Hence, using the definition of B on page 123 we have 

n s{i{x,'P{p,A)),L). 

And by page 1^21 we have 

£ (P, Q, H, a, R,x)<n (P, Q, H, a, P, x) , 
hence by Lemma IT^ we have 
£ (P, Q, if, a, P, x) < 

< H n{PnE{V{P,A)),QnE{V{P,A)),H,a,R,l{x,E{V{P,A)))). 



For each member A of B (P) we define Za = H (P (P, A)). 

Then it immediately follows from the foregoing that the following inequality holds: 

E^f< 

< n (7^(Pnz^,g^z^,p,a,p,i(x,z^))vI/(i(x,p(p,A)),/3)S(i(x,p(p,A)),L)) 

AeB(p) 

Now by definition, {V, u) is the set of all members x of E^*'^^ such that for each 
member A of (S (V^) h y), Xyi = cuabx^ holds. 

B€r{V,A) 

We now choose a map 5* such that T) (S) = B (P) , and such that for each member 
A of B (P) , 5a is a member of V (P, A). And for every member P of (P h {U {V)}), 
we define zb = {xb — xs^), where A is the smallest member C of P such that B G C 
holds, or in other words, where A = y ^(P h {P}),pj. (We note that xs^ means 
in accordance with our general rule for interpreting a subscript on a subscript, 
stated on page QUI) 

This means that if A is any member of B (P) , and B and C are any members of 
V (P, A), then the equation {xb — xc) = {zb — zc) holds. 

We note that if P is a member of 71{S), then Sy^jp^rj^ ^-^ = B holds, hence 
zb = holds. 

Now P is equal to the disjoint union of {U (V)} and all the V (P, A), AeM (P), 
hence 

Agb(p) 
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holds hence 



#(\/) = #(P)-#(B(P)) = l+ J2 {i^{V{P,A))-l) 

holds hence 

#(\/) = i + #(p h(7^(5)u{w(l^)})) 

holds. 

And furthermore, the xa-, A & V , may be expressed in terms of the zb, B & 
(P h (7^ (S) U {U (V)})), together with xu(v)- 

For if A is any member of B (P), then = ujab^b holds by Lemma lU 

Be-P(P,A) 

And as noted above, for each member B oiV (P, A), zb = {xb — xsj^) holds. Hence 

^^ABZb = ^ ^^AB {xb - XSa) = {xa " Xs^) 
BeV{P,A) BeV{P,A) 

holds, hence xs^ = xa— ^^ab^b holds, hence for all members B oiV (P, A) we 

B€V{P,A) 

have 

Xb = Zb + xsa = xa+ \zb - ^ ujacZc 

\ C&V{P,A) 

From this we find directly that, for any member i oiU {V), 

Xc{V,i) = Xu{V) + ^ I Z]c(P,A,i) - ^ ^^ACZc 

A&l{p,C{V,i),U(y)) \ CeV{P,A) 

Furthermore, the linear transformation from the variables xa-, A E V , to the vari- 
ables Zb, B E {P \- (7^(5) U {U (y)})), and Xi({v), may be realized as a sequence of 
linear transformations, each associated with one member of B (P) , and each of the 
type considered in Lemma Hence the linear transformation from the variables xa, 
A E V, to the variables zb, B E {P \- (JZ (S) U {U (V)})), and xu{v), has determinant 
equal to 1. 

And furthermore, the particular equation of the above form when the member i of 
U (V) is taken to be h, where h is the particular member of U {V) such that xc{v,h) has 
the fixed value b in the definition of the integration domain W, may be used to express 
xu(^v) in terms of xc(v,h) and the zb, B E {P \- {IZ {S) U {lA iV)})), and thus transform 
from the variables xu{v) and the zb, B E {P \- {JZ{S) U {lA iV)})), to the variables 
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xc(v,h) ^B, B E {P \- (JZ (S) U {U (y)})). And this final linear transformation 

has the form of a triangular linear transformation with every diagonal element equal 
to 1, and thus has determinant equal to 1. 

We now make this linear transformation, with determinant equal to 1, from the 
integration variables xa, A & {V \~ {C (V, h)}), to the variables zb, 
B E {P \- (Jl{S) U {U (y)})). Then the above bound on Eif shows that the integral 
of Eif over W is bounded by the finite real number k multiplied by the product, over 
the members A of B (P) , of the integral 

/ ( n "^'^A {'H{PnZA,QnZA,H,a,R,i{z,ZA))^{i{z,V{P,A)),(3)x 

xi3(i (^,P(P,A)),L)}. 

(We note that with our new choice of independent integration variables, zs^^ = holds, 
and the members of | {z, Za) depend only on the Zb, B eV (P, A), or in other words, 
only on the zb, B e {V (P, A) h {Sa}).) 

Let A be any member of B (P) . We insert into the above integral for A the identity 

1= A{[{z,V{P,A)),a,F), 

Fm{V(P,A)) 

where by the definition of the function A on page|23 A (i (-2, V (P, A)) , cr, F) is equal 
to 1 if the set [z,V {P, A)) , cr) of all the a-clusters of [ {z,V {P, A)) is equal to 
F, and equal to otherwise, and M.(V{P,A)) is the set whose members are all the 
greenwoods P of P (P, A) such that V (P, A) e F holds. 

(We note that the greenwoods of V (P, A) are not the same as the woods of V (P, A). 
Rather if F is any greenwood of V (P, A), then the set whose members are all the U {X), 
X G P, is a wood of V (P, A), and if G is any wood of V (P, A), then the set whose 
members are all the one-member subsets of V{P,A), together with all the V{P,B), 
P G B (G), is a greenwood of V (P, A). This situation arises because we worked with 
the greenwoods of a set, rather than the woods of a partition, in "Cluster Convergence 
Theorem Theorem".) 

Let F be any member of the finite set EI {V (P, A)). We shall show that the following 
integral is finite: 

/ I n ^^^^ I ^ ^)) . ^) ^ n Za, Q n Za, H, a, R, j (z, Za)) x 

\Be(V{P,A)HSA})/ 
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X VI/ (i V (P, A)) , /?) S (i {z, V (P, A)) , L)} 

We first note that by Lemma ^2 and the Additional Note on page IHDl if 5^ is a 
nonempty subset of a member X of P such that U {Y) is not a member of P, (hence 
# (F) > 2 holds, and i{A = U {V) and U {V) ^ P do not 5o^/i hold, then Y is not equal 
to V (P, A)), W (y) is {y U //)-connected, and Y is not a strict subset of any subset Z of 
X such that W {Z) is (V U /f)-connected, then either U {Y) G (Q l~ P) holds or else the 
product A (i (^, P (P, A)) , a, P) 7^ (P n Z^, Q n Za, H, a, R, I {z, Za)) vanishes when- 
ever L (P n Za, U{Y),i (z, Za)) < R holds. For the factor A (i (z, V (P, A)), a, F) 
vanishes unless X is a a-cluster of J, {z, V (P, A)). And the factor 
7i (P n Za, Q n Za, H, 0", P, I (2;, Za)) vanishes unless ((P fl Za) , (<5 H ^a)) is a mem- 
ber of VL (if, 0", P, I (z, ^a)), and there is no wood GofV (P, A) such that (Q H Z^) C 
G holds and ((PnZA),^) G n{H,a,R,i {z,Za)) holds. But by Lemma CU this 
means that if A (| (z, "P (P, A)) ,(J,F) 7^ 0, so X is a a-cluster of J. {z, V (P, A)), and 
7^ (P n Za, g n Za, H, a, P, j (2, Za)) ^ 0, then either L (P n ZaM (Y) , i (2, Za)) > 
P holds or U (Y) G (Q h P) holds. 

(We note in passing that by Lemma 10 (f) the factor 
A (i (2, V (P, A)) ,a,F)n{Pr] Za, Q n Za, H, a, R, j (z, Za)) vanishes if any such Y 
overlaps any member of {Q \~ P), but we do not use this.) 

Let M be the set whose members are all the nonempty subsets Y of members 
X of P such that U (Y) is not a member of Q, (hence 4i^{Y) > 2 holds), U (Y) is 
{V U P)-connected, and Y is not a strict subset of any subset Z of X such that U (Z) 
is {V U P)-connected. Let T be the set whose members are all the maps s such that 
V (s) = M, and for each member Y of M, sy is a member of Q {V {P,U iY))). And 
for each member s of T and each member F of M we define t {z, s, Y) = \zj — zk\, 
where J and K are the two members of sy, or in other words, sy = { J, K}. 

Then if v is any member of M*^ such that f y > holds for every member Y of M, 
it follows directly from the above that the following inequality holds for all z such that 
^(i {z,V{P,A)),a,F)n{PnZA,QnZA,H,a,R,i{z,ZA))y^O: 

We now choose a real number r] such that 77 > ^^^^holds, and define v to be the 
member of M*"^ such that for each member F of M, 

vy = max {{t] + T {P,Y) — d {Y) — 1)) , r^) holds, and multiply the integrand of the 
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above integral for the member A of B (P) by the above inequahty with this choice of 
the map v. 

Let s be any member of T. We shall show that the following integral is finite: 



/( 



n d^^B I {A{i{z,V{P,A)),a,F)n{PnZA,Qf\ZA,H,a,Rd{z,ZA))x 
\Be{v{P,A)HSA}y 



X 



We first note that the factor 7i (P fl Z^, Q H Z^, if, cr, P, | {z^Za)) satisfies < 
1-C{P n Za, Q n Za, H, a, R, I {z, Za)) < 1 for all 2;, and the other factors in the inte- 
grand are all > for all z, hence we may drop the factor 
Ti.{P n Za, Q n Za, H, a, R, | {z, Za)), and we now do that. 

We now define 7 to be the map whose domain is Q {V (P, A)), and such that for 
each member {J, K} of Q (V (P, A)), 7{j,_ft-} is equal to P{j,k} plus the negative of the 
total power oi \zj — Zk\ in the factor HyeM (^^^^^) 

Now the contribution of the factor HyeM (j^^lT^^ 'y{J,K} is < for all {J, K} G 
Q {V (P, A)), hence J{j^k} < P{j,k} holds for all {J,K} e QiV (P, A)). Hence by the 
above observation OHjl . on page ll26l if B is any member of (5n(E! {V (P, A)) h V (P, A)), 
then r (7, V (P, B)) < (# (P (P, P)) - 1) - holds. 

And by construction, if Y is any member of M, then 

r (7, y ) < r (p, y) - max ((r/ + r (p, y ) - ^ (# (F) - l)) , r^) 

<f/(#(F)-l)-r/ 

<rf(#(r)-i) ^ 



#(B(P)) 
holds. 

Hence if y is any subset of a member X of P such that ^ (Y) > 2 holds, U (Y) is 
(y U P)-connected, and Y is not a strict subset of any subset Z of X such that U {Z) 
is {V U if)-connected, then 

r (7, r) < (# (F) - 1) r\-TT 

holds. 
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Now if {J, K} is any member of Q {V [P, A)) such that there is no member {j, k} 
of W such that j & J holds and k & K holds, then by observation 1^ on page 
11261 together with the fact that 7{_b,c} < P{b,c} holds for every member {B,C} of 
Q {V {P, A)), we find that 7{j,i^} < holds. 

We define the set U to be the subset of Q {V (P, A)) such that if {B, C} is a member 
of Q {V {P, A)), then {B, C} is a member of U ifif there exists a member {i,j} of W 
such that i E B holds and j E C holds. It then follows that if X is any nonempty 
subset of V (P, A), then U (X) is {V U if)-connected ifif X is fZ-connected. For suppose 
first that U {X) is {V U if )-connected. Then if {J, K} is any partition of U {X), there 
exists a member C of {V U H) such that C fl J and C fl are both nonempty. Let 
{y, Z} be any partition of X. Then {U (Y) , U {Z)} is a partition of U (X), hence there 
exists a member C of (V^ U /f) such that C (lU (Y) and C (lU {Z) are both nonempty. 
Now if E is any member of V , then either ECU (Y) holds or E (lU (Y) = holds, 
and either ECU (Z) holds or E CiU (Z) = holds, hence C cannot be a member of 

hence C is a member of H, and furthermore, since C has at least two members and 
is not a subset of any member of l^, C is a member of W. And C CiU (Y) ^ implies 
that there exists a member J of F such that Cfl J 7^ 0, and Cr\U {Z) 7^ implies that 
there exists a member K of Z such that C fl 7^ 0, and by the definition of U, {J, K} 
is a member of U. Hence there exists a member {J, K} of U such that {J, i^} fl F 7^ 
and {J, -fC} n Z 7^ 0. Hence X is ^/-connected. 

Now assume that X is fZ-connected. Then if {Y, Z} is any partition of X, there 
exists a member {J, i^} of ?7 such that {J, fC} flF 7^ and {J, i^'} flZ 7^ 0, hence there 
exists a member {J, i^'} of f/ such that J E Y holds and K E Z holds. Let {E, P} be 
any partition of U {X) into two nonempty parts. Suppose first that some member C 
of X intersects both E and P. Then C CU{X) holds, hence {(C n P) , (C n P)} is a 
partition of C into two nonempty parts {C fl P) and (C fl P), hence the fact that C 
is a member of P (P, A), hence that C is (V^ U P)-connected, implies that there exists 
a member G of (V U H) such that G intersects both {C fl P) and (C fl P), hence G 
intersects both P and P. Now suppose that no member C of X intersects both P 
and P. Then if B is any member of C, exactly one of P C P and B C F holds, and 
the fact that P is nonempty implies that there is at least one member P of X such 
that pep holds, and the fact that P is nonempty implies that there is at least one 
member P of X such that P C P holds, hence if we define Y to be the set whose 
members are all the members P of X such that B C E holds and we define Z to be the 
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set whose members are all the members B of X such that B (1 F holds, then {Y, Z} 
is a partition of X into two nonempty parts, hence there exists a member {J, K} of U 
such that J G F holds and K & Z holds. Now {J, K} G U implies that there exists a 
member C of H such that CdJ and CCiK are both nonempty, hence, since E = U {Y) 
holds and F = U (Z) holds, C H E and C H F are both nonempty. Hence U {X) is 
(l^ U if)-connected. 

It follows directly from this that if X is any nonempty subset of V {P, A) , and Y 
is any nonempty subset of X such that U {Y) is {V U //)-connected and Y is not a 
strict subset of any subset Z of X such that U (Z) is {V U if )-connected, then y is a 
^/-connected component of X, hence by Lemma El if F is the set whose members are 
all the nonempty subsets Y of X such that U (Y) is {V U i/)-connected, and Y is not 
a strict subset of any subset Z of X such that U (Z) is {V U i/) -connected, then F is 
a partition of X. 

Now let X be any member of F such that # (F) > 2 holds. Then it follows 
immediately from the above that F (7, X) is equal to the sum of F (7, Y) over all the 
nonempty subsets Y of X such that U {Y) is {V U if )-connected and Y is not a strict 
subset of any subset Z of X such that U (Z) is {V U ii)-connected, plus the sum of 
1{J,K} over members {J,K} of Q{V{P,A)) such that J and i^ are members of two 
distinct such subsets Y of X. Now if J is a member of such a subset Yi of X and i^ 
is a member of a different such subset Y2 of X, then there can be no member {j, k} of 
W such that j & J holds and k & K holds, for W O H holds hence if there was such a 
member of W then, by Lemma^and page 1521 (Yi U Y2) would be a (l^ U ii)-connected 
subset of X such that Yi C (Yi U Y2) holds and Y2 C (Fi U Y2) holds, which contradicts 
the assumed properties of Yi and Y2. Hence 7{j,ii-} < holds. 

Thus if X is any member of F such that ^ {X) > 2 holds, then 

F (7, X) < (# (X) - n) , 

holds, where n is the number of [/-connected components of X. But n > 1 holds, hence 

F(7,X) < d(#(X) - 1) , Vnx 

holds. 

Hence by the Cluster Convergence Theorem, the integral 

n d'zB ] A {[{z, V (P, A)) , a, F) il/ V (P, A)) , 7) S V (P, A)) , L) , 

^Be{P(P,A)h{5.4})/ 
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or in other words, the integral 

/ n ci% ) ^(t,a,F)vl/(t,7)S(t,L), 

\BeiPiP,A)HSA}) I 

is finite. 

And this concludes the proof of Theorem ^ 

7 Second Convergence Theorem. 

If y4 is a set, and f/ is a set such that every member of ?7 is a set, then a U -key of A 
is a member E oiU such that there exists a partition {B, C} of A into two nonempty 
parts B and C such that BClE^^, CClE^^, and E is the only member of U to 
have nonempty intersection with both B and C. 

If A is a set, ?7 is a set such that every member of [/ is a set, and V is a subset of 
U, then we shall say that A is U-firm over V ifif A is ^/-connected and every U-kej of 
A is a member of V. 

If A is a set, ?7 is a set such that every member of [/ is a set, and is a subset of 
U, then a U -firm over V component of A is a. nonempty subset B of A such that B is 
f/-firm over V and B is not a strict subset of any subset of A that is [/-firm over V. 

If H is a set such that every member of if is a set, and F is a wood, then we shall 
say that F is H -principal ifif every member A of B {F) is {Ai {F) U i/)-connected, 
every member A of B (F) has at least one {M (F) U H)-kej E such that E ^ M (F) 
holds, and if A is any member of B (F) and B is any member of F such that B G A 
holds, then 5 is a subset of an {A4 (F) U if)-firm over Ai (F) component of A. 

For every ordered pair {F, H) of a wood F and a set H such that every member of 
if is a set, we define P (F, H) to be the set whose members are the members of Ai (F), 
together with any members A of B (F) that satisfy both the following requirements: 

(i) A has at least one {M (F) U ii')-key F such that E ^ M{F) holds 

(ii) if B is any member of F such that B G A holds, then i? is a subset of an 
{At (F) U ii)-firm over Ai (F) component of A. 

We note that it follows immediately from this definition that if V is any partition 
such that U {V) is finite and # {V) > 2 holds, H is any set such that every member of 
if is a set, and F is any member of Q (V, if), (or in other words, F is any wood of V 
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such that every member of F is {V U if)-connected), then P(F, H) is an if-principal 
wood of V. 

For any ordered pair (V, H) of a partition V such that U {V) is finite and # (V) > 2 
holds, and a set H such that every member of if is a set, we define V {V, H) to be the 
set whose members are all the woods F olV such that every member A olM (F) is 
{V U if) -firm over V, and we define W (V, if) to be the set whose members are all the 
if-principal woods of V. 

For any ordered pair (G, H) such that if is a set such that every member of if is 
a set, and G is an if- principal wood, we define O (G, if) to be the set whose members 
are all the members F of G {M [G] , H) such that G C P (F, H) holds. Thus O (G, H) 
is the set whose members are all the members F of Q {Ai (G) , if) such that G Q F 
holds, and if A is any member of B (G) and B is any member of F such that B G A 
holds, then i? is a subset of an [Ai (F) U if )-firm over Ai (F) component of A. 

Lemma 25. If C/ is a set such that every member of C/ is a set, A is a nonempty 
[/-connected set, is a [/-key of A, and {B, C} is a partition of A into two nonempty 
parts B and G such that Br\E^0, Gr\E^(J), and E is the only member of U to 
have nonempty intersection with both B and G, then B is [/-connected. 

Proof. Suppose B is not [/-connected. Then there exists a partition {J,K} of B 
into two nonempty parts J and K such that no member S of U intersects both J and 
K. Let {J, if} be such a partition of B. Now £^ is a member of U hence E cannot 
intersect both J and K. Suppose for definiteness that JflE — 0. Then {J, (G U K)} is 
a partition of A into two nonempty parts J and (G U if) such that no member S ofU 
intersects both J and {G U K). For if 5" is a member of U such that S intersects both 
J and (G U fC), then S ^ E since JdE = 0. Hence 5* is a member of U, different from 
E, such that J n S" 7^ 0, hence 5 n 5 7^ 0, and (G U fT) n 5 7^ 0, hence S intersects at 
least one of G and K. But S E implies G n = 0, since 5 n S" 7^ 0, and J n S" 7^ 
implies K Cl S = 0, since by assumption no member of U intersects both J and K. 

Hence, as stated, { J, (G U K)} is a partition of A into two nonempty parts such 
that no member of U intersects both parts. But this contradicts the assumption that 
A is [/-connected. 

Lemma 26. If [/ is a set such that every member of [/ is a set, A is a [/-connected 
set, S and T are distinct [/-keys of A, {B,G} is a partition of A such that B n S ^ 0, 



136 



C n S* 7^ 0, and S is the only member of U to have nonempty intersection with both 
B and C, and 5 fl T = holds, and {D, E} is a partition of A such that D (1 T ^ ^, 
E r\T ^ and T is the only member of U to have nonempty intersection with both 
D and and E n S' = holds, then S n E = holds. 

Proof. Suppose that B r\E holds. Now Br\D is nonempty since B = {B D)U 
{B n E), B n S ^ ^, and E n S = ^ all hold, hence {{B nD),{Bn E)} is a partition 
of B, hence since B is [/-connected by Lemma ESI there is a member W of U such that 
(5 n D) n ^ and (5 n n ^ both hold, and Py 7^ T holds since 5 n T = 
holds by assumption. But this implies that is a member of U, different from T, 
such that D n W ^ ^ and E (IW ^ ^ both hold, and by assumption there is no such 
member of U. 

Lemma 27. Let U he a set such that every member of f/ is a set, let ^4 be a nonempty 
[/-connected set, and let i and j be any members of A such that i ^ j- Then there 
exists a finite integer n > and a map M such that T> (M) is the set of all the integers 
r such that < r < n holds, and for each member r of "D (M), Mr is a member of U, 
and for all r such that < r and r < {n — 1) both hold, A fl {Mr fl M^,+i) is nonempty, 
and i G Mq holds and j G M^^ holds. 

Proof. Let B be the subset of A whose members are all the members k of A such that 
there exists a finite integer n > and a map M such that P (M) is the set of all the 
integers r such that < r < n holds, and for each member r ofD (M), Mr is a member 
of f/, and for all r such that < r and r < (n — 1) both hold, A fl {Mr fl M^+i) is 
nonempty, and i G Mq holds and k G M„ holds. Then 2 is a member of S, since A 
has at least two members, hence there exists a member E of U such that i E E holds. 
Hence B is nonempty. Now suppose A \- B was nonempty. Then {5, (A l~ -B)} would 
be a partition of A into two nonempty parts, hence since A is [/-connected, there would 
exist a member E of U such that E (1 B and E r\{A \- B) were both nonempty. Let E 
be a member of U such that E (1 B and fl (A h S) are both nonempty, and let k be 
any member of ECl B and let / be any member of E r\{A \- B). Now by the definition 
of B, there exists a finite integer n > and a map M such that P (M) is the set of all 
the integers r such that < r < n holds, and for each member r of V (M), Mr is a 
member of f/, and for all r such that < r and r < — 1) both hold, A {Mr fl M^+i) 
is nonempty, and i G Mq holds and G M„ holds. Let n be such a finite integer, let 
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M be such a map, and let = M U {{n + 1, E)}. Then is a map such that V (N) 
is the set of all the integers r such that < r < (n + 1) holds, and for every member 
r of "D (N) , Nr is a, member of U, and for all r such that < r and r < n both hold, 
A n {Nj. n Nr+i) is nonempty, (for Nn fl N^+i has A; as a member), and i E Nq holds 
and I e Nn+i holds. Hence I e B holds by the definition of B, and this contradicts 
the assumption that I E {A \- B) holds. Hence no member of U intersects both B and 
{A \- B), hence the assumption that {A h B) is nonempty contradicts the assumption 
that A is [/-connected. 

Lemma 28. Let U he a, set such that every member of C/ is a set, and let A be a 
nonempty [/-connected set. 

For any ordered pair {i,X) of a member i of ^4 and a subset X of C/, let t (hX) 
denote the set whose members are all the members j of A such that if E is any 
member of X, and {B,C} is any partition of A into two nonempty parts such that 
B r\ E y^fj} holds, C r\ E $ holds, and E is the only member of U to intersect both 
B and C, then j is a member of the same member of {B, C} as i, or in other words, 
C{{B,C},j)=C{{B,C},t) holds. 

Let i be any member of A. 

We define a binary relation, written — among the f/-kcys of A as follows: 

If S and T are [/-keys of A, then S ^ T holds ifif there exists a partition {B, C} 
of A into two nonempty parts B and C such that T intersects both i? and C, T is the 
on/?/ member of U to intersect both B and C, and S does not intersect the member of 
{B, C} of which ? is a member. 

We note that this definition has the immediate consequence that S ^ S does not 
hold for any U-kej S of A, and that the definition of the relation depends implicitly 
on the member i of A. 

Then the following results hold: 

(i) Let S and T be any f/-keys of A such that S ^ T holds. Then T ^ S does not 
hold. For S ^ T implies that there exists a partition {B, C} of A into two nonempty 
parts such that T intersects both B and C, T is the only member of U to intersect 
both B and C, i E C holds, and S does not intersect C. Let {B, C} be such a partition 
of A, and let { J, K} be any partition of A into two parts such that S intersects both 
J and K, S is the only member of U to intersect both J and /C, and i E K holds. 
Now S is not equal to T, for T intersects both B and C, but 5" does not intersect C. 
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Hence by the definition of {J, K}, T does not intersect botli J and K. Now ii T (1 K 
were empty, tlien by Lemma 123 C (iK would be empty. But C (iK lias the member i, 
hence Td J must be empty. But T is a [/-key of A, hence T (1 A is nonempty, hence T 
certainly intersects at least one of J and K, hence T intersects K, hence T intersects 
the member of {J,K} of which i is a member. And this is true for every partition 
{J, K} of A into two parts such that S intersects both parts and 5* is the only member 
of U to intersect both parts. Hence T S does not hold. 

(ii) Let R, S and T be any [/-keys of A such that R S holds and S ^ T holds. 
Then R ^ T holds. For R S implies there exists a partition {B,C} of A into 
two nonempty parts such that i E C holds, S intersects both B and C, 5* is the only 
member of U to intersect both B and C, and R does not intersect C. Let {5,(7} be 
such a partition of A. And S T implies there exists a partition {J, i^} of A into 
two nonempty parts such that i & K holds, T intersects both J and K, T is the only 
member of U to intersect both J and K, and S does not intersect K. Let {J, -ft'} be 
such a partition of A. Now T intersects i^' and S does not intersect K, hence T is 
not equal to S, hence since S is the only member of U to intersect both B and C, T 
does not intersect both B and C. Now if T fl C was empty, then by Lemma |2Sl C (1 K 
would be empty, but C (1 K has the member i, hence T (1 C cannot be empty, hence 
T n -B is empty, hence by Lemma |2Sl B (1 K is empty. Now every member of B is 
either a member of J or a member of K, and B (1 K is empty hence no member of B 
is a member of K, hence every member of i? is a member of J, hence B <0 J holds. 
Now i? is a [/-key of A such that R does not intersect C, hence R does intersect B, 
and B (1 J holds, hence R intersects J. And R S and S T both hold, hence 
by (i) above, R is not equal to T, hence R does not intersect both J and K, hence 
since R intersects J, R does not intersect K. Hence {J,K} is a partition of A into 
two nonempty parts such that i E K holds, T intersects both J and K, T is the only 
member of U to intersect both J and K, and R does not intersect K. Hence R ^ T 
holds. 

(iii) Let k be any member of A such that k ^ i holds, let S be any [/-key of A such 
that there exists a partition {B, C} of A into two parts such that k E B holds, i E C 
holds, S intersects both B and C, and S is the only member of U to intersect both 
B and C, and let T be any [/-key of A such that there exists a partition {J, K} of A 
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into two parts such that k G J holds, i G K holds, T intersects both J and K, and 
T is the only member of U to intersect both J and K. Then either S = T holds or 
S ^ T holds or T ^ S* holds. For suppose S ^ T holds, and let {B, C} and {J, K} 
be partitions of A with the properties just specified. Then one of i? fl T and C fl T 
is empty, and one of J fl S" and K r\ S is empty. Now C r\ K has the member i so is 
nonempty, hence by Lemma [221 C fl T and K r\ S cannot both be empty, and B Ci J 
has the member k so is nonempty, hence by Lemma 1^ B (IT and J (1 S cannot both 
be empty, hence either B (IT and K n S are both empty, or C fl T and J H S are both 
empty. And if K fl 5* is empty then S ^ T holds, while if C fl T is empty, then T — > 5 
holds. 

(iv) Let k be any member of A such that k ^ i holds, let S be any ?7-key of A such 
that there exists a partition {B, C} of A into two parts such that k & B holds, i & C 
holds, S intersects both B and C, and S is the only member of U to intersect both 
B and C, and let T be any U-kej of A such that S T holds. Then there exists a 
partition {J,K} of A such that k E J holds, i E K holds, T intersects both J and 

and T is the only member of U to intersect both J and K. For let {i?,C} be a 
partition of A with the properties just specified. Now S ^ T implies that there exists 
a partition {J, K} of A into two parts such that i E K holds, T intersects both J and 
ii', T is the only member of U to intersect both J and K, and S" does not intersect K. 
Let {J, K} be such a partition of A. Now T intersects K and S" does not intersect K, 
hence T is not equal to S", hence one of 5 fl T and C fl T is empty. And C (~\ K has 
the member i hence is nonempty, hence by Lemma 1221 C fl T cannot be empty, hence 
5 n T is empty, hence by Lemma 1221 -B H is empty, hence since A; is a member of 5, 
k is not a member of hence is a member of J . 

(v) Let k be any member of A such that k ^ i holds, let 5* be any f/-key of A such that 
there exists a partition {B, C} of A into two parts such that k E B holds, i E C holds, 
5* intersects both B and C, and S is the only member of U to intersect both B and C, 
let n be any finite integer > 0, and let M be any map such that T) (M ) is the set of all 
the integers r such that < r < n holds, and for every member r of (M) , is a 
member of [/, and for all r such that < r and r < (n — 1) both hold, An (Mr fl M^+i) 
is nonempty, and i E Mq holds and k E holds. Then S E TZ (M) holds. For S is the 
only member of U to intersect both B and C, hence if S E TZ (M) does not hold, then 
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no member of TZ (M) intersects both B and C. Suppose now that S is not a member 
of TZ (M), so no member of TZ (M) intersects both B and C. Then for any r such that 
< r and r < (n — 1) both hold, A (M^ H M^+i) is nonempty, hence if Mr intersects 
C but not B, then M^+i also intersects C but not B. But Mq intersects C but not 5, 
hence by induction, M„ intersects C but not B, and this contradicts the fact that k is 
a member of i?. 

(vi) Let X be any subset of U such that every member of X is a U-kej of A, and let 
be any member of A such that there exists a member S* of X and a partition {5, C} 
of A into two parts such that k E B holds, i E C holds, 5* intersects both B and C, 
and 5* is the only member of U to intersect both B and C. Then there exists a unique 
member T of X with the properties that: 

(a) there exists a partition {J, K} of A into two parts such that k E J holds, i E K 
holds, T intersects both J and and T is the only member of U to intersect both J 
and and 

(b) there is no member R oi X such that T ^ R holds. 

Proof. Let Y be the set whose members are all the members S* of X such that there 
exists a partition {i?,C} of A into two parts such that k E B holds, i E C holds, S 
intersects both B and C, and S is the only member of U to intersect both B and C. 
Now by assumption there exists a member S" of X and a partition {i?,C} of A such 
that k E B holds, i E C holds, S intersects both B and C, and S is the on/y member 
of U to intersect both B and C. Hence F is nonempty. 

Now let S be any member of Y and let R be any member of X such that S ^ R 
holds. Then by (iv) above, there exists a partition {J,K} of A into two parts such 
that k E J holds, i E K holds, R intersects both J and and R is the only member 
of U to intersect both J and K. Hence i? is a member of Y . 

Now by Lemma EZl there exists a finite integer n > and a map M such that 
P (M) is the set of all the integers r such that < r < n holds, and for every member 
r of P (M), Mr is a member of ?7, and for all r such that < r and r < (n — 1) both 
hold, A n (Mr n Mr+i) is nonempty, and i E Mq holds and k E Mn holds. Let n be 
such a finite integer and let M be such a map. Then by (v) above, every member of Y 
is a member of TZ (M). Hence F is a finite set. 

Now by (i), (ii), and (iii) above, the set Y is totally ordered by the relation — 
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hence since y is a finite set, there exists a unique member T oi Y such that there is 
no member it! of y such that T ^ R holds. Let T be this unique member of Y. 

Now by the definition of y, T is a member of X such that there exists a partition 
{J, K} of A into two parts such that k e J holds, i e K holds, T intersects both J and 
K, and T is the only member of U to intersect both J and K. And as noted above, if 
R is any member of X such that T ^ R holds, then i? is a member of Y, hence since 
there is no member i? of y such that T ^ R holds, there is no member R of X such 
that T ^ R holds. 

And finally, if S is any member of X such that there exists a partition {J, K} of A 
into two parts such that k E J holds, i E K holds, S intersects both J and K, and S 
is the only member of U to intersect both J and K, and there is no member R of X 
such that S ^ R holds, then 5* is a member of Y, hence S is equal to T. 

(vii) Let X be any subset of U such that every member of X is a U-key of A, and 
let Z be the subset of X whose members are all the members T of X such that there 
is no member R of X such that T ^ R holds. Then | {i-,X) =| (z, Z) holds. For 
T {hX) C| {i,Z) certainly holds. Now let k be any member of [A [i,X)). Then 
there exists a member S oi X and a partition {B, C} ol A such that k E B holds, i E C 
holds, S intersects both B and C, and S is the only member of U to intersect both 
B and C. Then by (vi) above there exists a member T of X such that there exists a 
partition {J,K} of A into two parts such that k E J holds, i E K holds, T intersects 
both J and and T is the only member of U to intersect both J and and such 
that there is no member R oi X such that T ^ R holds. And this T is a member of 
Z, hence k is not a member of | (i, Z). 

(viii) Let E be any U-key of A. Then {j (i, {E}) , {A hj (i, {E}))} is a partition of A 
into two nonempty parts such that E intersects both parts, and E is the only member 
of U to intersect both parts. For by definition, f (i, {E}) is the set whose members are 
all the members j of A such that for every partition {B, C} of A into two parts such 
that E intersects both B and C, and E is the only member of U to intersect both B 
and C, j is a member of the same member of {B, C} as i is. Hence i is a member of 
I {i, {E}), hence | {i, {E}) is nonempty. And since E is a. U-key of A, there exists a 
partition {5, C} of A into two nonempty parts such that E intersects both B and C, 
and E is the on/y member of U to intersect both B and C, hence since every member 
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of the member of {B, C} of which i is not a member, is a member of {A hf {i, {E})), 
{A ht (i, {E})) is nonempty. Hence {t (i, {E}) , {A (i, {E}))} is a partition of A 
into two nonempty parts hence, since A is [/-connected, there exists a member R oiU 
such that R intersects both f (i, {E}) and hf (i, {-E})). Let it! be any member of 
U such that R intersects both t (i, {E}) and (A (i, {-E})). Now if {B, C} is any 
partition of A such that i E C holds, E intersects both B and C, and £■ is the only 
member of U to intersect both B and C, then f (i, {£■}) C C holds, hence i? intersects 
C, hence if i? is not equal to E, then (Af] R) C C holds. And this is true for every 
partition {B, C} of A such that i E C holds, E intersects both B and C, and E is 
the only member of U to intersect both B and C, hence \i R^ E holds, and j is any 
member of (A n i?), then for every partition {5, C} of A such that intersects both 
B and C, and E is the on/?/ member of U to intersect both B and C, j is a member of 
the same member of {-B, C} as i is, hence by the definition of t {h J {h {E}) 

holds. Hence if R ^ E holds then {A fl R) Cf (i, {E}) holds, which contradicts the 
fact that (A hf {i, {E})) fl i? is nonempty. Hence R = E holds and E is the only 
member of U to intersect both | (i, and (^4 l-| (i, 

(ix) Let E be any U-key of A. Then £^ is not a [/-key of f (i, {-E}). For if there exists 
a partition {5, C} of f {i, {E}) into two parts such that i E C holds, E intersects both 
B and C, and E is the only member of U to intersect both B and C, let {B^C} be 
such a partition of f (i, {-E}). Then {{B U {A hf (i, {i?}))) , C} is a partition of A into 
two nonempty parts such that i E C holds, E intersects both parts, and E is the only 
member of U to intersect both parts, for by assumption E is the only member of U to 
intersect both B and C, and by (viii) above, together with the fact that C C| (?', {E}) 
holds, E is the only member of U to intersect both C and (^4 hf («,{£'})). Hence 
by the definition of | (i, {-E"}), no member of could be a member of | (i, {-£"}), in 
contradiction with the assumption that S is a nonempty subset of t («, {E}). 

(x) Let X be any subset of U such that every member of X is a U-key of A, and let 
T be any member of X such that there is no member i? of X such that T ^ R holds. 
Then Tfl f (i,X) is nonempty, and (Tfl t {h{T})) holds. For by (viii) 
above, Tfl f (i, {T}) is nonempty. Let j be any member of Tfl | (i,{T}). Suppose 
j E {A hi (?'.X)) holds. Then there exists a member of X and a partition {i?,C} 
of A into two parts such that j E B holds, i E C holds, E intersects both B and C, 
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and E is the only member of U to intersect both B and C. Let E be such a member of 
X and {B, C} be such a partition of A. Suppose first E ^T. Then T only intersects 
one of B and C. And j G S imphes Br\T ^ ^ hence C n T = 0, hence T ^ E 
holds, but by assumption T ^ R does not hold for any member Rol X. Hence E — T 
must hold. But j e TTl t (i, {T"}) implies that j is a member of the same member of 
{B, C} as i for all partitions {B, C} of A into two parts such that T intersects both 
B and C, and T is the only member of U to intersect both B and C. Hence there is 
no member E of X such such that there exists a partition {B, C} of A into two parts 
such that j E B holds, i E C holds, E intersects both B and C, and E is the only 
member of U to intersect both B and C. Hence j Gt (^,-^) holds, and since this is 
true for all members j of Tn t {i, {T}), (Tn t {i, {T})) Ct {i,X) holds. And finally 
since every member of the nonempty set (Tfl | (i, {T})) is a member of T, Tfl | (i, X) 
is nonempty. 

(xi) Let X be any subset of U such that every member of X is a U-key of A, and let 
Z be the subset of X whose members are all the members T oi X such that there is 
no member R oi X such that T ^ R holds. Then A is equal to the disjoint union of 

I (i, X) =t (i, Z), and the sets {A ht (i, {T})) for all the members T of Z, (or in other 
words, t X) and the sets {A hf (i, {T})) for all the members T of Z, are all distinct 
from one another, and the set whose members are all these sets, is a partition of A). For 
let S and T be any two distinct members of Z, and if {A hf {i, {5*})) fl {A hj {i, {T})) 
is nonempty let k be any member of {A hf (i, {S})) fl {A hf {i, {T})). Then by (iii) 
above either S ^ T holds or T ^ S holds, contradicting the assumption that S and 
T are distinct members of Z. Hence (A hf {i, {5*})) fl {A hf {i, {T})) is empty. Now 
by definition, | {i,Z) is Htgz T (^){^})- Hence if A; is a member of {A hj (i, {T})) 
for some member T oi Z then /c is no^ a member of | (i, Z). Hence all these sets are 
mutually disjoint. Now let k be any member of A. Suppose first there exists a member 
T oi Z such that there exists a partition {B, C} of A into two parts such that k E B 
holds, i E C holds, T intersects both B and C, and T is the only member of U to 
intersect both B and C. Then k is not a member of t (i, {T}) hence k E {A hf (i, {T})) 
holds. Now suppose that for every member T of Z, and every partition {B, C} of A 
into two parts such that T intersects both B and C, and T is the only member of U 
to intersect both B and C, /c and i are members of the same member of {B, C}. Then 
k et {i, Z) holds. 
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(xii) Let X be any subset of U such that every member of X is a [/-key of A, let Z 
be the subset of X whose members are all the members E ol X such that there is no 
member it! of X such that E ^ R holds, and let S and T be any two distinct members 
of Z. Then no member of U intersects both {A {i, {S})) and {A (i, {T})). For 
{A ht (i, {S})) n {A ht (i, {T})) = holds by (xi) above, and it immediately follows 
from this that {A {i, {S})) Cf (i, {T}) holds and {A (i, {T})) Cf (i, {,5}) holds. 
And by (viii) above, S is the only member of U to intersect both [A hf (i, {S"})) 
and t and T is the on/y member of U to intersect both [A hf (i, {T})) 
and I (i, {T}). Hence if a member R ol U intersected both [A hj {i,{S})) and 
(^4 h| (i, {T})) then i? would have to be equal to both S and T, which is impossi- 
ble since by assumption S ^ T. 

(xiii) Let X be any subset of U such that every member of X is a U-key of A. Then 
no member of X is a U-key of t (i, X). For if there exists a member S oi X such that 
5" is a U-key of t (i,-'^), let 5" be such a member of X. Now if there is any member 
E oi X such that S ^ E holds, let E be such a member of X. Then there exists a 
partition {B, C} of A into two parts such that i E C holds, E intersects both B and 
C, E is the only member of U to intersect both B and C, and S does not intersect C. 
Hence no member of S is a member of f {i,X), hence SCl f {i,X) = 0, hence S is not 
a f/-key of t (^,^), contrary to assumption. Hence there is no member E of X such 
that S ^ E holds, hence by (x) above, S does intersect f {i,X). Now by (ix) above, 
S is not a [/-key of f (i, {5*}). Let Z be the set whose members are all the members 
T of X such that there is no member E of X such that T E holds. Then as just 
shown, S* is a member of Z. Hence by (xi) above, | {i, {S}) is equal to the disjoint 
union of f (i.Z) =| {i,X), and all the sets (^4 hf (i, {T})) for the members T of Z 
such that T ^ S. Now suppose {B.C} is a partition of | {i,X) =1 {i.Z) into two 
parts such that S intersects both B and C, and S is the only member of U to intersect 
both B and C. Then since by (x) above, every member of Z does intersect t 
every member of Z other than S intersects exactly one of B and C. Let J be the set 
equal to the disjoint union of B, and the sets {A hf (i, {T})) for all the members T 
of Z such that T ^ S and T n B ^ both hold, and let K be the set equal to the 
disjoint union of C, and the sets {A hf (i, {-R})) for all the members R of Z such that 
Ry^S and RnCy^$ both hold. Then {J, X} is a partition of t {-5}) into two 
nonempty parts such that S intersects both parts. Now suppose some member E of 
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U, such that E ^ S holds, intersects both J and K. Then E does not intersect both 
B and C, since by assumption S is the only member of U to intersect both B and 
C. And by (xii) above, E cannot intersect both {A \-] (i, {T})) and (A (i, {R})) 
for any two distinct members T and i? of Z. Hence either E intersects both B and a 
set (A ht (i, {R})), where is a member of Z such that R S and n C 7^ both 
hold, or else E intersects both C and a set {A hf (i, {T})), where T is a member of Z 
such that T ^ S and T f] B $ both hold. But in the first case E must also intersect 
t (i, {-R}), since S is a subset of t (i, {-R}), hence by (viii) above, E — R holds, hence 
£■ is a member of Z different from S, hence by assumption E does not intersect both 
B and C, but since E is equal to R this contradicts the assumptions that E (1 B and 
i? n C are both nonempty. And in the second case E must also intersect t (i, {T}), 
since C is a subset of f (i, {T}), hence by (viii) above, E = T holds, hence E is a 
member of Z different from S, hence by assumption E does not intersect both B and 
C, but since E is equal to T this contradicts the assumptions that E H C and T (1 B 
are both nonempty. Hence there is no member E of U such that E ^ S holds and E 
intersects both J and K, hence the assumption that S* is a U-key of | {i,X) implies 
that 5* is a 6'^-key of | (i, {S}), in contradiction with (ix) above. 

(xiv) Let X be any subset of U such that every member of X is a [/-key of A, and let 
{B, C} be any partition of | {i, X) into two parts such that no member of X intersects 
both parts. Let Z be the subset of X whose members are all the members S* of X 
such that there is no member R of X such that S ^ R holds. Let J be the set equal 
to the disjoint union of B, and the sets {A hf (i, {T})) for all the members T of Z 
such that i? n T 7^ holds, and let K be the set equal to the disjoint union of C, and 
the sets {A hf (i, {R})) for all the members R of Z such that C fl i? 7^ holds. Then 
{J,K} is a partition of A. and if E is any member of U such that E intersects both 
J and K, then E intersects both B and C. For (x) and (xi) above, together with the 
assumption that no member of X intersects both B and C, hence that no member of 
Z intersects both B and C, imply directly that {J, K} is a partition of A. Now let E 
be any member of U such that E intersects both J and K. Then since by (xii) above, 
E does not intersect both {A hf (i, {T})) and (^4 ht (i, {R})) for any two distinct 
members T and R of Z, either E intersects both B and C, or E intersects both B and 
the set {A hf (i, {R})), where R is some member of Z such that RdC is nonempty, 
or else E intersects both C and the set {A hf (i, {T"})), where T is some member of Z 
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such that T OB is nonempty. But if E intersects both B and the set {A hf {i, {R})), 
where is a member of Z, then E also intersects t (i, {R}) since B C| (i, {.R}) holds, 
hence by (viii) above E is equal to R, hence R intersects B, hence since by assumption 
no member of Z intersects both B and C, it! does not intersect C. And if E intersects 
both C and the set {A hf (i, {T"})), where T is a member of Z, then E also intersects 
t (i, {T}) since C C| (z, {T}) holds, hence by (viii) above E is equal to T, hence T 
intersects C, hence since by assumption no member of Z intersects both B and C, T 
does not intersect B. Hence E must intersect both B and C. 

(xv) Let X be any subset of U such that every member of X is a U-key of A. Then 
t (i,^) is [/-connected. For if there exists a partition {B,C} of t (i^X) into two 
nonempty parts such that no member of U intersects both parts, let {B, C} be such 
a partition of t {i,X). Then no member of X intersects both B and C. Let J and 
K be the sets constructed from B and C as described in (xiv) above. Then by (xiv) 
above, {J, K} is a partition of A into two nonempty parts such that no member of U 
intersects both parts, which is impossible since A is [/-connected. 

(xvi) Let X be any subset of U such that every member of X is a U-key of A, and 
let E be any member of U. Then is a U-key of t {i, X) ifif is a U-key of A such 
that E intersects t (i, X) and £■ is noi a member of X. For suppose first that £■ is a 
U-key of t (i,-'^). Then by (xiii) above, E is no^ a member of X. Let {B,C} be a 
partition of t (i, X) into two parts such that E intersects both B and C, and is the 
only member of U to intersect both B and C. Then no member of X intersects both 
B and C. Let J and K be the sets constructed from B and C as described in (xiv) 
above. Then by (xiv) above, {J,K} is a partition of A into two parts such that E 
intersects both parts and E is the only member of U to intersect both parts. Hence E 
is a [/-key of A. And furthermore, £' certainly intersects | (i, X) and, as already noted, 
E is not a member of X. Now let be any [/-key of A such that E intersects t {h X) 
and E is not a member of X. Let Z be the subset of X whose members are all the 
members T of X such that there is no member R of X such that T ^ R holds. Then 
E does not intersect {A hf (i, {T})) for any member T of Z, for if T was a member 
of Z such that intersected {A hj (i, {T})), then since j (^,X) C| (i, {T}) holds, 
would intersect both {A ht (i, {T})) and t (i, {T}), hence by (viii) above E would be 
equal to T, which contradicts the assumption that E is not a member of X. Hence 



147 



by (xi) above, E D A is a. subset of | (^5-^) =T {i,Z). Now the assumption that E 
is a U-kej of A imphes that there exists a partition {J,K} of A into two parts such 
that E intersects both J and K, and E is the only member of U to intersect both J 
and K. Let {J, K} be such a partition of A. Then J fl is nonempty. Let j be any 
member of J (1 E. Then j is a member of fl A hence since, as just shown, every 
member of E (1 A is a member of t (i, X), j is a member of | («, X), hence Jfl t (i, X) 
is nonempty and E intersects (Jfl ] {i, X)). And KCiE is nonempty hence again, since 
every member of E (1 A is a member of t hence every member of K (1 E is a 

member of t KCi t {i,X) is nonempty and E intersects [KCi | {i,X)). Hence 

{(Jn t ihX)) , {Kn t {i,X))} is a partition of j {i,X) into two nonempty parts such 
that E intersects both parts and E is the only member of U to intersect both parts. 
Hence E' is a U-kej of t («,X). 

We recall from page 11341 that if A is a set , f/ is a set such that every member of U 
is a set, and is a subset of U, then a U-firm over V component of A is a nonempty 
subset B of A such that B is ?7-firm over V and B is not a strict subset of any subset 
of A that is U-fiTm over V. 

Lemma 29. Let U he a set such that every member of [/ is a set, be a subset of U, 
A be a nonempty fZ-connected set, i be any member of A, and B be the subset of A 
whose members are all the members j of A such that for every U-kej E of A such that 
E ^ V holds, and every partition {J,K} of A into two parts such that E intersects 
both J and K, and E is the only member of U to intersect both J and K, j is a 
member of the same member of { J, K} as i is. Then i? is a U-fiim over V component 
of A. 

Proof. We define X to be the set whose members are all the f/-keys E of A such 
that E ^ V holds, and observe that the set B as defined above is then equal to the 
set I {i,X), where the function | (hX) is defined as in Lemma EHl Hence by (xv) 
of Lemma OHl B is ^/-connected, and by (xvi) of Lemma |2Hl every [/-key of i? is a 
member of V. Hence B is [/-firm over V. 

Now let C be any subset of A such that B G C holds. Then C \- B is nonempty. 
Let j be any member of C \- B. Then by the definition of B there exists a [/-key E 
of A such that E ^ V, and a partition {J,K} of A into two parts such that j E J 
holds, i E K holds, E intersects both J and i^, and E is the only member of U to 
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intersect both J and K. Let E be such a [/-key of A and {J, K} be such a partition 
of A. Then j is a member of J fl C hence J fl C is nonempty, and i is a member of 
K f\ C hence fl C is nonempty, hence {(J fl C) , {K fl C)} is a partition of C into 
two nonempty parts. And if E intersects both J fl C and K r\C ^ then E is a. U-key of 
C such that C ^V, hence C is not f/-firm over V , while if E does not intersect both 
J n C and n C, then no member of U intersects both J fl C and K r\C, hence C 
is not fZ-connected hence again C is not f/-firm over V . Hence i? is a f/-firm over V 
subset of A such that i E B holds, and B is not a strict subset of any U-fiim over 
subset of A, hence i? is a [/-firm over V component of A. 

Lemma 30. Let ?7 be a set such that every member of [/ is a set, be a subset of 
U, and B and C be any two distinct nonempty [/-firm over V sets such that -B fl C is 
nonempty. Then B U C is [/-firm over V. 

Proof. Let {J, K} be any partition of -BUC into two parts. Now by assumption BnC 
is nonempty. Let z be a member of -BflC. Then i is a member of exactly one member of 
{J, K}. Let M be the member of {J, K} that has i as a member, and let be the other 
member of {J, K}. Then both BCiM and CCiM are nonempty, and at least one of BCiN 
and C n is nonempty. Let be a member of {B, C} such that fl A^ is nonempty. 
Then {{W fl M) , {W fl A^)} is a partition of W into two nonempty parts hence the 
fact that W is [/-firm over V implies that there exists a member E of U such that E 
intersects both {W fl M) and {W fl A^), and furthermore since every [/-key of is a 
member of V, either E E V holds or else E is not the only member of U to intersect both 
{W n M) and {W n A^). Now {{W nM),{Wn N)} = {{W nJ),{Wn K)} holds 
hence ii^ is a member of U that intersects both J and K, and furthermore either 
E E V holds or else E is not the only member of U to intersect both J and i^T. 

Lemma 31. Let U he a set such that every member of [/ is a set, be a subset of 
[/, and A he a nonempty [/-connected set. Then the set whose members are all the 
[/-firm over V components of A, is a partition of A. 

Proof. Let F he the set whose members are all the [/-firm over V components of A. 
Then it follows directly from the definition of a [/-firm over V component of A that 
no member of F is empty. And it follows directly from Lemma IHUl that no two distinct 
members of F intersect one another, for if B and C are any two distinct nonempty 
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[/-firm over V subsets of A such that BCiC is nonempty, then by Lemma 1^ BUC is U- 
firm over V, hence both B and C are strict subsets of the f/-firm over V subset {B U C) 
of A, hence neither B nor C is a f/-firm over V component of A. And furthermore, 
every member of F is a subset of A, hence U (F) C A holds, and if i is any member 
of A, then by Lemma QUI there exists a member B of F such that i & B holds, hence 
ACU{F) holds, hence A = U{F) holds. 

Lemma 32. Let U he a, set such that every member of f/ is a set, be a subset of 
t/, A be a nonempty fZ-connected set, and / be any member of A. 

We define a binary relation, written — among the [/-keys of A as follows: 

If S and T are f/-keys of A, then S ^ T holds ifif there exists a partition {J, i^} 
of A into two nonempty parts J and K such that T intersects both J and i^, T is the 
on/?/ member of U to intersect both J and i^', and does not intersect the member of 
{J, K} of which / is a member. 

We note that this definition has the immediate consequence that S ^ S does not 
hold for any f/-key S of A, and that the definition of the relation — > depends implicitly 
on the member / of A. 

Let B be any ?7-firm over V component of A such that / is not a member of B, 
and let Z be the set whose members are all the ?7-keys E oi A such that E and 
E n 5 ^ both hold. 

Then there exists a unique member T oi Z such that there exists a partition {J, K} 
of A into two nonempty parts such that B (1 J holds, f & K holds, T intersects both 
J and and T is the on/?/ member of U to intersect both J and i^'. And this unique 
member T oi Z has the properties that S —>■ T holds for every member S oi Z different 
from T, T — s> S* does not hold for any member S of Z, and if R and S" are any members 
of Z such that S R holds, then R = T holds. 

Proof. We first note that the relation just defined is the same as the relation — 
defined in Lemma OHl if we choose the member i oi A with respect to which the relation 
— ^ was defined in Lemma 05} to be equal to /. Hence by (i) of Lemma |2Hl if S and T 
are any f/-keys of A, at most one oi S ^ T and T ^ S can hold. 

Now for any ordered pair [i, X) of a member i oi A and a subset X of U, let t {i, X) 
denote, as in Lemma EHl the set whose members are all the members j of A such that 
if E is any member of X, and {J, K} is any partition of A into two parts such that E 
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intersects both J and K, and E is the only member of U to intersect both J and 
then j is a member of the same member of {J, K} as i is. 

And let X be the set whose members are all the [/-keys E oi A such that is not 
a member of V . Then if i is any member of the [/-firm over V component B of A, it 
follows directly from Lemmas QUI and 1^ that B is equal to t {hX). 

And furthermore, the set Z, defined above to be the set whose members are all the 
[/-keys E oi A such that E ^ V and fl 5 7^ both hold, is equal to the subset of 
X whose members are all the members 5* of X such that there is no member R oi X 
such that there exists a partition {J,K} of A into two parts such that R intersects 
both J and K, B ^ K holds, R intersects both J and K, R is the only member of U 
to intersect both J and K, and S does not intersect K. For by definition Z is equal 
to the subset of X whose members are all the members E oi X such that E Ci B ^ ^. 
Let i be any member of B. We now use Lemma OHl with the i oi Lemma ESI identified 
with this member i of B, (so the relation of Lemma 1^ is now not the same as the 
relation — > defined above). Now it follows directly from the definition of B =| (hX) 
that if R is any member of X, and {J,K} is any partition of A into two parts such 
that R intersects both parts, and R is the only member of U to intersect both parts, 
then every member of B =1 {i,X) is a member of the same member of {J,K}, or in 
other words, B =1 {i,X) is a subset of one of the two members of {J,K}. Hence by 
(x) of Lemma |2Hl if S is any member of X such that there is no member R oi X such 
that there exists a partition {J,K} of A into two parts such that R intersects both 
parts, R is the only member of U to intersect both parts, B (1 K holds, and 5* does 
not intersect K, then S does intersect B =] {i,X), hence S* is a member of Z. And 
conversely, if S* is a member of Z, then S intersects B =1 {i,X), hence there is no 
partition {J, K} of A into two parts such that B (1 K holds and S does not intersect 
K. 

Hence by (vii) of Lemma 1^ B =1 {i, X) =| {i, Z) holds, and by (xi) of Lemma 1^ 
A is equal to the disjoint union of B =t {i,X) =| {i, Z), and the sets {A hf {i, {S})) 
for all the members S of Z. Hence since / is not a member of B, there is a unique 
member T oi Z such that / G (A hf {i, {T})) holds. Let T be the unique member 
of Z such that / G (A hj {i,{T})) holds. Now by (viii) of Lemma EH T intersects 
both {A hf {i, {T})) and f (z, {T}), and T is the only member of U to intersect both 
{A hi (z, {T})) and t {i, {T}). And furthermore, it follows directly from the definition 
of T ihX) = B that T ihX) C] {t,{T}) holds. Hence {{A ht {t,{T})),] {t,{T})} 
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is a partition of A into two parts such that / G (A hf [i, {T})) holds, B C| (i, {T}) 
holds, T intersects both parts, and T is the only member of U to intersect both parts. 
And if S is any member of Z different from T, then S intersects B =t {i, X), hence S 
intersects j {i, {T}), hence S does not intersect {A ht {i, {T})), hence S* — > T holds, 
where the relation — is defined with reference to / as in the statement of this Lemma. 
And furthermore, since S ^ T and T ^ S* do not both hold for any member 5* of 
Z, and S ^ S does not hold for any U-kej S of A, T —>■ S does not hold for any 
member S of Z. And finally, let R and S be any members of Z such that S —>■ R 
holds. Then there exists a partition {J,K} of A into two nonempty parts such that 
R intersects both J and K, R is the only member of U to intersect both J and K, f 
is a member of K, and S does not intersect K. Let {J, be such a partition of A. 
Then B =1 («, AT) is either a subset of J or a subset of K, hence since S intersects B 
and S does not intersect K, B is a subset of J. Now suppose that R ^ T holds. Then 
since T intersects 5, T intersects J, hence R^T implies that T does not intersect K. 
Hence T —>■ R holds which contradicts the fact that R ^ T holds. 

We recall from page 11341 that for every ordered pair {F, H) a wood F and a set H 
such that every member of if is a set, we define P {F, H) to be the set whose members 
are the members of Ai {F), together with any members yl of B [F) that satisfy both 
the following requirements: 

(i) A has at least one {M (F) U H)-kej E such that E ^ M (F) holds 

(ii) if B is any member of F such that B G A holds, then B is a subset of an 
{Ai {F) U if )-firm over Ai (F) component of A. 

And we recall from page 11351 that for any ordered pair {V, H) of a partition V such 
that U {V) is finite and # {V) > 2 holds, and a set H such that every member of H is 
a set, we define V {V, H) to be the set whose members are all the woods i^ of \^ such 
that every member A of B {F) is {V U ii)-firm over V . 

Lemma 33. Let V be any partition such that U iV) is finite and 7^ iV) > 2 holds, 
and let H be any set such that every member of ii is a set. Then V (V, H) is the set 
whose members are all the members i^ of ^ {V, H) such that B (P {F, H)) = holds. 

Proof. We note first that if every member of B (F) is {V U ii)-firm over V, then 
B(P(i^, ii)) = certainly holds. Hence to complete the proof it is sufficient to prove 
that if B (P (F, ii)) = holds then every member of B (F) is {V U ii)-firm over V. 
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Let F be any member of g (V, H) such that B (P (F, H))=^ holds. 

We first note that if A is any member of F such that there is no member B of F 
such that B G A holds, then A is a member of V, hence A is certainly {V U i7)-firm 
over V. 

We shall next show that if A is any member of F such that every member B of F 
such that B G A holds, is {V U if)-firm over V, then A is {V U if)-firm over V. 

Suppose y4 is a member of F such that every member B of F such that B G A 
holds, is {V U if)-firm over V, and A is not U if )-firm over Then A is not a 
member of \^ = {F), hence A gM {F) holds, and A has at least one {V U if )-key E 
such that E ^ V holds. Let B be any member of F such that B G A holds. Then by 
assumption, i? is (V^ U ii)-firm over V. Now i? is a member of F, hence B is nonempty, 
and by Lemma 1^ the set whose members are all the {V U ii) -firm over V components 
of A, is a partition of A. Let z be a member of B, and let C be the unique {V U ii)-firm 
over V component of A of which z is a member. Then B (1 C has the member i hence 
is nonempty, hence by Lemma IHUl i? U C is U ii)-firm over V, hence the fact that 
C is a (y U ii)-firm over V component of A implies that B G C holds. Hence A is a 
member of B (F) such that A has at least one {V U ii)-key E such that E ^ V holds, 
and such that if B is any member of F such that B G A holds, then i? is a subset 
of a (V^ U ii)-firm over V component of A. Hence A is a member of B (P {F, H)), in 
contradiction with the assumption that B (P {F, H)) = holds. 

Hence, as stated, if A is any member of F such that every member B of F such 
that B G A holds, is {V U ii)-firm over V, then A is {V U ii)-firm over V. 

Now for each member A of F, let ua denote the number of members B of F such 
that B G A holds. Then ra^ > holds, and if = holds then A is U ii)-firm 
over V. 

Now let m be any integer > and suppose that every member B of F such that 
ub < m holds is {V U ii)-firm over V . Then every member A of F such that ua < 
(m + 1) holds is (V U ii)-firm over V . For if < (m + 1) holds, then every member 
B of F such that B G A holds satisfies ub ^ fn hence is {V U ii)-firm over V, and as 
just shown this implies that A is {V U ii)-firm over V. 

Hence, by induction, every member A of i^ is U ii)-firm over V. 

We recall from page 11341 that if ii is a set such that every member of ii is a set, 
and i^ is a wood, then we say that F is ii-principal ifif every member A of B (F) is 
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[Ai [F) U iJ)-connected, every member A of B (F) has at least one [Ai (F) U iJ)-key 
E such that E ^ M. (F) holds, and if A is any member of B (F) and B is any member 
of F such that B C A holds, then _B is a subset of an {M (F) U i7)-firm over M (F) 
component of A. 

And we recall from page 11351 that for any ordered pair (V, H) of a partition V such 
that U {V) is finite and # {V) > 2 holds, and a set H such that every member of H is 
a set, we define W (V, H) to be the set whose members are all the if-principal woods 
of V. 

And we also recall from page 11351 that for any ordered pair {G, H) such that H is 
a set such that every member of if is a set, and G is an if-principal wood, we define 
O (G, H) to be the set whose members are all the members F of Q {Ai (G) , H) such 
that G C P (F, H) holds, and we note that O (G, H) is the set whose members are all 
the members F of Q {Ai (G) , H) such that G ^ F holds, and if A is any member of 
B (G) and B is any member of F such that B G A holds, then i? is a subset of an 
{Ai {F) U if)-firm over At (F) component of A. 

Lemma 34. Let V be any partition such that U {V) is finite and # {V) > 2 holds, 
let if be a set such that every member of if is a set, and let be a map such that 
g {V, H) CV (J) holds and 7^ ( J) C M holds. Then the following identity holds: 

F&V{V,H) G£W{V,H) Fm{G,H) 

Proof. We first note that if G is any member of W (V, if) and F is any member of 
K(V,G), (or in other words, if F is any wood of V such that F ^ G holds), then it 
follows directly from the definition of a principal wood of V that F E W {V, H) holds. 

Now let F be any member of Q {V,H). We calculate the coefficient of F in each 
side of the above equation. 

Now by Lemma 1221 the coefficient of F in the left-hand side is 1 if B (P {F, if)) = 
holds, and otherwise. 

In the right-hand side we calculate the coefficient of F in terms of # (B (P {F, H))). 
Now F is a member of O (G, H) for all members G of W {V, H) such that G C P (F, H) 
holds, and for no member G of W {V, if) such that G is not a subset of P (F, if), hence 
the coefficient of F in the right-hand side is equal to the sum of (— over all 
members G of W {V, H) such that G C P (F, H) holds. But P (F, H) is a principal 
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wood of V hence, as noted above, every wood G of V such that G C P [F, H) holds 
is a member of W (V", H), hence the coefficient of F in the right-hand side is equal to 
the sum of (_ over all members G of K (V, P (F, if)), which is equal to 1 if 
# (B (P {F,H))) = Q holds, and equal to otherwise. 

Lemma 35. Let V be any partition such that lA iV) is finite and ^ iV) > 2 holds, let 
H be any set such that every member of if is a set and U {V) is {V U ii)-connected, 
let G be any member of yV{V,H), and let Y be the set whose members are all the 
{V U if)-firm over V components of the members of B (G), together with the set U {V). 
Then the following results hold: 

(i) Let B be any member of {Y \- {V U {1{{V)})). Then y{G,B) is a member of 
B (G), i? is a (V U if)-firm over V component of y (G, B), and moreover y (G, B) is 
the only member A of G such that B is a {V U ii)-firm over V component of A. For 
B (y) holds hence by the definition of Y there exists a member A of G such that 
i? is a U ii)-firm over V component of A, hence in particular there exists a member 
A of G such that B (1 A holds, hence by definition y (G, B) is the smallest member A 
of G such that B (1 A holds, and moreover, since B is not a member of V, y (G, B) 
is a member of B (G) = (G \~ V). Now let A be any member of G such that i? is a 
{V U if)-firm over V component of A. Then A is a member of G such that B C A 
holds, hence y (G, B) C A holds, hence A is a member of B (G). Now if y (G, B) C A 
held, then by the definition of an if-principal wood of V, y (G, B) would be a subset 
of a (V^ U ii)-firm over V component of A, hence since y (G, B) is a member of B (G), 
hence by the definition of an if-principal wood of V, y (G, B) is not {V U ii)-firm 
over V, hence B is a. strict subset of y (G, B), B could not be a U ii)-firm over V 
component of A. Hence y (G, B) G A cannot hold, hence 3^ (G, B) = A holds. 

(ii) yes {V) holds, or in other words, every member i? of F is a nonempty subset 
of U {V) such that B neither overlaps any member of V nor is a strict subset of any 
member of V. For every member of Y is certainly a nonempty subset of U (V), and 
moreover is a subset of H {V) and U (V) is a member of H {V). Now let B be any 
member of (F h (V U {U (V)})). Then by (i) above, y (G, B) is a member of B (G), 
and B is a {V U ii)-firm over V component of y (G, B). Let i be any member of B. 
Then since y (G, B) is {V U ii)-connected, it follows directly from Lemmas 1^ and IHTl 
that B is equal to the set whose members are all the members j of y (G, B) such that 
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for every {V U H)-kej E ofy [G, B) such that E holds, and every partition {J, K} 
of 3^ (G, B) into two parts such that E intersects both J and K, and E is the only 
member of {V U H) to intersect both J and j is a member of the same member of 
{J, i^} as i is. Let C be any member of V and let j and /c be any members of C. Then 
if { J, i^"} is any partition of y {G, B) into two nonempty parts such that some member 
E of {V U H) such that E ^ V holds is the only member of {V U H) to intersect both 
parts, j and k must be members of the same member of {J,K}, since otherwise the 
member G of V would intersect both parts. Hence j is a member of B ifif A; is a 
member of B, hence either every member of C is a member of B or no member of G 
is a member of B, hence either G B holds or C fl i? = holds. 

(iii) The set G U F is a wood of V. For G is a wood of V, and by (ii) above, every 
member of F is a member of H {V), hence GUY will be a wood of V provided that no 
member of Y overlaps any member of GUY. Now certainly no member of V overlaps 
any member of G UY, and U {V) overlaps no member of G UY. Now let B be any 
member of (F h U {U (V)})). Then by (i) above, y (G, B) is a member of B (G), 
and B is a {V U if)-firm over V component of 3^ (G, B). Let G be any member of GUY. 
Then G is either equal to U {V) or else is a member of G or else is a (l^ U /7)-firm over 
V component of some member of G. Now if G is equal to U {V) then y (G, B) (1 G 
holds, and if G is a member of G then either 3^ (G, 5) n G = holds or y (G, 5) C G 
holds or G C 3^ (G, 5) holds. Now suppose that G is a (V U i^)-firm over V component 
of a member A of G. Then either y{G,B)nA = ^ holds or y (G, B) C A holds or 
A C 3^ (G, 5) holds, and if y {G, B) f] A = ds holds then 3^ (G, 5) n G = holds and if 
Acy{G, B) holds then G C 3^ (G, B) holds. Suppose now that 3^ (G, B) (Z A holds. 
Then either 3^ (G, 5) = A holds, in which case G C 3^ (G, 5) holds, (hence either 
C = y{G,B) holds, hence y{G,B) C G holds, or else G C y{G,B) holds), or else 
y (G, 5) C v4 holds. Suppose now that 3^ (G, i?) C A holds. Then by the definition of 
an iZ-principal wood of V, y (G, B) is a subset of a (V U /7)-firm over V component of 
A, hence since, by Lemma 1^ the distinct {V U if)-firm over V components of A do not 
intersect one another, either y (G, B) fl G = holds or y (G, B) C G holds. Hence in 
every case, either 3^ (G, 5) nG = holds or y (G, B) C G holds or G C 3^ (G, B) holds. 
And if 3^ (G, 5) n G = holds then n G = holds, and if y (G, B) C G holds then 
B (1 G holds, while if G C 3^ (G, B) holds then G is certainly not equal to U {V), hence 
G is either a member of G or else is a (l^ U iJ)-firm over V component of some member 
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of G, and if C is a member of G then by the definition of an if-principal wood of V, C 
is a subset of a (V U if)-firm over V component of y (G, B), hence either S fl C = 
holds or C C 5 holds, since i? is a (V^ U iJ)-firm over V component of y {G, B), and if 
C is a (V U if)-firm over V component of a member A of G, then either A = y {G, B) 
holds or A C y{G,B) holds, (since A does not overlap y{G,B), An y{G,B) has 
the nonempty subset C, and if y {G, B) G A held then by the definition of an H- 
principal wood of V, y {G, B) would be a subset of a {V U /7)-firm over V component 
of A, hence G G y {G, B) implies that G could not be equal to a (l^ U if )-firm over 
V component of A), and if A = y {G, B) holds, then both B and G are {V U if )-firm 
over V components of y {G, B), hence either B = G holds or i? n C = holds, and if 
A G y {G, B) holds, then by the definition of an ii-principal wood of V, A is a subset 
of a {V U ii)-firm over V component of y {G, B), hence either i? fl C = holds or 
G B holds, since B is a {V U ii)-firm over V component of y {G, B). 

(iv) Let B and G be any two distinct members of {Y h G). Then 'E.(V{G,B)) fl 
E {V {G, G)) = holds. For by the definition of the function E on pageEB 2 {V {G, B)) 
is the set whose members are all the subsets D of the set U {V {G, B)) = B such that 
D neither overlaps any member of V {G, B) nor is a strict subset of any member 
of V{G,B), (so that if S is any member of V{G,B), then either S D holds or 
n i) = holds). And similarly, E {V {G, G)) is the set whose members are all the 
nonempty subsets D of G such that if S is any member of V {G, G), then either S C D 
holds or S" n i) = holds. Now since B and G are two distinct members of {Y \- G), 
at most one of B and G can be equal to U{V). Suppose B = U iV) holds. Then 
C is a member of {Y \- {V U {U (V)})), hence by (i) above, y (G, G) is a member of 
B (G), and G is a (l^ U ii)-firm over V component of y (G, G). Hence since, by the 
definition of an if-principal wood of V, no member of B (G) is {V U ii)-firm over V, 
G is a strict subset of the member 3^ (G, G) of G. Now i? is a member of {Y h G), 
hence B = U iV) implies U iV) is not a member of G. Hence every member of G is 
a strict subset of U {V) hence, by page 1221 every member of G is a subset of some 
member of V {G^U {V)) = V (G, B), hence since G is a strict subset of some member 
of G, every member of S(P(G, G)) is a strict subset of some member of V{G,B), 
hence since no member of E (V (G, B)) is a strict subset of any member of V (G, B), 
E {V (G, fi))nS (P (G, G)) = holds. Now suppose neither B nor G is equal toU{V). 
Then B is a member of {Y \- {V U {U {V)})) hence by (i) above, 3^ (G, B) is a member 
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of B [G), B is a {V U iJ)-firm over V component of y {G, B), and y [G, B) is the only 
member A of G such that B is a {V U i7)-firm over V component of A, and C is a 
member of {Y h U {U (V)})) hence by (i) above, y {G, G) is a member of M{G),G 
is a {V U H)-G.Tm over V component of y {G, G), and 3^ (G, G) is the only member A of 
G such that G is a (V U /7)-firm over V component of A. Now since G is a wood, either 
3^ (G, B)ny (G, G) = holds or 3^ (G, B) = y (G, G) holds or 3^ (G, B) c y (G, G) 
holds or 3^ (G, G) C 3^ (G, 5) holds. Now if 3^ (G, B) n y (G, G) = holds then 
E {V (G, 5)) n H (P (G, G)) = holds. Suppose now that y (G, B) = y (G, G) holds. 
Then B and G are two distinct {V U if)-firm over V components of A hence by Lemma 
EB 5 n G = holds hence E{V{G,B)) n S(P(G,G)) = holds. Now suppose 
y (G, B) G y (G, G) holds. Then by the definition of an if-principal wood of V, 
y{G,B) is a subset of a (V U iJ)-firm over V component of 3^(G, G), hence since 
y (G, B) is a member of B (G) hence is not (V U i7)-firm over V, hence cannot be 
equal to any {V U if)-firm over V component of 3^ (G, G), 3^ (G, B) is a strict subset 
of some U if )-firm over V component of 3^(G, G), hence since G is a {V U H)- 
firm over V component of 3^(G, G), either y{G,B) fl G = holds or y{G,B) is a 
strict subset of G. Now if 3^ (G, 5) n G = holds then 5 n G = holds hence 
E{V{G,B)) nH(P(G,G)) = certainly holds. Now suppose that y{G,B) C G 
holds. Then, by page 123 y (G, B) is a subset of some member of V (G, G) hence, 
since B is a (V U if)-firm over V component of 3^ (G, B) and y (G, B) is a member 
of B (G) hence is not {V U if)-firm over V, hence B G y (G, B) holds, S is a strict 
subset of some member of V{G,G), hence every member of S(P(G, 5)) is a strict 
subset of some member of V (G, G), hence since no member of H {V (G, G)) is a strict 
subset of any member of V (G, G), S (P (G, 5)) n S (P (G, G)) = holds. And finally, 
if y (G, G) C 3^ (G, 5) holds, then E {V (G, 5)) n S (P (G, G)) = holds again by an 
analogous argument. 

(v) Let B be any member of {Y h G) and G be any member of (F fl G). Then G 
is not a member of E{V{G,B)). For by the definition of an ii-principal wood of 
V, no member of B (G) is {V U /f)-firm over V, hence the members of {Y fl G) are 
any members of V that are {V U i7)-firm over V components of members of B (G), 
together with the set U {V) if U {V) is a member of G. Suppose first that B is equal 
to U(y). Then U (V) is not a member of G, hence every member of G is a strict 
subset of lA iy), hence by page ESI every member of G is a subset of some member of 
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V {G,l/( {V)) = V [G, B), and furthermore, C is a (l^ U if)-firm over V component of 
some member of IB (G), hence C is a strict subset of some member of B (G), hence G is 
a strict subset of some member of V {G, B), hence G is not a member of S {V {G, B)). 
Now assume B is not equal to U {V), so -B is a member of (Y \- {V U {U (V)})), hence 
by (i) above, 3^ {G, B) is a member of B (G), 5 is a (V U H)-f\im. over V component 
of y {G, B), and y {G, B) is the only member A of G such that B is a {V U if)-firm 
over V component of A. Suppose first that G is equal to U {V). Then since B is not 
equal to U (V), hence 5 is a strict subset of U {V), every member of H (V (G, B)) is 
a strict subset of U {V), hence U {V) is certainly not a member of S {V {G, B)). Now 
assume G is not equal to U (V), so G is a member of V that is a (V U i^)-firm over V 
component of some member of B (G). Let A be a member of B (G) such that G is a 
{V U H)-fLTm. over V component of A. Then since G is a wood, either y (G, -B) = 
holds or y (G, B) = A holds or y (G, B) C A holds or A C y (G, B) holds, and if 
3^ (G, -B) n A = holds then G is certainly not a member of S (P (G, 5)). Suppose now 
that y (G, B) = A holds. Then 5 is a U if)-firm over V component of y (G, B) 
such that B is not a member of V, and G is a U if)-firm over V component of 
y (G, B) such that G is a member of V, hence since, by Lemma 1^ distinct {V U H)- 
firm over V components of y (G, B) do not intersect one another, G is not a member 
of S (P (G, -B)). Now suppose that y (G, -B) C A holds. Then by the definition of an 
iZ-principal wood of V, y (G, B) is a subset of some {V U iJ)-firm over component 
of A, and since 3^ (G, 5) is a member of B (G) and G is a member of V, y (G, B) is a 
subset of some {V U if )-firm over V component of A that is not equal to G hence, again 
by Lemma 1^ y (G, B) does noi intersect G, hence G is not a member of S (P (G, -B)). 
And finally suppose that A G y (G, i?) holds. Then by the definition of an if-principal 
wood of V, A is a subset of some {V U if)-firm over V component of y (G, B), hence 
either A fl -B = holds or A C B holds, and if A fl -B = holds then G is certainly not 
a member of S {V (G, B)). Suppose now that A C B holds. Then since A is a member 
of B (G) hence is not {V U if)-firm over V, and B is {V U iJ)-firm over V^, A is a sMci 
subset of B hence, by page 1221 ^ is a subset of some member of V (G, B) hence, since 
G is a member of V hence is a strict subset of A, G is a strict subset of some member 
of V (G, B), hence G is not a member of E {V (G, B)). 

(vi) Let F be any member of 0{G,H), or in other words, let F be any member of 
g {V, H) such that G C P (F, H) holds, and let B be any member of {Y h G). Then 
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FnE{V {G, S)) is a member of Q {V {G, B),H). For no member of F n S (P {G, B)) 
is empty, and since G C. F holds, every member of V {G, B) is a member of F, hence 
every member of V (G, B) is a member of FnS (V {G, B)) hence, since no two members 
of F overlap one another, hence no two members of F r\E{V (G, B)) overlap one 
another, F r\E{V (G, B)) is a wood of V (G, B). And furthermore the fact that every 
member of F is {V U if)-connected implies that every member of F n S (P (G, B)) is 
{V (G, B) U //)-connected, for if G is any member of FnS {V (G, B)) and {J, K} is any 
partition of G into two nonempty parts, then there exists a member E of {V U H) such 
that E intersects both J and K. Let F be a member of (V U H) such that E intersects 
both J and K. Then if F is a member of H, E is a, member of {V (G, B) U H), while 
if F is a member of V, then E is either a subset of or disjoint from each member 
of F, hence since G is a member of S('P(G, -B)) and E intersects G, E intersects 
some member of V (G, B) hence is a subset of that member of V (G, B), and if S is the 
member of V (G, B) that contains F as a subset, then 5* is a member of {V (G, B) U H) 
that intersects both J and K. 

(vii) Let F be any member of 0{G,H), or in other words, let F be any member 
of g {V, H) such that G C P (F, H) holds. Then F is equal to the disjoint union of 
the sets F fl 3(7^ {G,B)) associated with all the members B of {Y \- G), together 
with the set (YDG), or in other words, the set whose members are the sets F fl 
S(P(G, -B)) associated with all the members B of {Y h G), together with the set 
(y n G), is a partition of F. For if B and G are any two distinct members of {Y h G), 
then S {V (G, B)) n S (P (G, G)) = holds by (iv) above, hence {FnE{V (G, B))) f] 
(F n S (G, G))) = certainly holds. And if B is any member of (Y h G) and G 
is any member of {YdG), then by (v) above, G is not a member of 'E{V{G,B)), 
hence G is certainly not a member of F fl S (P (G, -B)), hence if B is any member of 
{Y h G), then (F n 5 (P (G, 5))) n (F n G) = certainly holds. Now G C P (F, H) 
implies that if A is any member of B (G), and G is any member of F such that C G A 
holds, then G is a subset of some {V U iif)-firm over V component of A. Now let G be 
any member of F, and suppose first that there is no member ^4 of G such that C <Z A 
holds. Then either G is equal to U (V), or else C <ZU (V) holds and U (V) is not a 
member of G. Suppose first that G is equal to U (V). Then if U (V) is a member of G, 
C — U (y) is a member of (y n G), while if U (V) is not a member of G, then U (V) is a 
member of {Y h G), and C — U {V) is a member of S [V (G, W (V^))) Now suppose that 
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C G U {V) holds, hence that U {V) is not a member of G, since by assumption there 
is no member A of G such that G G A holds. Then U (V) is a member of (Y \- G). 
Now G C U (y) certainly holds. Let S be any member of V{G^U(y)). Then S is 
a member of F since G G F holds, hence S does not overlap C, hence since G d S 
does not hold by assumption, either S' C C holds or 5 fl C = holds. Hence G is 
a member of S (P {G,U iV))). Now let C be any member of F such that there does 
exist a member A of G such that G <Z A holds. Let A be the smallest member of G 
to contain C as a strict subset. Now G <Z A holds hence A cannot be a member of 
V , hence A is a member of B (G) hence, as noted above, the fact that G is a subset of 
P (F, H) implies that G is a subset of some (V^ U H)-f\im. over V component of A. Let 
B be the (V^ U if)-firm over V component of A that contains G as a subset. Then if B 
is a member of V , the facts that G B holds and that G is a member of F, hence that 
G is a member of H (V^), imply that G = B holds, and the facts that A is a member 
of B (G) and that i? is a member of V, hence that 5 is a member of G, imply that B 
is a member of {Y (1 G), hence that G is a member of {Y (1 G). Now suppose that B 
is not a member of V, and let S be any member of V (G, B). Then S* is a member of 
F hence S does not overlap G, and G C S cannot hold, for if G C S' did hold then A 
would not be the smallest member of G to contain G as a strict subset, contrary to 
assumption. Hence since G <^ B implies that G is a subset of U (V (G, B)) = B, G is 
a member of H {V (G, B)). 

(viii) Let J be any map such that T> (J) = (Y h G) holds, and such that for each 
member B of (Y \- G), Jb is a member of Q{V{G,B),H). Then the set F = 
(UBG(y hG) "^^j U (F n G) is a member of O (G, H), or in other words, F is a member 
of Q {V, H) such that G F holds, and if A is any member of B (G) and G is any 
member of F such that G G A holds, then G is a subset of some {V U if )-firm over V 
component of A. 

For we first note that U (F) C U (V) holds, and furthermore, if B is any member 
of {Y h G), then Jb is a subset of S (V (G, B)), and V (G, B) is a partition that is a 
subset of H (y), hence by the observation at the top of page 1221 Jb is a subset of S (V). 

Hence, since {Y fl G) is certainly a subset of H (V), F is a subset of S (V^). 

We next note that G is certainly a member of O (G, if), hence by (vii) above, (with 
the wood F of (vii) above taken as G), G is equal to the disjoint union of the sets 
GnE{V (G, B)) for the members B of {Y h G), together with the set {YnG). But 
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for B E (Y \- G) the set G fl S (V {G, B)) is equal to V {G, B), and hence is a subset 
of Jb, hence G is a subset of F. 

Hence, in particular, is a subset of F. 

Now let C and D be any members of F. We first note that if either C or D is a 
member of (Y HG), then since (Y fl G) is a subset ofVU{U (V)}, and F is a subset of 
H {V), and no member of S {V) overlaps either U {V) or any member of V, G and D do 
not overlap. Suppose now that neither G nor D is a member of {Y (1 G). Then since, 
by (iv) above, the sets H {V {G, B)) for distinct members B of {Y h G) do not intersect 
one another, there exists a unique member S of {Y \- G) such that C is a member of 
Js, and there exists a unique member T of {Y \- G) such that D is a member of Jt- 
Let S be the unique member of {Y h G) such that G E Js holds, and let T be the 
unique member of {Y h G) such that D E Jt holds. Then if S is equal to T, both 
G and D are members of the wood Js = Jt, hence G does not overlap D. Suppose 
now that 5* is not equal to T. Then since, by (iii) above, GUY is a. wood of V, either 
5 n T = holds or ^ C T holds or T C 5 holds. We first note that if 5 n T = holds, 
then G n D = ^ holds. Suppose now that S G T holds. Then 5* is certainly not equal 
to U {V), and 5 is a member of {Y h G) hence 5* is not a member of V, hence by (i) 
above, y (G, S) is a member of B (G), and S" is a (V^ U /7)-firm over V component of 
y (G, S). Suppose first that T is equal to U (V). Then since T is a member of (Y h G), 
U (y) is not a member of G, hence y (G, S) is a strict subset of U (V), hence by page 
121 there is a unique member E of V {G,U {V)) = V {G,T) such that 3^ (G, S) C E 
holds. Let E be the unique member of V (G, T) such that y (G, S) E holds. Then 
since D is a member of S {V (G, T)), either E (1 D holds or E Ci D = ^ holds, and if 
E CD holds then G C D holds, while if E n D = holds then G n D = holds. Now 
suppose that T is not equal toU {V), hence that T is a member of (Y h (V^ U {U (V)})). 
Then by (i) above, y (G, T) is a member of B (G), and T is a (V^ U /7)-firm over V 
component of y{G,T). Now S C T implies that y{G,S) C y(G,T) holds, and by 
Lemma 1^ the distinct {V U if)-firm over V components of y (G, T) do not intersect 
one another, hence y{G,S) cannot equal y{G,T), (for if y{G,S) = y{G,T) held 
then S and T would be two distinct {V U iJ)-firm over V components of 3^ (G, T) such 
that S nT = S is nonempty), hence y (G, S) C y (G, T) holds, hence by the definition 
of an if-principal wood of V, y (G, S) is a subset of a (l^ U if)-firm over V component 
of y (G, T), hence since y (G, S) HT has the nonempty subset S, y (G, S*) C T holds 
by Lemma 1^ Now y (G, S) is a member of B (G) hence is not {V U if)-firm over V, 
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hence y (G, S) is not equal to T, hence y (G, S) C T holds, hence by page |2S1 there 
exists a unique member E of V {G, T) such that y {G, S) C E holds, (just as in the 
case where T was equal to U (V)). Let E be the unique member of V {G, T) such that 
y {G, S) E holds. Then since D is a member of H {V {G, T)), either E ^ D holds 
or E n = holds, and if E C D holds then G CD holds, while if E n D = holds 
then C n D = holds. 

And if T C 5* holds, we find by an exactly analogous argument that either D C G 
holds or D n C = holds. 

Hence F is a subset of H iV) such that V C F holds and no two members of F 
overlap, hence F is a wood of V , and furthermore G C F holds, as shown on page 11611 

Now every member of G is {V U iJ)-connected by the definition of an if-principal 
wood of V, hence in particular every member of (Y fl G) is {V U /f)-connected, and 
furthermore U {V) is {V U if)-connected by assumption. Now let B be any member of 
{Y h G) and let G be any member of Jb- Then C is a member of S {V {G, B)) such that 
G is {V {G, B) U //)-connected. Let {J, K} be any partition of G into two nonempty 
parts. Then there exists a member E of {V {G, B) U H) such that E intersects both 
J and K. Let F be a member of {V {G, B) U H) such that E intersects both J and 
K. Then if F is a member of H, E is a member of {V U H) such that E intersects 
both J and K. Suppose now that F is a member of V {G, B). Then since E intersects 
C, and C is a member of E {V {G, B)), E C G holds, hence {{E n J) , {E n K)} is a 
partition of E into two nonempty parts, hence since F is a member of G hence E is 
{V U iJ)-connected, there exists a member M of (V^ U H) such that M intersects both 
{E n J) and {E fl K), and any such member M of (V^ U H) is a member of {V U H) 
that intersects both J and K. 

Hence every member of F is {V U i/)-connected, hence F is a member of Q (V, H). 

Now let A be any member of B (G) and G be any member of F such that G d A 
holds. Suppose first that C is a member of (F fl G). Then C is a member of G, hence 
by the definition of an if-principal wood of V^, C is a subset of a (V U H)-f\im. over V 
component of A. Now suppose there exists a member B of {Y \- G) such that C is a 
member of Jb- Then since, by (iv) above, the sets S (V {G, B)) for distinct members B 
of {Y h G) do not intersect one another, there exists a unique member B of {Y \- G) 
such that C is a member of Jb- Let B be the unique member of [Y h G) such that G is 
a member of Jb- Now by (iii) above, B does not overlap A, and BCiA has the nonempty 
subset G, hence B HA is nonempty, and C is a member of S (V {G, B)), hence A G B 
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cannot hold, for ii A G B held then by page 1231 A would be a subset of some member 
of V {G,B), hence C d A would imply that C is a strict subset of some member of 
V {G,B), which contradicts C G H (P {G,B)). Hence B ^ A holds hence, since A is 
a member of G, and B is not a member of G, hence B is not equal to A, B G A 
holds. Hence B is certainly not equal to U (V), hence since B is a member of {Y h G) 
hence 5 is a member of {Y \~ V), it follows from (i) above that 3^ (G, B) is a member 
of B (G), and that B is a {V U /f)-firm over V component of 3^ (G, B). Now 3^ (G, B) 
does not overlap A, hence since B G A holds and y (G, B) is the smallest member 
of G to contain i? as a subset, 3^ (G, B) G A holds. Suppose first that 3^ (G, B) = A 
holds. Then 5 is a (V U iJ)-firm over V component of A = y{G,B), hence since 
G is a subset of 5, G is a subset of a {V U i7)-firm over V component of A. Now 
suppose that y (G, B) G A holds. Then by the definition of an if-principal wood of 
V, y (G, B) is a subset of a (V U if)-firm over V component of A, hence since G is a 
subset of 3^ (G, 5), G is a subset of a U if )-firm over V component of A. 
Hence F is a member of O (G, H). 

(ix) Let X be the set whose members are all the maps J such that T) (J) is equal to 
{Y h G), and for each member B of {Y h G), Jb is a member of Q {V (G, B) , H), let 
E be the map such that V {E) = X holds and such that for each member J of X, 
Ej = ^U_Be(y hG) ■JbJ U (F n G) holds, and let M be the map whose domain is equal to 
O (G, H), and such that for each member F of O (G, H), Mp is the map whose domain 
is {Y h G), and such that for each member B of {Y \- G), MpB = {^f)b equal to 
-F n H (P (G, B)). Then F is a bijection whose domain is X and whose range is equal 
to 0(G, if), M is a bijection whose domain is 0{G,H) and whose range is equal to 
X, and M is the inverse of E and E is the inverse of M. 

For by (viii) above, 7^ (F) C O (G, H) holds. Now let F be any member of O (G, H). 
Then by (vi) above, for each member B of [Y h G), i^ fl S (P (G, B)) is a member of 
Q {V (G, B) , H). Hence TZ (M) is a subset of X. And furthermore, by (vii) above, for 
each member i^ of O (G, H), 

EM,= i U M^B)u(rnG)=[ U (FnH(p(G,i?))) I u(FnG) 

is equal to F. Thus every member i^ of O (G, H) is a member of TZ (E), hence TZ (E) 
is equal to O (G, H). Now let J and K be any two distinct members of X. Then since. 
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for every member 5 of (F h G), C E{V{G,B)) holds and Kb C E{V{G,B)) 
holds, and by (iv) above, the sets S (V {G, B)) for distinct members B oi {Y \- G) do 
not intersect one another, and by (v) above, the set {Y fl G) does not intersect the set 
H {V {G,B)) for any member B of {Y \- G), and furthermore, the fact that J is not 
equal to K implies that there is at least one member B of {Y h G) such that Jb is not 
equal to Kb, Ej is not equal to Ek- Hence for each member F of O (G, H), there is 
exactly one member J of X such that Ej is equal to F, hence, since TZ (E) is a subset 
of O {G, H), E is a. bijection whose domain is X and whose range is equal to O {G, H). 
Finally we note that the facts that TZ {E) is a subset of O {G, H), TZ (M) is a subset of 
X, and that for each member F of O (G, H), Emp is equal to F, and that for any two 
distinct members J and K of X, Ej is not equal to Ek, together imply that TZ (M ) is 
equal to X, for if (X h TZ (M)) was nonempty and J was a member of {X h TZ (M)), 
then since Mej is a member of TZ (M) , J and Mej would be two distinct members of 
X such that Ej = Em^j held. Hence M is a bijection whose domain is O {G, H) and 
whose range is equal to X, and M is the inverse of E and E is the inverse of M. 

Lemma 36. If f/ is a set such that every member of ?7 is a set, A is a ^/-connected 
set, F is a f/-key of A such that i^{E) = 2, {B,G} is a partition of A such that 
Br\E^^,Gr\E^(l}, and E is the only member of U to have nonempty intersection 
with both B and G, and {J, K} is a partition of A such that JPiE^^,Kr\E^^, 
and E is the only member of U to have nonempty intersection with both J and K, 
then {B,G} = {J,K}. 

Proof. Suppose {B, G} ^ {J, K}. Then either B (1 J and B (1 K are both nonempty, 
or G n J and G (1 K are both nonempty. For B H J and G (1 J cannot both be empty 
since {B (1 J) U {G Ci J) = J, and B (1 K and G (1 K cannot both be empty since 
{BnK)U {Gn K) = K, and if B n J and G n K are both empty then B = K 
holds and G = J holds hence {B,G} = {J,K} holds, contrary to assumption, and if 
B n K and G (1 J are both empty then B = J holds and G = K holds hence again 
{B, G} = {J, K} holds, contrary to assumption, hence every case where at least one of 
B n J and BdK is empty and at least one of G fl J and G fl is empty, is excluded. 

Suppose now for definiteness that BClJ and BClK are both nonempty. Then since B 
is [/-connected by Lemma 123 there exists a member S of U such that (i? fl J) fl S* 7^ 
and {B fl K) fl 5* 7^ 0. Now this implies that 5* has at least two distinct members 
that are members of B, hence since by assumption ^ (E) = 2 holds and one of the 
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members of is a member of C hence not a member of 5" is not equal to E. But 
this contradicts the assumption that E is the only member of U to have nonempty 
intersection with both J and K. 



Theorem 2. Let be a partition such that lA {V) is finite and 7^ (V) > 2 holds, and 
let H he a, partition such that U (V) is {V U i7)-connected and such that if E is any 
member of H such that E intersects more than one member of V, then E has exactly 
two members. (Hence no member of H intersects more than two members of V.) 

Let W be the subset of H whose members are all the members E ol H such that E 
intersects exactly two members of V . (Thus is a partition such that every member 
£■ of 1^ has exactly two members.) 

Let d be an integer > 1. 

Let Z be the subset of E^*^^^ whose members are all the members y of E^*^^^ such 
that \yi — yj\ = holds for at least one member olW. 

Let ^ be a member of such that 9a < d holds for every member A of 1^. 

Let ghe a. map such that V (g) is finite and TZ{g) '^U {V) holds, and let c be a map 
such that V (g) CD (c) holds and for each member a oiV {g), Ca is a unit d- vector. 

For any ordered pair of a map i such that V (i) is finite and TZii) C W (V) 
holds, and a member j oiU (V), let u^j denote the number of members a oiT> {i) such 
that ia = j holds. 

For each member A of (S {V) \- V), we define 



Let TV = # {V (g)) + T,Ae(E(v)^v) (1 + max {Da, 0)). 

Let M be a finite real number > 0, and let -S" and T be finite real numbers such 
that < ,5 < T holds. 

Let J he a, map whose domain is G (V, H), and such that for each member F of 



Q (y, H), Jf is a map whose domain is (^E^^'^^ h Zj and whose range is a subset of R. 

For each member F oi Q {V, H), and for each member y of ( E^*^^^ h Zj, we define 



Let satisfy the requirement that if F and G arc members of Q (V, H), and y is a 



member of ( E^ ^ Z), such that for every member {i,j} of W, either — yj\ < S 





JF{y)^{JF) 




holds or y (F, = y {G, holds, then Jp (y) = Jo {y) holds. 
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Let J also satisfy the requirement that for each member F of ^ iy, H), Jp (y) and 
all its derivatives with respect to the i/i, i E U {V), of degree up to and including N, 
exist and are continuous for all y G ^E^''^^ l~ . 

For each member S of W, we define the li- vector differential operator ts hj ts = 
{■tjj + yk)j where j and k are the two members of S, or in other words, S = {j, k}, and 
the (i-vector index has not been shown. 

And let JT" also satisfy the requirement that if i is any map such that T> (i) is finite 
and TZii) ^ U iV) holds, u is any map such that T) {i) CD {u) holds and for each 
member a of P (i), Ua is a unit d- vector, E is any map such that T) {E) is finite and 
{E) C W holds, and v is any map such that V (E) C V (v) holds and for each 
member f3 of V (E), Vjs is a unit rf- vector, and if the maps i and E furthermore satisfy 
the requirement that ^{V {{)) + ^ (T> (E)) < N holds, then the following inequality 
holds for all F G ^ {V, H) and for all y G (e^^^ h : 



A={j,k}ew 



where in accordance with the definition on page ll6b1 and for any member m of W {V), 
Vim denotes the number of members a of "D (z) such that 1^ = m holds. 

And let J also satisfy the requirement that if y is any member of ^E^''^-' h Z^ 
such that \yi — yj\ > T holds for any member {i, j} of W , then Jp (y) = holds for 
all members F of ^ (V, H). 

Let J7 be any map such that V ~ ^ holds, and such that for each member k of 
N, J'k is a map such that J'k has all the properties assumed above for the map J', and 
such that furthermore, for every member k of N, and every member F of ^ (V, H) ,and 
every member y of E^''^\ J'kp {y) = {{Jk)F)y is defined, continuous and continuously 
different iable with respect to the yi, i eU (V), up to total degree N. 

And let JT" satisfy the requirement that for any given real number e > and any 
given real number r > 0, there exists a member k ofN such that for all integers m > k, 
and for all members y of E^^^^"* such that \yi — yj\ > t holds for all members {i,j} of W, 
and for all maps i and u such that V (i) is finite, jj^{V {i)) < N holds, 7?. (i) C W (V^) 
holds, T> (i) C V (u) holds, and for each member a of T>{i), unit (i-vector, 

(lla€V(i) Ua-Vic,^ (jmF (v) " Jf (l/)) < £ holds for all members F of ^ {V, H). 

Let uj be any set of contraction weights for V , let h be any member of U iV), let 
O = C {y,h), let h be any member of E^, and let W be the subset of {V, uj) whose 
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members are all the members x of {V, uj) such that xq = b holds. 
For each member k of N, let Ik be defined by: 

/ 



h = I \ n ^'^^ 



j2 j2 X 

FeV{V,H) neX{l{F,H),D) 



n 



{{xiC{F,A,i) - Xa) -Vi) 



riiA 





^(i,A)eU{n{I{F,H))) \ / / \aeV(g) 

Then for each member k of N, Ik is a finite real number, and the 7^, A; G N, form 
a Cauchy sequence, or in other words, for any given real number £ > 0, there exists a 
member A; of N such that for all members / and m of N such that / > k and m > k both 
hold, \Ii — Im\ ^ ^ holds. (We note that by the completeness of M, it follows directly 
from this that there exists a unique finite real number / such that for any given real 
number e > 0, there exists a member kofN such that for all members / of N such that 
/ > k holds, \Ii - I\<e holds.) 

Proof. We first note that it follows directly from the assumed properties of that 
for each member A; of N , 1^ is a finite real number, hence it remains to prove that the 
Ik, k eN, form a Cauchy sequence. 

For each member k of N, and for each iJ-principal wood G of V, we define Ikc 
to be given by the same expression as Ik, but with the sum over the members F of 
V (V, H) replaced by the sum over the members F of O {G, H). Then by Lemma | 
the following identity holds for each member k of N: 



G&W{V,H) 



) ^kG- 



Now W {y, H) is a finite set, hence it will be sufficient to prove that for every H- 
principal wood G of V , the Ikc, A; G N, form a Cauchy sequence. We shall prove that 
if G is any if -principal wood of V , then the Ikc, A; G N, form a Cauchy sequence. 

Let G be any if-principal wood of V , let Y be the set whose members are all the 
{y U ii)-firm over V components of members of B (G), together with the set U iV), let 
X be the set whose members are all the maps J such that T> (J) is equal to (Y \- G), 
and for each member B oi {Y \- G), Jb is a member of Q {V {G, B) , if), and let E 
be the map such that V (E) = X holds and such that for each member J of X, 
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Ej = (^Be{Y\-G) "^B^ U {Y n G) holds. Then by Lemma fix), and for each member 
k of N, JfcG is equal to 

/ 



Ae{Vh{o}) 



X 



JeX nGX{I{Ej,H),D) 



V riiA 



X 



y=rj{Ej,H,x)^ 



We now choose a real number cr such that < o" < ^ holds, and we define the real 
number A by A = (i) (l - y/1 - 8a), so that < A < | holds. 

We note that A and a satisfy the equation A = j:^, and that < a < A holds. 

And we choose a real number R such that < i? < (1 — 2 A) S holds. 

Then for any member B oi (Y \- G), for any member Jb of Q {V {G, B) , if), and 
for any member x of {V, uj), the following identity holds by page 1631 

^ (Pb, Qb, H, a, R, i (x, E {V {G, B)))) S (Pb, Jb) S (Jb, Qb) = 1 

{PB,QB)eAf{V{G,B),H) 

We define X to be the set whose members are all the ordered pairs (P, Q) of 
members of X such that for every member B oi {Y \- G), (PbiQb) is a member of 
M {V {G, B) , H). (Thus X is the set whose members are all the ordered pairs (P, Q) 
of members of X such that for every member B of {Y h G), Pb ^ Qb holds.) Then 
it immediately follows from the preceding identity that for every member J of X, and 
for every member x of {V, uj), the following identity holds: 

J2 H {Pb, Qb, H, a, R, i (x, S (P (G, P)))) S {Pb, Jb) S {Jb, Qb)) = 1 

{P,Q)ex Be(YhG) 

Now by (iv) and (v) of Lemma ESI Y[Be{Y\-G)'^ {Pb,Jb) = <S {Ep,Ej) holds and 
UB&iVhG) ^ {Jb, Qb) = S {Ej, Eq) holds. 

Hence if we insert the above identity into a sum over the members J of X, and 
take the sum over the members (P, Q) of X outside the sum over the members J of X, 
then in the term associated with the member (P, Q) of X, the sum over the members 
J of X reduces to a sum over those members J of X such that Ej G IK {Ep, Eq) holds. 
And furthermore, by Lemma EH (ix), it directly follows from the fact that {P,Q) is a 
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member of X, that for every member F of K {Ep, Eq), there is exactly one member J 
of X such that Ej = F holds, and the member J of X corresponding to the member 
F of IK {Ep, Eq) is given by J = Mp, where M is the map defined in Lemma IH^ (ix). 
Hence in the term associated with the member (P, Q) of X, the sum over the members 
J of X reduces to the sum over the members F of K (Fp, Eq). 

We now define O (G, H) to be the set whose members are all the ordered pairs 
(P, Q) of members P and Q of O (G, H) such that P Q holds. Then it immediately 
follows from (iv), (v), and (ix) of Lemma IH^ that 0{G,H) is equal to the set of all 
ordered pairs (P, Q) of members of O [G, H) such that for every member B of {Y \- G), 
(P n S (P (G, P))) C (Q n S {V {G, B))) holds, and furthermore that the set O (G, H) 
is in one-to-one correspondence with the set X, with the correspondences being given 
by the map F and the map M defined in Lemma 1221 (ix). 

Hence for each member k of N, I^g is equal to 

n d'^xA 

Ae{VHO}) 

xS ((P n S (P (G, P))) , (Q n S (P (G, P))) , H, a, R, I (x, S (V (G, P)))) | x 

{{xiC{F,A,i) - ^a) -Vi) 





X 



-FGK(P,Q) ngX(I(F,H),D) \ \(i,A)GW(7J{I(F,/i'))) 




We shall prove that for each member (P, Q) of the finite set O (G, P), the integrals 
over W of the term associated with (P, Q) in the integrands of these integrals for the 
members k of N, form a Cauchy sequence. 

We first use Lemma |221 to conclude that the term associated with (P, Q) in the 
integrand of the above integral for the member /c of N is equal to 

(_1)#(B(P)) ^ 

n £{{Pr}E{V (G, P))) , (g n H (P (G, P))) , P, a, P, i (x, S (P (G, P)))) 
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X 




TT ^ . ^^^ Jn 



P,Q,H),{D-i{P,Q,H,u)+l)) 



n (1 - p^)(^--«-(^'«'^'«)) (Da - U (P, g, H, u) + 1) 

Ag(QhP) 



X 



X 



n n 

((i,B),X)&A{Tl{ip{S{P,Q,H)))) \E€(G,b{Q,H) hX) 



X 



X 



n 

^{{i,B),X)eU('R.{^{3(P,Q,H)))) 

n 

,(^,A)ew(7^(i(I(Q,^^),p))) 



{{xK{Q,B,i) - Xb) -Vi) 

rriiBX^- 

{{xK:{Q,A,i) - ^a) ■yi) 





\ 



X 



y=ii{P,Q,H,x,X{P,Q,H,p))J 

where 1 is a map such that {Q \~ P) C P (1) holds and such that for each member 
A of (Q l~ -P), 1a = 1 holds, and D is the set of all members p of M^'^'"'^) such that 
< Pa ^ 1 holds for every member A oi {Q \~ P)- 

We shall prove, for each ordered pair (u, m) of a member u of X (J. (I (Q, H) ,P),D) 
and a member m of A ( J (P, Q, H) ,{D — C, {P, Q,H,u) + 1)), that the integrals over 
W, of the term in the above formula associated with u and m, for the members k of 
N, form a Cauchy sequence. 

Let (P, Q) be any member of 6 (G, H), let u be any member of X (j (I {Q,H) ,P) ,D), 
and let m be any member of A (J (P, Q,H),{D-^ (P, Q, if, m) + 1)). 

We first note that in consequence of the assumed regularity of J'kQ (y) , we may 
swap the order of the p-integration and the x-integration, and we now do this, so that 
we now do the x-integrals before the p-integrals. 

For any member E of W, we define the differential operator Ie, as on page ll6b1 by 
tE = {yj + yk), where j and k are the two members of E, or in other words, E = {j, k}. 

For any ordered septuple {B,i,n,j,s,E,v) of a map B such that T) {B) is finite 
and TZ (P) C B (Q) holds, a map i such that V (P) C V (i) holds and for each member 
a of V (P), ia is a member of P^, a map n such that V (P) C V (n) holds and for 
each member a of V (P), unit (i- vector, a map j such that P (j) is finite and 
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^ (j) ^ U iy) holds, a map s such that V (j) C P (s) holds and for each member (3 of 
P (j), Sj3 is a unit rf-vector, a map such that T> (E) is finite and TZ (E) C holds, 
and a map f such that V (E) C D (v) holds and for each member 7 of P (i?), is a 
unit c/-vector, we define, for every member k of N, and for every member p of D, (or 
in other words, for every member p of M^'^'^-^^ such that < p^i < 1 holds for every 
member A of {Q \- P)), 

hiB,i,n,j,s,E,v,p) = TT d'^XA X 

UeiVHO}) I 



X 



n S{{PnE{V (G, 5))) , (Q n S (P (G, B))) , if, a, i?, i {x, E (V (G, B)))) 

^Be(Y\-G) 



y=fi{P,Q,H,x,X{P,Q,H,p)) 



(We note that the definition of Ij^ {B, i, n,j, s, E, v, p) depends imphcitly on G, H, 
P, and Q.) 

Then by introducing a complete set of d orthonormal unit ci-vectors, (for example 
the d unit c?- vectors parallel to the coordinate axes in the positive directions), we find 
that for each member k of N, the term in our integral associated with the member u of 
X (i (I (g, H),P), D) and the member m of A ( J (P, Q,H),{D-^ (P, Q, H, u) + 1)), 
is equal to the integral with respect to p, over D, of the p-dependent factor 

n (1 - p^)(^--«-(^-«'^''^)) {Da - U (P, Q, H,u) + l)\x 
,Ae(QhP) / 

XI n I n PC 

^ai,A),x)eu(n{ip{MP,Q,Hm \C€(g,a{Q,h) hx) 
multiplied by the sum, over a finite number of ordered septuples {B, i, n, j, s, E, v) as on 

o 

page II71I of a finite coefficient, independent of p and k, times If. {B,i,n, j, s, E,v, p), 
and that furthermore, and by analogy with observations to I^Tj) on pages 11121 to 
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11211 every septuple {B,i,n, j, s, E,v) that occurs in this sum satisfies the following 
condition: 

For each member A of B (Q), the number of members f3 of V (j) such that jjs G 
U (W) and {Z (P, H,jp) , Z (P, H, I)} e Q{V (P, A)) both hold, where / is the other 
member of the unique member C {W,jp) of W that has jp as a member, is less than or 
equal to the number of members a oiV {B) such that G (H {V (P, A)) \- V (P, A)) 
holds, plus the number of members a oiV (g) such that & U {W) and 
{Z (P, H, g^) ,Z{P,H,l)} G Q {V (P, A)) both hold, where / is the other member of 
the unique member C {W,ga) oi W that has member, plus 

{DA + l)+i Yl Yl I if (g hP) holds, 

^Ce{r(P,A)^V) {i,K)&{IciQ,H)\-lAiQ,H)) J \ieT(A,H) KeY{Q,KiP,A,i)A) 

if A G B (P) holds. 

(We recall that the map g was introduced on page 11651 and occurs in the differential 
operator ^n«e73(g) (^a-Vg^ in the integand of the integral on page 11671 ) 

We note that we may also assume that all septuples (P, i, n,j, s, E, v) occurring in 
the above sum are such that V (P) is equal to the empty set 0, (so that E is equal 
to the empty map 0), but we do not use this fact, except in so far as it ensures that 
the total number of derivatives acting on JT^q (y) in the integrand of any occurring 

(P, i, n, j, s, E, V, p) is not greater than the integer N defined on page 11661 

We shall prove that if {B,i,n,j,s,E,v) is any ordered septuple as on page I17ll 
such that the above condition holds, and such that (# (P (j)) + # ("D (P))) is not 
greater than the integer N defined on page 11661 then the integrals with respect to 
p, over D, of the p-dependent factor displayed at the bottom of page 11721 times 

o 

Ij. (P, i, n,j, s, E, V, p), for the members k of N, form a Cauchy sequence. 

Let p be any member of D, or in other words, let p be any member of M^*^ such 
that < < 1 holds for every member A of {Q h P). We define new integration 
variables for the integration with respect to x over W, in two steps, as follows: 

We first follow pages 11271 to I13UI exactly, and choose a map S such that V (S) = 
B (P) , and such that for every member A of B (P), Sa is a member of V{P,A), 
and then define, for every member P of (P h {U{V)}), zb = [xb — xs^), where A 
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is the smallest member C of P such that B G C holds, or in other words, where 



A = y y{P h {B}),Bj holds, and then choose, as our first new set of integration 
variables, the zb, B E {P \- {1^(3) U {U (V^)})), exactly as on pages fT^ and IT^ and 
note furthermore, exactly as on pages EHl and EDI that the linear transformation to 
this first new set of integration variables has determinant equal to 1. 

We next define a wood J of ^ such that P C J holds and J U Q is a wood of V, as 
follows. We first choose a map / such that V (/) is equal to B (G), and such that for 
every member A of B (G), Ja is a member of 5*^1, and we note that, since P is a member 
of O (G, if), hence for each member A of B (G), Sa is a subset of a (l^ U if)-firm over V 
component of A, this definition has the immediate consequence that for every member 
A of B (G), Sa is a subset of the {V U if)-firm over V component of A that has Ja as a 
member. Then we define J to be the set whose members are the members of P plus, for 
each ordered pair {A, T) of a member A of B (G) and a (V U H)-key T oi A such that 
T is not a member of V , the set {A hj (/yi, {T})), where | (/a, {T}) is defined to be 
the set whose members are all the members / of A such that for every partition {P, G} 
of A into two nonempty parts B and G such that T intersects both B and G and T 
is the only member of {V U H) to intersect both B and G, / is a member of the same 
member of {P, G} as /a is. (We note that if A is any {V U P)-connected member of 
S (V^), hence in particular if A is any member of B (G), and T is any {V U P)-key of A 
such that T is not a member of V , then it follows directly from our assumptions on V 
and H that T is a member of W hence has exactly two members, hence by Lemma ESI 
there is exactly one partition {P,G} of A into two parts such that T intersects both 
P and G and T is the only member of {V U H) to intersect both P and G.) 

To check that J and J U Q are woods of V, we first note that if A is any member 
of B (G) and T is any {V U P)-key of A such that T is not a member of l^, then each 
{V U P)-firm over V component of A is either a subset of (A hf (/^i, {P})) or else 
does not intersect {A hj (/a,{T})), hence by Lemma ESI (ii) , Lemma EH and page 
ESI l~T if A, {T})) is a member of H (V). Hence every member of J is a member 
of H (V") hence, since V is certainly a subset of J, it remains to check that no two 
members of J U Q overlap one another. Now certainly no two members of Q overlap 
one another. Suppose now that P is any member of Q, A is any member of B(G), 
and T is any {V U P)-key of A such that T is not a member of V. Then either 
B n A = (!) holds or A C B holds or B C A holds, and if P n A = holds then 



P n (A ht if A, {T})) = holds and if A C P holds then (A hj {/a, {T})) C P 
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holds, while ii B G A holds then since Q is a member of O [G, H), B is a. subset of 
a (V^ U if)-firm over V component of A, hence either S C (A hf (/^, {T})) holds or 
Bn{A ht {/a, {T})) = holds. Now suppose that A and B are two distinct members 
of B (G), T is any {V U iJ)-key of A such that T is not a member of V, and R is any 
{V U -?/)-key of 5 such that R is not a member of y. Then either i? fl A = holds 
or A C 5 holds or B C A holds, and if 5 n A = holds then (B hj (/s, {/?})) n 
{A hi (/a, {T})) = holds, and ii A C B holds then since G is an iJ-principal 
wood of V, A is a. subset of a {V U if)-firm over V component of B, hence either 
{A hi if A, {T})) C {B ht ifB, {R})) holds or {B ht {i?})) n {A (/^, {T})) = 
holds, and similarly if 5 C A holds then either {B ht (/s, {i?})) C (A hj (/^, {T})) 
holds or {B ht (/b, {i?})) H {A ht (/a, {T})) = holds. And finally suppose A is any 
member of B (G) and T and R are any two distinct {V U /f)-keys of A such that 
neither T nor i? is a member of V. Then by analogy with Lemma |2H1 with the i 
of Lemma EHl taken as Ja, we define a relation — > among the {V U if)-keys of A as 
follows: if i? and G are U H)-kejs of A, then B G holds ifif there exists a 
partition of A into two nonempty parts such that G intersects both parts, G is the 
only member of {V U H) to intersect both parts, and B does not intersect the part 
that has Ja as a member. Then by Lemma |2H1 (i), at most one of T ^ R and R ^ T 
can hold. Suppose first that T ^ R holds and that {B,G} is a partition of A into 
two nonempty parts such that /a & B holds, R intersects both B and G, R is the only 
member of {V U H) to intersect both B and G, and T does not intersect B. Then it 
directly follows from the definition of t (/a, {R}) that t (/a, {-R}) ^ B holds, hence 
that C C (A ht (/a,{-R})) holds. Now let {-D,-E} be any partition of A into two 
nonempty parts such that /a € -D holds, T intersects both D and -E, and T is the 
ora/?/ member of {V U iJ) to intersect both D and i?. Then since R ^ T holds by 
assumption, R does not intersect both D and E'. Now ii RP^ D was empty, then since 
T Pi B is empty, D Ci B would be empty by Lemma EHl But D (1 B has the member 
Ja hence is nonempty, hence Rd E is empty, hence by Lemma |2S1 B (1 E is empty, 
hence BCD holds. Hence for every partition {D, E} of A into two nonempty parts 
such that Ja^D holds, T intersects both D and E, and T is the only member of 
{V U H) to intersect both D and E, B (1 D holds. Hence B Ct {Ja, {T}) holds, hence 
{A ht (/a,{T})) C G holds, hence {A ht (/a, {T})) C (A ht (/a, {i?})) holds, and 
furthermore, since t (/a, {-R}) ^ -B holds and Tfli? is empty, Tfl t (/a, {-R}) is empty, 
hence since, by Lemma |2H1 (viii) , T does intersect t (/a, {T}), t (/a, {-R}) is not equal 
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to T if A, {T}), hence {A hj (/^, {T})) C {A (/a, {i?})) holds. And analogously, if 
R^T holds, then {A ht (/a, {i?})) C (A ht (/a, {T})) holds. Now suppose, finally, 
that neither T R nor R ^ T holds. Then for every partition {5,(7} of A into 
two nonempty parts such that R intersects both parts and R is the only member of 
{y U H) to intersect both parts, T does intersect the part that has as a member, 
hence since, by Lemma |2H1 (viii), {T (/a, {R}) , {A hf (/a, {R}))} is such a partition of 
A and /a Gj (/a, {-R}) holds, Tfl t (/a, {-R}) is nonempty, hence, since by assumption 
T ^ R holds, T n (A ht (/a, {R})) is empty And analogously, i? n (A hj (/a, {T})) 
is empty Hence by Lemma |21 {A (/a, {i?})) n (A hj (/a, {T})) = holds. 

We next note that if A is any member of M{G), T is any (V U iJ)-key of A 
such that T is not a member of V, and we define Z to be the set whose mem- 
bers are all the {V U i!f)-keys R of A such that R ^ V and R T both hold, 
where the relation — among the {V U i7)-keys of A is defined as in the preceding 
paragraph, then the set {A hj (/a, {T})) h (Urgz (/^'{-R})))' in other 

words, the set {A hj (/a, {T})) n {C\Rez T (/a, {^})), is a U if)-firm over 1/ com- 
ponent of A, (and hence, in particular, is nonempty). For by Lemma |2H1 (viii), 
T n (A hi (/a, {T})) is nonempty. Let i be any member of T fl (A h| (/a, {7"})), 
and let X be the set whose members are all the {V U Hykejs of A that are not 
members of V. We first note that if R is any member of X, then each {V U ff)- 
firm over V component of A is either a subset of {A h| (/a, {-R})) or else does not 
intersect {A h| (/a,{-R})), hence each {V U H)-fLTm over V component of A is ei- 
ther a subset of {A hf (/a, {T})) h (IJi?,ez '~t if a, {R}))) or else does not in- 
tersect [A ht (/a,{T})) h (Ui?ez(^ Now let j be any member of 
{A ht (/a,{T})) h (Ui?,z(^ let R be any member of X, and let 
{-B,C} be any partition of A into two nonempty parts such that R intersects both 
parts and R is the only member of (V U H) to intersect both parts, and suppose fur- 
thermore that Ja & B holds. Suppose first that R is not a member of Z, hence that 
R^T does not hold. Then since by Lemma |2H1 (viii), {T if a, {T}) , {A hj (/a, {T}))} 
is a partition of A into two nonempty parts such that T intersects both parts and T 
is the only member of {V U H) to intersect both parts, and moreover /a is a member 
of t if A, {T}), R does intersect | (/a, {T}), hence either R = T holds or else i? does 
not intersect {A h| (/a, {7"}))- Suppose first that R = T holds. Then since it follows 
directly from our assumptions on V and H that T is a member of W, hence that 
# (T) = 2 holds, it follows directly from Lemma EHl that there is exactly one partition 
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of A into two nonempty parts such that T intersects both parts and T is the only 
member of (V U H) to intersect both parts. Hence B is equal to t {/a, {T}) and C is 
equal to (A ht (/A,{r})), hence, since {A hj (/a, {T})) h (U/jez (/a, {i?}))) 

is a subset of (A hf (/^, {T})) hence both i and j are members of {A ht (/^, {T})), i 
and j are members of the same member of {B, C}. Now suppose that R is not equal 
to T, hence that i? does not intersect {A hf (/^, {T})), and furthermore that T does 
not intersect both B and C. Then it directly follows from Lemma EHl that one of 
Bn{AH Ua, {T})) and C n (A ht (/a, {T})) is empty, hence that {A hj {Ja, {T})) 
is a subset of one member of {B,C}, hence again that i and j are members of 
the same member of {B,C}. Now suppose that R is a member of Z, hence that 
R ^ T holds, (hence that R is not equal to T). We first note that by Lemma OHl 
(viii), {t {fA,{R}),{A ht {fA,{R}))} is a partition of A into two nonempty parts 
such that R intersects both parts and R is the only member of {V U H) to intersect 
both parts, hence T does not intersect both t (/a, {-R}) and {A ht {fA,{R})), and 
furthermore R does not intersect t {fA,{T}), for R ^ T implies that there exists 
a partition {D, E} of A into two nonempty parts such that f^^zD holds, T inter- 
sects both parts, T is the only member of (V U H) to intersect both parts, and R 
does not intersect and if {D, E} is such a partition of A, then by the definition of 
t (/A,{r}), t Wai{T}) ^ -D holds, hence R does not intersect t {fA,{T}). Hence 
by Lemma 123 if Tn t (/a, {R}) was empty, then t (/a, {i?}) n t (/a, {^j) would 
be empty, but t (/a, {-R}) hi t (/a? {^}) has the member fA hence is nonempty, hence 
Tn(y4 ht (/a, {R})) is empty. Hence, since i is a member of Tn(yl ht (/a, {T})) hence 
is a member of T, i is not a member of (A ht (/a, {-R}))? hence, since this is true for 
all members R of Z, i is a. member of {A ht (/a, {T})) h (IJi?,ez '~t if a, {R}))), 
hence {A ht (/a, {7"})) h (Ui?gz '~T (/a, {-R}))) is nonempty. And furthermore, 
with R still being any member of Z, and {B,C} being any partition of A into two 
nonempty parts such that /a^B holds, R intersects both parts, and R is the 
only member of {V U H) to intersect both parts, it follows directly from the def- 
inition of t if A, {R}) that t if A, {R}) ^ B holds, hence since, as just shown, i 
is a member of {A ht (/a, {T})) h (Ui?ez (/a, {i?}))) = {A H (/a, {T})) n 

{CIrgz T {fA,{R})), and j is by definition a member of this set, both i and j are 
members of t (/a? {-R})? hence both z and j are members of B, hence both i and j 
are members of the same member of {B,C}. Hence for every member R of X, or in 
other words, for every (V U H)-kej R of A such that R is not a member of and 
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for every partition {B, C} of A into two nonempty parts such that R intersects both 
parts and R is the only member of {V U H) to intersect both parts, j is a member 
of the same member of {B,C} as i is, hence, since this is true for every member j 
of {A hf (/^, {T})) h (IJ^g^ (A hi (/a, {-R}))), and furthermore, as shown above, i 
is a member of {A ht {/a, {T})) h (Urgz '~t (/a, {-R}))); it follows directly from 
Lemmas 121 and ED that (A hj (/a,{T})) h (U/jez (/a,{^}))) is a subset of 

the unique {V U if )-firm over V component of A that has z as a member. Hence 
since, as noted above, each {V U iJ)-firm over V component of A is either a subset of 
{A hf {/a, {T})) h (Ufiez '~t if A, {R}))) OT else does not intersect this set, and by 
Lemma 1^ distinct {V U if)-firm over V components of A do not intersect one another, 
(A ht (/a, {T})) h (U^g^ (A ht if A, {R}))) is egna/ to the unique (V U if)-firm over 
V component of A that has i as a member, which, in the notation of Lemma |2H1 is 

From now on until the end of the proof of Theorem |21 and for each member A of 
B (G), we define the relation —>■ among the [V U if)-keys of A as in Lemma |2H1 with 
the i of Lemma OHl taken as the member Ja of A, or in other words, if T and R are any 
{V U ii)-keys of A, then we define R T to hold ifif there exists a partition {B, C} of 
yl into two nonempty parts such that T intersects both B and C, T is the only member 
of {V U H) to intersect both B and C, and R does not intersect the member of {B, C} 
that has member. 

And from now until the end of the proof of Theorem |21 we also define, as in Lemma 
I2H1 with the set U of Lemma EHl taken as the set {V U if), and for each member A of 
B (G), and for each member i of A, and for each subset X of the set of all the {V U H)- 
keys of A, the set t {i,X) to be the subset of A whose members are all the members 
j of A such that if T is any member of X, and {B, C} is any partition of A into two 
nonempty parts such that T intersects both B and C and T is the only member of 
{V U H) to intersect both B and C, then j is a member of the same member of {B, C} 
as i is. We note that the definition of | (^,-^) depends implicitly on A, and we will 
always make clear which member A of B (G) f {i,X) is being defined with respect to. 

We next note that it follows immediately from the foregoing that if A is any member 
of B (G) and T is any {V U ii)-key of A such that T is not a member of V, and if fur- 
thermore [A hf (/a, })) is noi a member of P, or in other words, if {A hf [Ja, {T})) 
is a member of ( J l~ i'), then there is at least one member B of V (P, A) such that B 
is a member of V ( J, (A hf (/a, {T}))) and i? is a subset of the {V U ii)-firm over V 
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component {A hj (/a, {T})) h (J^^^ (A hj (/a, {R}))) of A, where Z is defined as 
above to be the set of all the {V U i/)-keys R of A such that R ^ V and R T both 
hold. For if Z is nonempty then C = {A {Ja, {T})) h (U«ez if a, {R}))) is 
a sMci subset of {A hj (/a, {T})) and furthermore there is no member D of (J h P) 
such that C G D G {A (/a, {T})) holds, hence each of the one or more members 
of V {P, A) that is a subset of the {V U if)-firm over V component C of A satisfies the 
stated conditions on B, and if Z is empty then [A l-| [Ja, {T})) is itself a (l^ U if)-firm 
over V component of A, and is furthermore by assumption not a member of P, hence 
each of the two or more members of V{P,A) that are subsets of {A hj (/a, {T})) 
satisfies the stated conditions on B. 

We next extend the map S to the domain B (J) by choosing, for each ordered pair 
{A, T) of a member A of B [G) and a (V U H)-key T of A such that T is not a member 
of V and {A \-] {/a, {T})) is not a member of P, S(^A\-i{fA,{T})) to be a member B of 
V (J, {A hf (/a, {T}))) such that 5 is a member of V {P, A) that is a subset of the 
{VUHy&im over V component (A hj (/a, {T})) h (Uijez (/a, {i?}))) of A, 

and we note that by the previous paragraph, such a B always exists. 

And we note that the extended map S is such that 5*^ is a member of V {J, A) for 
every member A of B (J), for this is so by construction if A is a member of (J \~ P), 
while if A is a member of (P h G) then Sa is a member of V (P, A) and no member 
of (J h P) is a member of S (V (P, A)), hence Sa is a member of V{J,A), and if A is 
a member of B (G) then, as noted on page 11731 Sa is a member of V (P, A) that is a 
subset of the {V U /7)-firm over V component of A that has Ja as a member, hence Sa 
is not a subset of {A hf (/a, {T})) for any U if)-key T of A that is not a member 
of 

We next note that if A is any member of B (G), and B is any {V U i7)-firm over 
K component of A such that /a is not a member of B, then it follows directly from 
Lemma 1221 that there exists a unique {V U i/)-key T of A such T is not a member of 
V^, T intersects B, and there exists a partition {D, P} of A into two nonempty parts 
such that JaGD holds, B G E holds, T intersects both D and E, and T is the only 
member of {V U H) to intersect both D and P, and we note that it also follows directly 
from Lemma 1221 that if T is this unique {V U P)-key of A, then R —>■ T holds for every 
{V U P)-key R of A, different from T, such that P^\/andPnP7^0 both hold, and 
T ^ R does not hold for any {V U P)-key P of A such that R and P n P 7^ 
both hold, and furthermore if P and P are any {V U P)-keys of A such that neither 
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R nor i? is a member of V , both R and R intersect B, and R ^ R holds, then R = T 
holds. 

We note furthermore that since it follows directly from our assumptions on V and 
H that if A is any member of B (G), and T is any {V U H)-kej of A such that T is 
not a member of V^, then T is a member of W hence has exactly two members, that 
in particular, if B is any {V U if)-firm over V component of A such that Ja is not a 
member of B, and T is the unique {V U H)-kej of A that satisfies the conditions of the 
previous paragraph with reference to B, then T has exactly two members and T Ci B 
has exactly one member. 

If A is any member of B (G) and B is any {V U iy)-firm over y component of A 
such that J'a is not a member of B, then we define the key member of B to be the 
unique member of B that is a member of T, where T is the unique {V U if)-key of 
A such that T satisfies the conditions, with reference to B, stated in the paragraph 
before the previous one. 

We note that if A is any member of B (G) and X is the set whose members are all 
the {V U if)-keys of A that are not members of V, then X is a subset of W hence is a 
partition, and no two distinct members of X intersect one another. 

We note furthermore that if A is any member of B (G), T is any {V U H)-kej of 
A such that T is not a member of V, and Z is the set of all the {V U -?/)-keys R of 
A such that R ^ V and R ^ T both hold, then the unique {V U i/)-key of A which 
satisfies, with reference to the {V U i7)-firm over V component {A hf {f^, {T})) h 
(Ui?ez '~T {/a, {R}))) of ^5 the conditions stated in the paragraph before the pre- 
vious three, is T itself. 

And we note furthermore that if A is any member of B (G), T is any {V U if)-key 
of A such that T is not a member of V, and i is a member of T such that i is the key 
member of some {V U if)-firm over V component of A, then it follows directly from 
the definition of the key member of a (V U i^)-firm over V component of A, that if 
{B,C} is the unique, (by Lemma . partition of A into two nonempty parts such 
that T intersects both B and C, and T is the only member of {V U H) to intersect 
both B and G, then z is a member of the member of {B, G} that does not have J'a 
as a member. Hence only one of the two members of T can be the key member of a 
{V U iJ)-firm over V component of A. 

Hence if A is any member of B (G), then for each {V U H)-kej T of A such that 
T is not a member of there is exactly one {V U if)-firm over component B of 
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A such that Ja^B holds and the key member of -B is a member of T. Hence the 
number of {V U if)-firm over V components of A is equal to one plus the number of 
{V U Hykejs of A that are not members of V. 

We recall from page 1221 that for any ordered pair {F, E) of a wood F, and a set E 
such that every member of is a set, we define O {F, E) to be the set whose members 
are all the members i of U {F) such that there exists a member A of F such that 
i E A holds and there is no member B of E such that i E B and B (1 A both 
hold, and we note that it immediately follows from page |HS1 that in the present case, 
O (J, H) = (P, H) = (Q, H) = {G, H) = O {V, H) holds. 

And we recall from page 1891 that G (Q, H) is by definition the map whose domain is 
the set of all ordered pairs (i, B) of a member iofO{Q^ H) and a member B of Q, and 
such that for each member (i, B) of V (G {Q, H)), GiB {Q, H) = (G {Q, H))i^- is the 
set whose members are all the members C of Q such that B C C and C C Z {Q,H,i) 
both hold. (Thus GiB {Q, H) is the empty set if i? C Z (Q, H, i) does not hold.) 

Thus, in particular, if i is any member of O {V, H) = O {Q, H), then Giz(^p^H,i) {Q, H) 
is the set whose members are all the members C of Q such that Z (P, H,i) ^ C ^ 
Z (Q, H, i) holds, and is equal to {{Z (P, H,i)}UY {Q, Z (P, H,i),Z (Q, H, i))). 

And we recall from pages 1^ and 1^ that if x is any member of (y,uj), i is any 
member of O {V, H), and p is any member of 3, or in other words, p is any member of 
jgCQi-^") such that < < 1 holds for every member A of {Q l~ P), and if we define 
the member u of Ri^^z(p,H,r){Q'^)) = ^{{z{P,H,i)}uY{Q,z{p,H,i),ziQ,H,i))) 

Uz{P,H,i) = \ Y\ 

\B&l{Q,Z{P,H,i),Z{Q,H,i)) 

and by 

uc=\ n (1 - pc) 

\BeY(Q,C',Z{Q,H,i)) J 

for all C G Y (Q, Z (P, H,i),Z (Q, H, i)), then 

PiiP,Q,H,x,X{P,Q,H,p))= Yl ""cxc 

Ce(G,2(p,H,»)(Q,^^)) 

holds and 

Ce(G,^(p,^f,,)(Q,/f)) 
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holds, and furthermore, Uc > holds for all members C of Giz(^p^H,i) {Q,H). 

Now if A is any member of B (G), B is any [V U i7)-firm over V component of A 
such that fA is not a member of B, and i is the key member of B, then i is certainly a 
member of O (V, if), for since if is a partition, the only member of H that has i as a 
member is the unique {V U if)-key T oi A that has i as a member and is not a member 
of V , and this {V U if)-key T of A is certainly not a subset of any member of V . And 
furthermore, if T is the unique {V U if )-key of A that has i as a member and is not a 
member of V , then Z [P, H, i) is the largest member of P that has z as a member but 
does not have T as a subset, and Z {Q, H, i) is the largest member of Q that has i as a 
member but does not have T as a subset, hence, since A is a member of both P and Q 
that does have T as a subset, both Z {P, H, i) and Z {Q, H, i) are strict subsets of A, 
hence, since both P and Q are members of O {G, H), both Z (P, H, i) and Z {Q, H, i) 
are subsets of the {V U if )-firm over V component B of A. And furthermore, since 
/C (P, y4, z), which by definition is the unique member of V (P, A) that has i as a member, 
is a member of P that is a strict subset of A and that intersects P, K, (P, A, i) is a 
subset of P, hence T is not a subset of /C(P, A, z), hence since, by the definition of 
V (P, A), there is no member C of P such that /C (P, A, z) C C C A holds, /C (P, A, i) 
is the largest member of P that has i as a member but does not have T as a subset, 
hence fC (P, A^i) = Z (P, if, holds, and furthermore, since Z (P, if , i) C Z (Q, if, 
holds, /C (P, A, i) C Z (g, ff, holds. 

For each member C of Giz{p,H,i) {Q,H), or in other words, for each member C of 
Q such that Z (P, H,i) (1 C Z {Q, if, i) holds, let Fc be the set whose members are 
all the members P of P such that D C C holds and there is no member E of P such 
that D G E (1 C holds. Thus Fq is equal to {C} if C is a member of P, or in other 
words, if C is equal to Z (P, if, i), and Pc* is equal to V (P, C) if C is not a member of 
P, or in other words, if C is a member of Y {Q, Z (P, H,i) ,Z {Q, H,i)). And we also 
define Pb to be the set whose members are all the members D of P such that D C B 
holds and there is no member E of P such that D G E C B holds, so that Pb is equal 
to {B} if P is a member of P, (in which case Z (P, H,i) = Z {Q, H,i) = B holds), and 
Pb is equal to V (P, B) if B is not a member of P. 

Then by Lemma El and for each member C of Giz{p,H,i) {Q,H), 

= ^ ujcdXd 
DeFc 
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holds. Hence 



fidP,Q,H,x,X{P,Q,H,p))= ""cxc 

C6(G,2(p,h,,)(Q,^^)) 



Ce(G,2(p,^j,,)(Q,H)) 

/ 



\c&{G^D{Q,H)r^G,z(p^H,i){Q,H)) 

holds, where in obtaining the last line we noted that, for each member C of 
'G!iz(p,H,i) {Q, H), Fq Fb holds, and furthermore, that for each member D of Fb such 
that D ^ Z {Q, H, i) does not hold, (Q, H) is the empty set 0. 
For each member D of Fb, we define 

/ \ 

rD= ^ Uci^cD ■ 

\C(i{G,D(Q,H)r^G,z(,P,H,r){Q,H)) j 

Then it immediately follows from the foregoing that 

IJi {P,Q,H,x,X {P,Q,H,p)) = ^ rnxn 

DgFb 

holds, and furthermore that 

holds, and furthermore that > holds for every member D of Fb, and furthermore 
that ro = holds for every member D of Fb such that D C Z {Q,H,i) does not hold. 

We next define, for each member A of B (G), and for each ordered pair [K, D) of 
a member K of {J \- P) such that K is a member of S {V {P, A)), or in other words, 
a member of (J h P) such that is equal to the set {A hj (/^, {T})) for some 
{V U if)-key T of A such that T is not a member of V^, and a member D of V (J, K), 
the real number z//^/) as follows. Let T be the unique {V U if)-key of A such that 
is equal to {A ht (/^, {T})). (We note that by Lemma EHl (viii), T may be identified 
as the unique {V U if)-key of A that intersects both K and {A h -ft').) Let -B be equal 
to the {V U H)-&Tm over 1/ component {A hj (/a, {T})) h (J^g^ (A (/a, {i?}))) 
of A, (where Z is the set of all the {V U iJ)-keys R of A such that R ^ V and R T 
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both hold), or in other words, let B be the unique {V U iJ)-firm over V component of A 
whose key member is a member of T. Let i be the key member of B, and let the set Fb 
be defined as above to be the set whose members are all the members D oi P such that 
D C B holds and there is no member E of P such that D G E C B holds, so that Fb 
is equal to {B} if 5 is a member of P, and Fb is equal to V {P, B) if B is not a member 
of P. We note that V (J, K) is equal to the set whose members are the members of 
Fb, together with, for each {V U H)-kej R of A such that the three conditions R ^ V, 
R ^ T, and i? fl -B 7^ all hold, (if there are any such {V U if )-keys i? of A), the set 
{A hi {/a, {R}))- Then ioi D E V (J, K), we define ukd to be equal to if D is not 
a member of Fb, while if D is a member of Fb, then we define ukd to be equal to td, 
where td was defined, with reference to the key member i of B, on page (Thus 
ukd depends on p through the coefficients Uc, C G (GiD {Q,H) fl Giz{p,H,i) {Q,H)y) 
We note that it follows immediately from this definition that Y1iD£V(j k) ^kd = ^ holds, 
and that ukd is equal to unless D is a member of V (P, A), (hence in particular, ukd 
is equal to if D is a member of (J \- P)), and furthermore, that 

Hi{P,Q,H,x,X {P,Q,H,p)) = ^ J^kdXd = t^KDXD 

DeP{J,K) D€Fb 

holds, where i is the key member of B. 

We next extend the definition of z over (J h {U {V)}) by defining, for each member 

K of{j h py. 

DeV{J,K) 

We note that this is actually a direct, rather than inductive, definition, due to ukd 
being equal to for D E {J \- P), and we also note that it directly follows from the 
definition of J on pages IT7S1 and fT7^ that U {V) is not a member of (J h P). 

Finally we complete the second step, started on page 11731 in the definition of our 
new integration variables as follows. 

For each member B of {J \- {U {V)}) such that B is not a member of 
J n (S (P (P, A)) h {A}) for some member A of the subset B (G) of P, we define 
a-B = zb- 

And for each member A of B (G), and for each member B of Jn(H {V (P, A)) h {A}), 
we define Qb = [zb — zsf;,), where C is the smallest member of J to contain P as a 
strict subset. (We recall that the map 5* was extended to the domain B (j) on pages 
11781 and 11791 ) We note that if the smallest member of J to contain P as a strict 
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subset is in fact A, (which occurs when B is equal to {A hj (/^, {T})), where T is a 
{V U H)-kej of A such that T ^ V holds and T c?oes intersect the unique {V U iJ)-firm 
over K component of A that has /a as a member and contains S'yi as a subset), then 
since zs^ = holds, as = zb holds. 

We choose as our new set of integration variables the as, 
B e {J \- in (5) U {U (V)})), and we note that, exactly as on pages [Hi and [HI the 
transformation to this new set of integration variables may be expressed as a sequence 
of transformations of the type considered in Lemma 1^ hence the linear transformation 
to this new set of integration variables has determinant equal to 1. 

Now for each member / of U (V) we have, exactly as on page ll2lJl that 

XciiV,l) = XU{V) + ^ j Z]c{P,A,l) - ^ ^ACZc 

AeY{p,c{v,i),u{v)) \ ceriP,A) 
holds, and furthermore, if L is any member of P, and / is any member of L, that 

XL = XuiV) + ZK.{PA,1) - ^ACZc 

AeY{p,L,U{V)) \ CeV{P,A) 

holds. 

And furthermore in these equations, exactly as on pages 11291 and 11301 Xk{v) 
be expressed in terms of the z variables by use of the particular equation of the above 
form for Xc(v,h), where h is the particular member of U (V) such that xc(v,h) the 
fixed value b in the definition of the integration domain W. 

Now let A be any member of B (G), and K be any member of 
Jn{E{V (P, A)) h V (P, A)). Then 

VKDao = ^ l^KD {zd - ZSj,) = {zk - ^5^) 
DeV{J,K) D&V{J,K) 

holds, hence 2:5^ = zk — J^oeviJK) ^kd^d holds, hence for all members DofV (J, K) 
we have 

Zd = ciD + zsj, = Zk + \ an - ^kccic 

\ C€ViJ,K) 

For each member A of B (G) we now define, for each member D of 
J n (^(^(P, A)) h {A}), Md to be the largest member of J that contains D as a 
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subset and is a strict subset of A. Thus Mjj is equal to {A hj (/^, {R})), where R is 
the unique {V U H)-kej of A that satisfies the three conditions that R is not a member 
of V^, that R does intersect the unique (V" U /7)-firm over V component of A that has 
fji as a member, and that D C (A hf (/^, {-R})) holds. (We recall that by Lemma EHl 
(x) and Lemma |2Hl(xi), A is equal to the disjoint union of the unique {V U if)-firm over 

V component of A that has Ja as a member, together with the sets {A hf (/^, {T})) 
for all the {V U iJ)-keys T of A such that T intersects the unique {V U /7)-firm over 
component of A that has as a member and T is not a member of V.) 

Then if A is any member of B (G), D is any member of J fl (S {V {P, A)) h {^4}), 
and / is any member of D, it immediately follows from the foregoing, together with the 
fact that zs^ = holds, hence that = holds, that 

Zd = 0,Md + 5^ I 0,K.{J,K,l) — ^KCO-C 

K&1{J,D,Md) \ CeV{J,K) 

holds. And this is true in particular for any member D oiV {P, A). Hence the expres- 
sions for the Xl, L E P, in terms of the variables a^, B E {J \- {'R-{S) U {U (V)})), 
may be obtained by substituting into the expressions on page 11841 the equations above 
for all members D of P such that D is a member of V {P, A) for some member A of 
B (G), together with the equations zd = ao for the members D oi {P \- {lA iV)}) such 
that D is not a member of V {P, A) for any member A of B (G). 

We now make the following observations: 

30) Let A be any member of P, L be any member of V {P, A), and / be any member 
of L. Then xl is equal to zl plus a term xs^ that is the same for all members D of 

V (P, A). For by page 1184) we have that 

j Z]c{P,N,l) - ^ ^^NC^C j + I ^/C(P,A,Z) - ^ ^ACZc 

/ j \ ceV{P,A) 



Xl = xu(v) + 



yNeY{P,A,U{V)) \ CgV{P,N) ) j 

holds, and the only term that differs for different members L oiV {P, A) is the term 
zjc{p,A,i)^ which is equal to zl- 

31) Let A be any member of B (G), T be any {V U i/)-key of A such that T is not a 
member of V, B be equal to {A hf (/^,{T})), and L be any member of V{P^A). 
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Then the coefficient of in is equal to 1 if L C 5 holds, and equal to otherwise. 
For if / is any member of L, then by page 11851 we have that 

zl = cbML + ^ I 0'ic{j,K,i) - ^ VKcac 

KeY(J,L,ML) \ CeP{J,K) 

holds. And furthermore it follows directly from the definition, on pages 11831 and 11841 
of the real numbers vrci for each ordered pair (fC, C) of a member K oi {J \- P) r\ 
S(P(P, A)) and a member C of V{J,K), that ukc = holds if C is equal to 
{A |-| {Ja, {R})) for any {V U if)-key Rof A such that R is not a member of V, hence 
as does not occur in the term '^c£V{jk) ^kcO^c for any member K of Y {J, L, M^). 
And the remaining terms in zl comprise the sum YIdgx ^d, where X is the set whose 
members are all the members D of J such that L ^ D ^ Ml holds, and as occurs in 
this sum with coefficient 1 if L C i? holds, and with coefficient otherwise. 

32) Let A be any member of B (G), T be any {V U if )-key of A such that T is not a 
member of V, B be equal to {A hj (/^, {T})), and L be any member of (P \- V {P, A)). 
Then the coefficient of in zl is equal to 0. This follows directly from the above 
formula for zl. 

We shall now prove that if {B, i, n, j, s, E, v) is any ordered septuple as on page ll7ll 
such that the condition on page 11721 holds, and such that (# (V (j)) + jj^(V {E))) is 
not greater than the integer defined on page 11661 then there exists a finite collection 
of ordered septuples (^B,i,h,j,s,E,v^ as on page 11711 each satisfying the condition 

on page 11721 and each satisfying the requirement that (V (j)) + ^ (v (^E^^^ is 
not greater than the integer A^ defined on page 11661 and each satisfying the further 
requirement that if A is any member of B (G), and T = {/, m} is any {V U if)-key of A 
such that T is not a member of V, then there is no member /3 of P (j) such that j/s = I 
holds and there is no member P of V (j) such that j/3 = m holds, such that for each 

o 

member k ofN , If^ {B,i,n, j, s, E,v, p) is equal to the sum, over this finite collection 
of septuples (^B,i,h,j,s,E,v^, of (^B,i,h, j , s, E,v, times a finite real-number 
coefficient that is independent of k, and either independent of p or else equal to the 
sum of a finite number of terms, each of which is the product of finite powers, all > 
and independent of k and p, of the pc, C E {Q l~ P). 

We first note that if A is any member of B (G), and T = {/, m} is any {V U H)-kej 
of A such that T is not a member of V, then T is a member of W, and furthermore, 
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by pages IT7^ and ITHUl exactly one of the two members / and m of T is the key member 
of some {y U if)-firm over V component of A that does not have as a member. 

If {B,i,n, j, s, E,v) is an ordered septuple as on page ll7l| such that the condition 
on page ll72l holds. and such that (7^ (V (j)) + jj^{V {E))) is not greater than the integer 
defined on page ll6b1 we begin by expressing, for each member / of U {W) such that 
for some member A of B (G), C {W, I), (or in other words, the unique member of W 
that has / as a member), is a U H)-kej of A such that C {W, I) is not a member of 
V, and I is the member of C {W, I) that is not the key member of any {V U if )-firm 
over V component of A that does not have /a as a member, yi as yi = {yi + ym) —ym = 
tc{w,i)—ym, where m is the other member of C {W, I), and thus is the key member of the 
(V Uii)-firm over r component {A (/a, {C (H^, /)})) h (U^gz (/a, {^}))) of 

A, where Z is the set whose members are all the {V U -fi)-keys Roi A such that R ^ V 
and R ^ C {W, I) both hold, and the differential operator t^) was defined on pages ESI 
and 11711 for each member D of W, to be equal to (y„ + Vo), where n and are the 
two members of D, or in other words, where D = {n, 0} holds. We do this for every 
member (3 oiT) (j) such that jp is equal to such a member I of U iW), thus showing, 

o 

for each member of N and for each member p of D, that Ij.{B,i,n,j,s,E,v,p) is 
equal to the sum, over a finite collection of septuples (^B,i,h, j, s, E,v^ as on page 
11711 each satisfying the condition on page I172t and each satisfying the requirement 
that (V (j)) + # (v (^E^^^ is not greater than the integer N defined on page 
11661 and each satisfying the further requirement that if A is any member of B (G), and 
T = {l,Tn} is any {V U H)-kej of A such that T is not a member of V, and / is the 
member of T that is not the key member of some {V U if)-firm over V component of 
A that does not have /a as a member, then there is no member P of V (j) such that 
jp = I holds, of (^B,i,h, j , s, E,v, times a finite integer coefficient, (positive or 
negative), that is independent of k and independent of p. 

Now let {B,i,n, j, s, E,v) be any ordered septuple as on page 11711 such that the 
condition on page 11721 holds, and such that (# {V (j)) + ^ (V (E))) is not greater than 
the integer N defined on page 11661 and such that if A is any member of B (G), T is 
any {V U if)-key of A such that T is not a member of V, and / is the member of T 
that is not the key member of any {V U if )-firm over V component of A that does not 
have J'a as a member, then there is no member (3 ofD (j) such that jp = I holds. 

Let A be any member of B (G), let T be any {V U ii)-key of A such that T is not 
a member of V, let m be the member of T that is the key member of a (V^ U ii)-firm 
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over V component of A that does not have Ja as a member, (so that, specifically, 
m is the key member of the {V U H)-fLTm over V component {A hf (/a, {T})) h 
(Ui?gz '~T if A, {R}))) of A, where Z is the set whose members are all the (V U H)- 
keys R of A such that R ^ V and R ^ T both hold), and let /? be any member of 
V (j) such that j/j = m holds. 

Let j be the map whose domain is equal to (T) (j) h {/?}), and such that for 
each member 7 of j-y = j-y holds, (so that j is equal to (j h {(/5,j/3)}) = 

(j h{(Am)})). 

Let C be the member {A hf (/^, {T})) of J. We note that it directly follows from 
the fact that, by page II 7^^ Sa is a subset of the {V U iJ)-firm over V component of A 
that has /a as a member, and from the fact that, by pages fTTHl and IT7^ C is not equal 
to Sd for any member D oi {J \- P), that C is a member of (J h (7^ (5) U {U iV)})), 
hence that by page 11841 ac is one of our new independent integration variables. 

Then it directly follows from our assumptions on J , that for any member k of N, 
and for any member p of ©, the integral over W, of dc acting on the integrand of 

(5, z, ra, j, s, i?, f , p), is equal to 0, or in other words, that 
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holds. 



We now make the following observations: 



33) When we substitute the expressions on pages ITH^ and [THUl for the zl variables, L G 
(P h (7^ {S) U {U (V)})), in terms of the an variables, D G ( J h (7^ {S) U {W (1^)})), 
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into the expressions on page 11841 for the xl variables in terms of the variables, the 
only terms in the sums over A e Y {P,C{V,l) ,U {V)) and A G Y {P,L,U{V)), in 
the expressions on page 11841 for xc(v,i) and xl, that get altered more than simply by 
re-writing each letter "2;" as the letter "a", are the terms where A is a member of 
B (G). This follows directly from the formula on page 11851 for the variables in terms 
of the ai variables when D is a member of J fl (H {V {P, A)) h {A}) for some member 
A of B (G), together with the fact that, as defined on page 11841 if D is any member 
of (J h {U (V)}) such that D is not a member of J fl (S {V (P, A)) h {A}) for some 
member A of B (G), then = z^ holds. 

34) Let D be any member of {Y \- G). Then 

f ((P n S {V (G, D))) , (Q n S (P (G, D))) , H, a, P, i (x, S {V (G, D)))) 
is completely independent of ac, (where G is as defined on page ll88|) . hence 

ac£ ((P n H (P (G, D))) , (Q n S (P (G, Z^))) , H, a, P, i (x, H (P (G, D)))) 
is identically equal to 0. For the expression 

^ ((P n H {V (G, D))) , (g n H (P (G, , if, a, P, j (x, S (P (G, /))))) 

depends on x only through differences {xk — xl), where both K and L are members of 
H (P (G, D)), and by observations IHUj) tolHH|) above, ac occurs with the same coefficient 
in Xk for every member K oi SiV (G, D)), hence every such difference is completely 
independent of ac- 

35) Let D be any member of B {Q) such that D is not a member of B (G), and let / be 
any member of D. Then the expression {xic(q,d,i) — xd) is completely independent of 
ac, where G is defined as on page 11881 hence dc {xic{q,d,i) — ^d) is equal to 0. For if D 
is a subset of the member A of B (G) with respect to which G was defined on page 11881 
then D is a strict subset of A, hence since Q is a member of O (G, H), D is a subset of 
some (y U P)-firm over V component of A. Hence the independence of [xic[q,d,i) — Xd) 
from ac follows directly from observations I3(J|) tol33|) above, together with the fact that 
both xic(Q,D,i) and Xn are linear combinations, with coefficients summing to 1, of the 
XK,KeV{P,D). 

36) Let D be any member of B (G) and / be any member of D. Then [xic{q,d,i) — xd) 
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is independent of a^, where C is defined as on page 11881 unless D is equal to A, where 
A is the member of B (G) with reference to which C was defined on page 1188'! and if D 
is equal to A, then ac {xic{q,d,i) — xd) is equal to the sum of a finite number of terms, 
each of which has the form of a finite real-number coefficient times the product of finite 
powers, all > 0, of the px, K ^ {Q \~ P). For it directly follows from observations l3Up 
toinni) above, together with the fact that if D is not equal to A, then either D fl A = 
holds, or D G A holds, in which case D is a subset of a U /7)-firm over V component 
of A, (since G is an if-principal wood of V), or A C -D holds, in which case A is a 
subset of a (l^ U if)-firm over V component of D, that {xic(q,d,i) — ^d) is independent 
of ac unless D is equal to A. And if D is equal to A, then since both X]c(q,d,i) and xd 
are linear combinations, with p- independent coefficients, of the xk-, K gV {P, A), and 
these Xk are expressed in terms of the variables by the formulae on pages 11841 to 
11861 the only p-dependence of the expressions for xjciq^da) and in terms of the 
variables is through the ukl coefficients, whose only p-dependence, by pages HHHl and 
11841 is through the coefficients, whose only p-dependence, by page 11831 is through 
the un- coefficients, whose only p-dependence, by page 11811 is through the sum of a 
finite number, (in fact, at the most, two), of terms, each of which has the form of a 
product of finite powers, all > 0, of the pR, R E {Q \~ P)- 

37) From observations IH^ andlHU)) above it immediately follows that the action of dc, 
where C is defined as on page 11881 on the factor (^HagoCB) {{^K.{Q,B^,ic.) - ^b^) -na)^ 
in the integrand of I,^ [B,i,n, j , s, E,v, p), is equal to the sum of a finite number of 
terms, each of which has the form of a finite real number, independent of k and p, times 
a product of finite powers, all > and independent of k and p, of the p/j, R E {Q \~ P), 
times (^B, i, n, j, s, E, v, p j , for some ordered septuple (^B, i, n, j, s, E, t> j as on page 

I17H such that the condition on page ll72l holds. and such that (^B, i, h, j, s, E, t> j differs 
from (5, i, n,j, s, E, at most in the first three components. 

38) With the definitions of page 11881 let / be the member of T that is not the key 
member of any {V U if)-firm over V component of A that does not have Ja as a 
member, (so that T is equal to {/,m}), and let {r,s} be any member of W such that 
{r, s} is not equal to T. Then 

acPr (P, Q, H, X, X (P, Q, H, p)) = acPs (P, Q, H, x, X (P, Q, H, p)) 
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holds, and moreover acfir (P, Q, H, x, X (P, Q, if, p)) is equal to a Kronecker delta in 
the undisplayed indices, times the sum of a finite number of terms, each of which 
has the form of a finite real number, independent of p, times a product of finite powers, 
all > and independent of p, of the px, K E {Q \~ P)- 
And furthermore 

ac/im (P, Q, H, X, X (P, g, H, p)) = 1 + acp/ (P, Q, H, x, A" (P, Q, H, p)) 

holds, where the 1 displayed in the right-hand side is to be understood to be multiplied 
by a Kronecker delta in the undisplayed indices, and moreover 
dcPi (P, Q, H, X, X (P, Q, if, p)) is equal to a Kronecker delta in the undislayed in- 
dices, times the sum of a finite number of terms, each of which has the form of a 
finite real number, independent of p, times a product of finite powers, all > and 
independent of p, of the pk,K E {Q l~ P). 

For if V is any member of U {W) then v is certainly a member of O (V, if), hence 
by pages IHH 1221 and 11811 p^, (P, Q, H,x, X {P,Q, H, p)) is a linear combination, with 
coefficients summing to 1, of the xd, D G 'Givz{p,h,v) {Q,H), or in other words, of the 
xo for the members D of Q such that Z (P, H,v) D (1 Z {Q, H, v) holds, and each 
coefficient in this sum has the form of the sum of a finite number, (in fact, at the most, 
two) of terms, each of which has the form of a finite real number, (in fact, +1 or — 1), 
times a product of finite powers, independent of p, of the px, K E {Q l~ P). 

We recall from pageOSlthat T {A, H) is by definition the subset of A whose members 
are all the members e of A such that there is no member R of H such that e G P and 
P C A both hold. And we recall from page 11651 that if is a partition such that if R 
is any member of if such that R intersects more than one member of V, then R has 
exactly two members, and furthermore that W is the subset of if whose members are 
all the members R of H such that R intersects exactly two members of V, so that W 
is a partition such that every member of W has exactly two members. 

Now if V is any member of U (W), then exactly one of the four possibilities v G 
(C h r {A, H)),ve {{A h C) hT{A,H)),v eT {A, if), and v e {U {V) h A) holds. 

Suppose first that f G (C h T {A,H)) holds. (We note that this case includes, in 
particular, the case v = m.) Then f is a member of C such that there exists a member 
R of H such that f G P and P C A both hold. Hence Z {Q, H,v) G A holds, hence 
Z{Q,H,v) C C holds, since Q G 0{G,H) and Z{Q,H,v) C A imply together that 
Z {Q, if, v) is a subset of some {V U P)-firm over V component of A, and each {V U H)- 
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firm over V component of A is eitfier a subset of C or else does not intersect C, and 
Z {Q, H, v)r\C has tlie member v hence is nonempty. And the fact that Z {Q, H,v) C C 
holds implies immediately that every member D of GvZ{p,h.v) {Q, H), or in other words, 
every member D oi Q such that Z{P,H,v) CDC Z{Q,H,v) holds, is a subset of 
C. Hence it immediately follows from observations l3Up tol33|) above, together with the 
fact that if Z [P, H,v) G Z {Q, H, v) holds, then for every member D of Q such that 
Z{P,H,v) CDC Z{Q,H,v) holds, Xd is by Lemmata linear combination, with 
coefficients summing to 1, of the xl, L G "P (P, Z {Q, H, v)), that if D is any member of 
Q such that Z {P,H,v) C D C Z {Q, H, v) holds, then xc is equal to (a^ + xs^) plus 
a term that is independent of ac- Hence fi^ (P, Q, H,x, X {P,Q, H, p)) is itself equal to 
(flc + xs^) plus a term that is independent of ac- 

Suppose now that v G {{A h C) h T {A,H)) holds. (We note that this case in- 
cludes, in particular, the case v = I.) Then f is a member of {A h C) such that 
there exists a member R of H such that f G P and RCA both hold. Hence 
Z (Q, H,v) C A holds, hence Z (Q, H, v) C {A h C) holds, since Q G O (G, H) and 
Z {Q, H,v) G A imply together that Z {Q, H, v) is a subset of some {V U if)-firm over 
V component of A, and each {V U P)-firm over V component of A is either a sub- 
set of {A h C) or else does not intersect {A h C), and Z {Q, H, v) (1 {A h C) has the 
member v hence is nonempty. And the fact that Z {Q, H, v) C [A \- C) holds implies 
immediately that every member D of 'GiyZ{P.H,v) {Q, H), or in other words, every mem- 
ber D of Q such that Z{P,H,v) CDC Z{Q,H,v) holds, is a subset of {A h C). 
Hence it immediately follows from observations IHUj) to IH^ above, together with the 
fact that if Z (P, H,v) G Z {Q, H, v) holds, then for every member D of Q such that 
Z{P,H,v) CDC Z{Q,H,v) holds, xe> is by Lemmata linear combination, with 
coefficients summing to 1, of the xl, L G V (P, Z {Q, H,v)), that if D is any member 
of Q such that Z{P,H,v) CDC Z{Q,H,v) holds, then xd is equal to xsj^ plus a 
term that is independent of ac- Hence (P, Q, x, X (P, Q, H, p)) is itself equal to 
xsa plus a term that is independent of ac- 

Now suppose that v G T [A, H) holds. Then f is a member of A such that there 
is no member R of H such that v G R and RCA both hold. Hence A C Z (P, H, v) 
holds, hence no member D of GyZ(p,H,v) {Q, H) is a strict subset of A, hence it im- 
mediately follows from observations IHUj) to above that for every member D of 
^vZ{p,H,v) {Q,H), Xd is equal to xi((v) plus a term that is independent of ac, hence 
Pjj (P, Q, H,x, X {P,Q, H, p)) is itself equal to xu{v) plus a term that is independent of 
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ac- 

And finally suppose that v e {U (V) h A) holds. Then Z {P, H,v) G A certainly 
does not hold, hence again no member D of GyZ{p,H,v) {Q,H) is a strict subset of A, 
hence again, for every member D of GyZ{p,H,v) (Q, H), xd is equal to xi({v) plus a term 
that is independent of ac, hence /i^ {P, Q, H, x, X {P, Q, H, p)) is itself equal to Xu(y) 
plus a term that is independent of ac- 

Now let {r, s} be any member of W. 

Suppose first that r & {C \- T [A, H)) holds. Then either r — m holds, (in which 
case s — I holds and {r, s} is equal to T), or else s is also a member of (C h T {A, H)). 
Hence if r e (C h T {A, H)) holds and {r, s} is not equal to T, then it immediately 
follows from the foregoing that 

ac/ir- (P, Q, H, X, X (P, Q, H, p)) = acp^s (P, Q, H, x, X (P, Q, H, p)) 

holds, and moreover that acP-r {P, Q,H,x,X [P, Q,H, p)) is equal to a Kronecker delta 
in the undisplayed indices, times the sum of a finite number of terms, each of which 
has the form of a finite real number, independent of p, times a product of finite powers, 
all > and independent of p, of the px, K e {Q \- P). 

Now suppose that r e {{A \- C) \- T {A,H)) holds. Then either r = I holds, 
(in which case s — m holds and {r, s} is equal to T), or else s is also a member 
of {{A h C) ^T{A,H)). Hence if r e {{A h C) ^T{A,H)) holds and {r,s} is not 
equal to T, then again it immediately follows from the foregoing that 

acPr {P, Q, H, X, X (P, Q, H, p)) = acPs (P, <9, H, x, X (P, Q, H, p)) 

holds, and moreover that ac^r (P, Q, H, x, X (P, Q, H, p)) is equal to a Kronecker delta 
in the undisplayed indices, times the sum of a finite number of terms, each of which 
has the form of a finite real number, independent of p, times a product of finite powers, 
all > and independent of p, of the px, K E {Q l~ P). 

Now suppose that r is either a member of T{A,H) or else is a member of {U {V) \-A). 
Then if r is a member of T[A,H), s is a member of {U {V) h A), while if r is a 
member of {U {V) h A), then s is either a member of T {A,H) or else is a member 
of {U {V) h ^4). Hence if r is either a member of T {A,H) or else is a member of 
{U (V) h ^4) , then it again immediately follows from the foregoing that 

acPr (P, Q, H, X, X (P, g, H, p)) = acPs (P, H, x, X (P, Q, H, p)) 
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holds, and moreover that acfi,. {P, Q,H,x,X [P, Q,H, p)) is equal to a Kronecker delta 
in the undisplayed indices, times the sum of a finite number of terms, each of which 
has the form of a finite real number, independent of p, times a product of finite powers, 
all > and independent of p, of the pk, K E {Q l~ -P). 

And finally we note that m is a member of (C h T {A, H)) and / is a member of 
{{A h C) h T [A, H)), hence it immediately follows from the foregoing that 

ac/im [P, Q, H, X, X [P, Q, H, p)) = 1 + dcpi [P, Q, H, x, X [P, Q, H, p)) 

holds, where the 1 displayed in the right-hand side is to be understood to be multiplied 
by a Kronecker delta in the undisplayed indices, and moreover that 
dcPi {P,Q, H,x, X {P,Q, H, p)) is equal to a Kronecker delta in the undisplayed E^ 
indices, times the sum of a finite number of terms, each of which has the form of a 
finite real number, independent of p, times a product of finite powers, all > and 
independent of p, of the Pk, K & {Q \- P). 

39) With the definitions of page 11881 

dcJkQ (/i {P, Q, H, X, X (P, Q, H, p))) = dc (^(jfcQ (y) 

is equal to 



y=fj.{P,Q,H,x,X{P,Q,H,p)) 



HmJkQ iy) , 

/ y=fj.(P,Q,H,x,X{P,Q,H,p))^ 

plus the sum, over the members R of W, of a finite coefficient times 



tpJkQ {y) 



y=p{P,Q,H,x,X{P,Q,H,p)) 



where for each member R of W, the finite coefficient is equal to the sum of a finite 
number of terms, each of which has the form of a finite real number, independent of 
X and p, times a product of finite powers, all > and independent of x and p, of the 
Pk, K E {Q l~ P), and, as defined on pages fTHHl and IT7T| is the differential operator 
tpi = {{jr + Us), where r and s are the two members of R, or in other words, R = {r, s} 
holds, plus the sum, over the members v of {U {V) h U {W)), of a finite coefficent times 

VvJkQ (y) , 

y y=ti{P,Q,H,x,X{P,Q,H,p))^ 

where for each member v of {U {V) \-U{W)), the finite coefficient is equal to the 
sum of a finite number of terms, each of which has the form of a finite real number, 

195 



independent of x and p, times a product of finite powers, all > and independent of x 
and p, of the pi^, K E {Q V- P). 

This follows immediately from observation I38|) above, together with the fact that, 
by the chain rule for differentiating a function of a function. 



y=fj.{P,Q,H,x,X(P,Q,H,p)) 



y=^i{P,Q,H,x,X(P,Q,H,p)) 



acJkQ (/i (P, Q, H, X, X (P, Q, /f, p))) = ac (^J-^q (y) 
is equal to 

(i^, Q, ^, X, A" (P, Q, /f, p))) . {yJ^Q {y) 



v&A{V) 



We now observe that, with the definitions of page 118^ it follows directly from the 
equation displayed on page 11891 together with observations OH), EZj), and IHUj) above, 

o 

that (P, i, ra, j, s, P, f , p), where (P, i, n, j, s, P, v) is any ordered septuple as on page 
11881 and k is any member of N, is equal to the sum, over a finite number of ordered 
septuples ^P, 2, n, j, S, P, 5^ as on page llTll each satisfying the condition on page 11721 

and each satisfying the condition that {x) {J^^ + # ('^))) greater than 

the integer N defined on page 11661 and each satisfying the requirement that if A is 
any member of B (G), T is any (V U P)-key of A such that T is not a member of 
V , and / is the member of T that is not the key member of any {V U P)-firm over 
V component of A that does not have as a member, then there is no member j3 
of T) {J^ such that = I holds, and each satisfying the requirement that if v is any 

member of U (W), then the number of members /3 of P j such that = v holds is 
< the number of members (3 oiT) (j) such that jp = v holds, and each satisfying the 
requirement that if A is the particular member of B {G) chosen arbitrarily on page 1 1881 
and T is the particular {V U P)-key of A that is not a member of V, chosen arbitrarily 
on page I188[ and, as on page I188[ m is the member of T that is the key member of 
a {V U P)-firm over V component of A that does not have Ja as a member, then the 
number of members P of V j such that = m holds, is one less than the number 

of members (3 oiV (j) such that jp = m holds, of (j3, i, h, j, s, P, v, times a finite 
coefficient which is equal to the sum of a finite number of terms, each of which has the 
form of a finite real number, independent of k and p, times a product of finite powers, 
all > and independent of k and p, of the pk, K E {Q l~ P). 

(We note that when we use observations OH), EZj), and IH^ above to write out the 
expanded form of the equation displayed on page I189| and take the dot product of dc 
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with the unit c?- vector sp, where f5 is the particular member of T> (j), such that j'^ = m 
holds, that was arbitrarily selected on page 11881 the term 
( (sp.ymJkQ {y)] I , which occurs in 

sn.ac ( [Jkoiy)] I by observation IHUl) above, exactly reproduces 

V V / y=ti{P,Q,H,x,X{P,Q,H,p)) J 

o 

the given integral {B, i, n,j, s, E, v, p).) 

And by using this result a sufficiently large, but finite, number of times, after first 
having used the result on page 11871 we finally obtain the result stated on page 11861 
namely that if {B,i,n,j,s,E,v) is any ordered septuple as on page 11711 such that 
the condition on page 11721 holds, and such that (# {V (j)) + # (P (E))) is not greater 
than the integer defined on page 11661 then there exists a finite collection of ordered 
septuples (^B, i, n,j, s, E, as on page ll7ll each satisfying the condition on page 11721 

and each satisfying the requirement that (V (j)) + ^ (v (^E^^^ is not greater 
than the integer N defined on page 11661 and each satisfying the further requirement 
that if A is any member of B (G), and T = {r, s} is any {V U H)-kej of A such that T 
is not a member of V, then there is no member /? of P (j) such that = r holds and 
there is no member P of V (j) such that jf^ = s holds, such that for each member k 

o 

of N, Ij^ {B, i, n,j, s, E, v, p) is equal to the sum, over this finite collection of septuples 
(^B, i, h, j, s, E, i)^ , of i, h, j, s, E, v, p^ times a finite real-number coefficient that 

is independent of k, and equal to the sum of a finite number of terms, each of which 
has the form of a finite real number, independent of k and p, times a product of finite 
powers, all > and independent of k and p, of the pk, K E {Q l~ -P). 

Finally we shall prove that if {B, i, n,j, s, E, v) is any ordered septuple as on page 
I17H such that the condition on page 11721 holds, and such that (7^ {V (j)) + ^ {V (E))) 
is not greater than the integer N defined on page 11661 and such that if A is any member 
of B (G), and T is any {V U H)-keY of A such that T is not a member of V, then there 
is no member (3 oi T> (j) such that jp G T holds, then the integrals with respect to 
p, over D, of any k-independent product of finite powers, all > and independent of 

o 

k and p, of the px, K E {Q h P), times the I/. {B,i,n, j, s, E,v, p), k E N, form a 
Cauchy sequence. 

We shall do this in two steps. We first prove that if {B, i, n, j, s, E, v) is any ordered 
septuple satisfying the conditions just specified, and if we define I {B, i, n,j, s, E, v, p) 
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by 

I {B,i,n,j,s,E,v,p) = J I Y[ d'^XAj y< 



X 



^AG(yh{o}) 

n ^ ((P n s (p (G, c))) , (g n s (p (g, c))) , h, a, r, i (x, s (p (g, g)))) 

^ce{yi-G) 

,aGl?(B) / \f3eV{j) 



X 



/ / y=tM{P,Q,H,x,X{P,Q,H,p)) J 

then / {B, i, n, j, s, E, v, p) is finite and absolutely convergent, and is moreover bounded 
above in magnitude, for all p G D, by a finite, p-independent constant. 

Let {B,i,n,j,s,E,v) be any ordered septuple satisfying the conditions just spec- 
ified, and let / {B,i,n, j, s, E,v, p) be defined, for any member p of D, by the equa- 
tion just given. Then in order to prove the finiteness, absolute convergence, and p- 
independent bound on the magnitude of / {B, i, n, j, s, E, v, p) it is sufficient, by Lemma 
I2S1 to prove the corresponding results for the integral over W of some function F{x) 
such that for all x G W, F{x) is greater than or equal to the magnitude of the integrand 
of / {B,i,n,j,s,E,v,p). 

For any ordered triple {x,r,p) of a member x of {V,u), a member r of U {V), 
and a member p of D, we define w {x, r, p) to be equal to 

|p, (P, Q, H, X, X (P, Q, H,p))- p, (P, Q, E, x, X (P, Q, E, p)) | 

if r is a member of the member {r, s} of the partition W ^ and to be equal to 1 if r is 
not a member of any member of W . 

Then it immediately follows from the assumed properties of JT, that for all x G 
W, the integrand of the following integral I{B,i, j, p) is greater than or equal to the 
magnitude of the integrand of / (P, i, n, j, s, E, v, p): 

i{B,t,j,p)= [ I n X 

"^w \Ae(VHO}) J 
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XII II S{{PnE{V{G,C))),{QnE {V (G, C))) , H, a, R, j (x, S {V (G, G)))) I x 




X 



X 



n l/ir (P, g, i^, X, X (p, g, if, p)) - /X, (p, g, X, X (p, g, pW' 
n § (T - i/i, (p, g, ii, x, X (p, g, ii, p)) - /i, (p, g, if, x (p, g, i/, p))\) 

A={r,s}evy 



Hence to prove the finiteness and absolute convergence of I {B,i,n, j, s, E,v, p), 
and a p-independent bound, for p G ©, on the magnitude of / (P, i, n,j, s, E, v, p), it is 
sufficient to prove the convergence of I{B,i,j,p), and a p-independent upper bound, 
for p G D, on I {B,i, j, p). 

We now change to the new integration variables ac, C E {J \- (Jl (S) U {U {V)})), 
as defined on pages 1184! and 11851 and we note that, as observed on page 11851 the 
Jacobian determinant for the transformation to this new set of integration variables is 
equal to 1. 

We recall that G is an ii-principal wood of V, and that, as defined on page 11681 Y 
is the set whose members are all the {V U /7)-firm over V components of members of 
IB (G), together with the set U (V), and we note that, by Lemma IH^ fiii). the set GUY 
is a wood of V. 

We now make the following observations: 

40) Let T be any member of W. Then if y{{GUY),T)eG holds, y {{G U F) , T) 
is a member of B (G) and T is a (V" U H)-kej of 3^ ((G U F) , T) such that T is not a 
member of V, while if 3^ ((G U F) , T) G (F h G) holds, then T is not a (V U i/)-key of 
any member of B (G). For U {V) is a member of Y hence a member of (G U F), hence 
(G U F) certainly has at least one member, namely U {V), that contains T as a subset, 
hence by definition 3^ ((G U F) , T) is the smallest member of (G U F) that contains T 
as a subset. Suppose first that 3^ ((G U F) , T) G G holds. Now T is a member of W 
hence T intersects two members of V, hence T is not a subset of any member of V, (since 
is a partition), hence 3^ ((G U F) , T) is not a member of V, hence 3^ ((G U F) , T) 



199 



is a member of B (G). Hence every {V U iJ)-firm over V component of y {{GUY) ,T) 
is a member of Y, hence T is not a subset of any (V U if)-firm over V component of 
y ((G U Y) , T), hence, since by Lemma 1^ the set whose members are all the (V U H)- 
firm over V components of 3^ ((G U F) , T), is a partition of 3^ ((G U F) , T), and fur- 
thermore T is a member of W, hence T has exactly two members, T intersects exactly 
two distinct {V U if)-firm over V components of 3^ {{G UY) ,T), say G and D. Let r 
be the member of T that is a member of G, let s be the member of T that is a member 
of D, and let X be the set whose members are all the (V U H)-kejs of 3^ {{G UY),T) 
that are not members of V. Then by Lemma QUI | {r,X), where t is defined 

as on pages 11771 and 11781 with reference to the member y {{G UY) ,T) of B (G), is a 
{V U iJ)-firm over V component of y {{G U Y) , T), hence by Lemma 1^ | (r, X) is the 
unique (V^ U iJ)-firm over V component of y {{G UY) ,T) that has r as a member, 
hence G is equal to | {r,X). Let Z be the set whose members are all the members 
of X that intersect G =] (r,X). Then by Lemma M (xi), y {{G UY) ,T) is equal 
to the disjoint union of G =T (r,X) and the sets (3^ ((G U F) ,T) ht (r, {i?})) for all 
the members R of Z, hence, since s is not a member of G, s is a member of the set 
(3^ ((G U F) , T) hf (r, {R})) for some member i? of Z. Let i? be the member of Z such 
that s G (3^ ((G U F) , T) ht (r, {/?})) holds. Then T is a member of {{V U H) hi/) 
such that T intersects both G =t (^'j X) and (3^ ((G U F) , T) h| (r, {-R})), hence, since 
G =t X) is a subset of t (r, {R}), and by Lemma |2Hl(viii), i? is the only member of 
{V U H) to intersect both T (r, {i?}) and (3^ ((G U F) ,T) ht (r, {R})), R is equal to 
T, hence T is a U if )-key of 3^ ((G U F) , T) such that T is not a member of ^. Now 
suppose that y ((G U F) , T) is a member of (F h G). Then y ((G U F) , T) is either 
equal to U (V), or else 3^ ((G U F) , T) is equal to a U if)-firm over V component of 
some member A of B (G). Suppose first that 3^ ((G U F) , T) is equal to U (V). Then 
U (V) is not a member of G, and T is not a subset of any member of B (G), hence since 
T has exactly two members, at most one of the two members of T can be a member of 
any particular member of B (G), hence T is certainly not a. {V U iJ)-key of any member 
of B (G). Now suppose that 3^ ((G U F) , T) is not equal to U (V). Then 3^ ((G U F) , T) 
is a member of (F h (\/ U {U (V)})), hence by Lemma El (i), 3^ (G, y ((G U F) , T)) 
is a member of B(G), and 3^((GUF),T) is a {V U H)-fiTm over component of 
y (G, 3^ ((G U F) , T)). Hence T is a subset of a {V U if )-firm over V component of 
y (G, y ((G U F) , T)), hence since T is a member of {{V U H) h V), Lemma |2H1 (xvi) 
and Lemma M imply that T is not a {V U ii)-key of 3^ (G, 3^ ((G U F) , T)). And if 
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A is any member of 1 (G) such that y {G,y {{G VJY) ,T)) C A holds, then since G 
is an if-principal wood of V ^ y {G, y {{G UY) ,T)) is a subset of a (V^ U if)-firm over 
V component of A, hence T is a subset of a (V^ U if)-firm over V component of A, 
hence again Lemma EHl (xvi) and Lemma QUI implv that T is not a (V U //)-key of A. 
Hence since y {{G UY) ,T) e {¥ h G) imphes that y {G,y {{G UY) ,T)) is equal to 
3^ (G, T), T is not a {V U Hykey of any member A of B (G) such that T C A holds. 
And finally, if A is any member of B (G) such that T (1 A does not hold, then at 
most one of the two members of T can be a member of A, hence T is certainly not a 
{V U H)-key of A. 

41) Let {r,s} be any member of W such that 3^ ((G U F) , {r, s}) is a member of 
(F h G), and let G = 3^ ((G U Y) , {r, s}). Then the dependence of 

{fir {P, Q, H, X, X (P, Q, H, p)) - (P, Q, H, X, X (P, Q, H, p))) 

on the ax variables is limited to dependence on the ax such that if is a member of 
Pn{E{V (G, G)) h {G}). For if v is any member of U (W), then 
fit, (P, Q, ii, X, X (P, Q, ii, p)) is a linear combination, with coefficients summing to 1, 
of the xk such that if is a member of Q such that Z (P, if, w ) C if C 2 (Q, ii, t>) 
holds. Let i^ = 3^(P, {r, s}). Then since P is a member of 0{G,H), either D is 
equal to the member 3^ (G, G) = 3^(G, {r, s}) of B(G), or else D is a. subset of G 
such that D is not a subset of any member of V (G, G). Suppose first that D is equal 
to the member 3^ (G, G) = 3^(G, {r,s}) of B(G). Then since Z{Q,H,r) C D and 
Z{Q,H,s) C D both hold, and Q is a member of 0{G,H), both Z{Q,H,r) and 
Z {Q, H, s) are subsets of G, hence both Z {Q, H, r) and Z {Q, H, s) are strict subsets 
of G, since Z {Q , H, r) n Z {Q , H, s) = holds and neither Z {Q,H, r) nor Z {Q,H, s) 
is empty. And furthermore, both Z (P, H, r) and Z (P, ii, s) are members of "P (P, i5) 
that are strict subsets of G. (In fact Z (P, ii, r) is equal to /C (P, i^, r) and 2 (P, if, s) 
is equal to IC{P,D,s).) Hence by Lemma 01 if K is any member of Q such that 
Z{P,H,r) C K C Z {Q, H, r) holds or Z{P,H,s) C K C Z (Q, H, s) holds, then is 
equal to a linear combination, with coefficients summing to 1, of the xl such that L is a 
member of V (P, D) such that L ^ C holds, hence by page ll73l if K is any such member 
of Q, then xk is equal to xs^^ plus a linear combination, with coefficients summing to 
1, of the zl such that L is a member of V (P, D) such that L (1 G holds. Now i^ is a 
member of B (G) in the present case, hence by page ll84l if L is any member of V (P, D), 
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then zl is equal to plus 2:5^, where E is the smallest member of J to contain L as 
a strict subset, where J is the wood defined on page 117^ Now since C G D holds in 
the present case, C is not a member of P in the present case, hence every member L 
of V (P, D) such that L C C holds, is a strict subset of C, hence if L is any member of 

V (P, D) such that L C C holds, then the smallest member E' of J to contain L as a 
strict subset, is equal to the smallest member of J that contains C as a subset, and is 
the same for every member LofV (P, D) such that L (1 C holds. Let E be the smallest 
member of J to contain C as a subset. Then by the foregoing, if K is any member of Q 
such that Z{P,H,r) C K C Z (Q, H, r) holds or Z{P,H,s) C K C Z (Q, H, s) holds, 
then xk is equal to (x5^ + 2:5^) plus a linear combination, with coefficients summing 
to 1, of the ai such that L is a member of V {P,D) such that L G C holds. Hence 
fir {P,Q, H,x, X {P,Q, H, p)) is equal to (x^^ + ^Se) P^^^ ^ linear combination, with 
coefficents summing to 1, of the such that L is a member of V (P, D) such that 
L C C holds, and ps {P,Q, H,x, X {P, Q, H, p)) is also equal to (0:5^ +2:5^) plus a 
linear combination, with coefficients summing to 1, of the ai such that L is a member 
of V {P,D) such that L G C holds, hence 

{fir (P, Q, H, X, X (P, Q, H, p)) - /i, (P, Q, if, x, X (P, Q, if, p))) 

is equal to a linear combination, with coefficients summing to 0, of the such that L is 
a member of P (P, i^) such that L G C holds, and every such member LofV (P, D) is a 
member of Pfl (S {V {G, C)) h {C}) (We note in passing that since every member L of 

V (P, i^) that can contribute to pr {P, Q, H, x, X (P, Q, H, p)), is a subset of Z {Q, H, r), 
and every member L of V (P, D) that can contribute to Ps (P, H, x, X (P, Q, H, p)) 
is a subset of Z{Q,H,s), and Z{Q,H,r) fl Z{Q,H,s) is equal to the empty set 
0, the coefficients in {pr (P, Q, ii, x, X (P, Q, ii, p)) - ps (P, Q, ii, a;, A' (P, Q, H, p))) do 
not vanish identically.) Now suppose that D = y{P,{r,s}) is a subset of C such 
that i^ is not a subset of any member of V{G,C). Then no member of V{P,D) is 
a strict subset of any member of V (G, C), and Z (P, ii, r) is equal to /C (P, D, r) and 
Z{P,H,s) is equal to }C{P,D,s), and Z{Q,H,r) and Z{Q,H,s) are strict subsets 
of i^ such that 2 (Q, H,r) (1 Z {Q, H,s) = holds, hence if i^ is any member of Q 
such that Z{P,H,r) C K G Z{Q,H,r) holds or Z{P,H,s) C K G Z{Q,H,s) 
holds, then xk is equal to a linear combination, with coefficients summing to 1, of 
the xl, L e V{P,D), hence by page 11731 if K is any such member of Q, then xk 
is equal to xs^ plus a linear combination, with coefficients summing to 1, of the zl, 
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L G V{P,D). And furthermore no member L of V{P,D) is a member of V{P,A) 
for any member A of B (G), hence by page 11841 if L is any member of V {P, D), then 
zl = cll holds, hence if K is any member of Q such that Z (P, H,r) C K C Z {Q, H, r) 
holds or Z {P,H,s) K C Z {Q, H, s) holds, then xk is equal to plus a linear 
combination, with coefficients summing to 1, of the a^, L E V (P, D), hence 

{fir {P, Q, H, X, X (P, g, H, p)) - p, (P, Q, H, X, X (P, Q, i/, p))) 

is equal to a linear combination, with coefficients summing to 0, of the a/,, L eV (P, D), 
and every member L of V{P,D) is a member of (S(P(G', C)) h {C}). (And, as in 
the previous case, the fact that Z{Q,H,r) fl Z{Q,H,s) = holds implies that the 
coefficients do not vanish identically.) 

42) Let T = {/, m} be any member of W such that y {(GUY) ,T) E G holds, (so that, 
by observation l4Uj) above, y {{GUY) ,T) is a member of B (G) and T is a (V^ U if)-key 
of 3^ ((G U F) , T) such that T is not a member of V), let C = 3^ {{G U F) , T), let D = 
(C hf (/c, {T})), where for any member r of C and any subset X of the set of all the 
(y U H)-kejs of C that are not members of V, j (r, X) is defined as on pages IT77I and 
I178l with reference to the member C of B (G), (so that, by the definition on page 11731 of 
the wood J, D is a member of J), and let m be the member of T that is the key member 
of the {V U H)-RTm over V component {G (/c, {T})) h {[j^^^ {G ht (/c, {R}))) 
of C, where Z is the set whose members are all the {V U i/)-keys R of G such that 
R ^ V and R ^ T both hold, where the relation ^ among the (V U i7)-keys of G is 
defined with reference to the member fc of G, as on page 11771 Then 

{pm (P, Q, i^, X, X (P, Q, if, p)) - Pi (P, Q, H, X, X (P, Q, H, p))) 

is equal to minus a linear combination, with coefficients summing to 1, of the ol 
such that L is a member of V (P, G) such that L is a subset of the unique (V U if)-firm 
over V component N of G that has I as a member. (We note that N (1 D = ^ holds, 
so that L n D = holds for every such member L of V (P, C).) 

For let N be the unique {V U ii)-firm over V component of G that has / as a 
member. Then since P is a member of 0{G,H), and is a subset of C but is 

not a subset of A^, Z{P,H,l) is equal to /C(P, C, /), hence Z{P,H,l) is a member 
of P (P, C) that is a subset of A^, and furthermore since Q is a member of O {G, H), 
Z {Q, H, I) is also a subset of A^, hence if K is any member of Q such that Z (P, H, I) C 
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K C Z{Q,H,l) holds, then by Lemma EJ xk is equal to a linear combination, with 
coefficients summing to 1, of the xl such that L is a member of V {P,C) such that 
L C N holds, hence by page 11731 xk is equal to xsc plus a linear combination, with 
coefficients summing to 1, of the zl such that L is a member of V (P, C) such that 
LCN holds. 

We next note that is not equal to (C ht {fc, {R})) for any {V U H)-kej R of 
C such that R is not a member of V, from which it follows immediately, from the 
definition of the wood J on page 11731 that if is a member of J then is a member 
of P. For if R was a (l^ U if )-key of C such that R ^ V held and was equal to 
(C l-| {fc, {R})), then by Lemma OHl (vin), R would be the only member of (V U H) 
to intersect both (C h A^)and A^. But / is a member of A^ and m is not a member 
of A^, hence T intersects both {C h A^) and A^, and R is certainly not equal to T, for 
D = {C {fc, {T})) is disjoint from A^, and moreover m is a member of D and / is not 
a member of D. (We refer to the definition, on pages IT7^ and ITHUl of the key member 
of any {V U if )-firm over V component of C that does not have fc as a member, and 
we note in passing that if R is any {V U ii)-key of C such that R ^ V holds,then the 
set {C ht {fc, {R})) is {V U ii)-firm over V ifif there are no {V U ii)-keys P of C such 
that R^V and R^ R both hold.) 

Now let U be the smallest member of J to contain A^ as a strict subset. Then it 
immediately follows from the foregoing that if L is any member of V {P, C) such that 
LCN holds, then U is the smallest member of J to contain L as a strict subset. For 
if A^ is a member of J, then as just shown, A^ is a member of P, hence there is exactly 
one member L oiV {P, C) such that LCN holds, namely the set L = N, and U is by 
definition the smallest member of J to contain A^ as a strict subset. And if A^ is not 
a member of J, then A^ is not a member of P, (since P is a subset of J), hence if L 
is any member of V (P, C) such that LCN holds, then L C N holds, and moreover 
L is not a strict subset of any member of V {G, C), (since G is a subset of P), hence, 
since it follows directly from the definition of J that every member of ( J h P) that is 
a strict subset of A^, is a subset of some member of V {G, G) that is a subset of A^, U 
is again the smallest member of J to contain L as a strict subset. 

Hence by page 11841 if L is any member of V (P, G) such that LCN holds, then 
zl is equal to (2;^^ + 0^), hence by the foregoing, if K is any member of Q such 
that Z{P,H,l) C K C Z{Q,H,l) holds, then xk is equal to {xs^ + zs^j) plus a 
linear combination, with coefficients summing to 1, of the ql such that L is a member 
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of V{P,C) such that L C N holds, hence fii {P,Q, H,x, X {P,Q, H, p)) is equal to 
{xsc + zs^) plus a linear combination, with coefficients summing to 1, of the ai such 
that L is a member of V {P, C) such that L C N holds. 

We next note that D G U holds, and that U is the smallest member of J to contain 
D as a strict subset. For U is either equal to C, or else is equal to (C hf (/c {R})) 
for some {V U H)-kej R of C such that R is not a member of V. And furthermore, by 
pages IT7Sl to ll77l if U is equal to C, then is equal to the unique {V U if)-&m over V 
component of C that has fc as a member, hence T intersects the unique {V U /7)-firm 
over \^ component of C that has fc as a member, hence there is no {V U if )-key R of 
C such that R ^ V and T R both hold, hence there is no member of (J h P) 
such that D G K and K G D both hold, and furthermore D G C certainly holds hence 
D gU holds, while if U is equal to (C ht Uc, {R})) for some [V U /f)-key i? of C 
such that R is not a member of V, then /c is not a member of A^, (for the unique 
{y U if)-ffim over \^ component of C that has /c as a member is not a strict subset 
of any member of J that is a strict subset of C), and R, (which by Lemma EH (viii) is 
identified uniquely as the only member of {V U H) to intersect both [C h U) and U), 
is equal, by page 11791 to the unique {V U H)-kej of C that is not a member of V and 
which has as a member the key member of A^, hence again by page 11791 T ^ R holds, 
hence by pages lT7Sl to ll771 D G U holds, and furthermore, since T intersects A^, there 
is no {V U H)-keY R of C such that R ^ V and T ^ R and R ^ R all hold, hence 
there is no member K of J such that D G K G U holds. 

Now let Z be the set whose members are all the {V U H)-keys RoiC such that R ^ 
V andR^T both hold, and let M = (C ht (/c, {T})) h (J^ez (/c, {i?}))) 

be the unique {V U if)-&m over component of C that has m as its key member. 
Then since P is a member of O (G, H), and {Z, m} is a subset of C but is not a subset of 
M, 2^ (P, if, m) is equal to /C (P, C, m), hence (P, if, m) is a member of V (P, C) that 
is a subset of M, and furthermore since Q is a member of O (G, ii), 2 (Q, if, "m) is also a 
subset of M, hence if K is any member of Q such that 2 (P, H,m) G K G Z {Q,H,m) 
holds, then by LemmaEJ xk is equal to a linear combination, with coefficients summing 
to 1, of the xl such that L is a member of V (P, C) such that L G M holds, hence by 
page 11731 xk is equal to xsc plus a linear combination, with coefficients summing to 
1, of the such that L is a member of V (P, C) such that L G M holds. 

Now, in accordance with the notation of pages 11811 to 11831 but with the set A of 
those pages taken as the present C, and the set B of those pages taken as the present 
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M, so that the i of those pages is the present m, let Fm be the set whose members are 
all the members L of V {P, C) such that L ^ M holds, so that Fm is equal to {M} if 
M is a member of P, and Fm is equal to V {P, M) if M is not a member of P. 
Then by page ITM 

/im (-P, <5, X, X (P, Q, H, p)) = ^ i^DLa^L = + ^ z/£,lZl = + zd 

holds a D = {C hf {T})) is a member of (J h P), (we note that our present D 
corresponds to the K of pages 11831 and I184[ and that the sets D of pages 11831 and 11841 
correspond to our present sets L), while if D is a member of P, then the set Z defined 
above is empty, D is equal to M, and moreover both Z (P, H, m) and Z {Q, H, m) are 
also equal to M hence equal to hence /i^ Q, H,x, X {P,Q, H, p)) is equal to xd, 
hence again 

firn {P, Q, H, X, X (P, Q, p)) = XSc + ZD 

holds. Hence by the foregoing and page 11841 

IXm (P, Q, H, X, X (P, Q, H,p)) = xsc + zsjj + ao 

holds, hence, as stated, 

(P, Q, H, X, X (P, Q, H, p)) - fii (P, Q, H, x, X (P, Q, H, p))) 

is equal to a^i minus a linear combination, with coefficients summing to 1, of the 
such that L is a member of V (P, C) such that L is a subset of the unique {V U if )-firm 
over V component iV of C that has / as a member. 

43) Let C be any member of {Y \- G). Then the dependence of 

SiiPHE {V (G, C))) , (Q n S (P (G, C))) , H, a, P, i (x, S (P (G, G)))) 

on the ao variables is limited to dependence on the od such that D is a member of 
P n (H (P (G, G)) h {G}). (We note that this observation is related to observation EH) 
above on page 11891 ) For the expression 

^((PnH(P(G,G))),(gnH(P(G,G))),P',(T,P,i (x,S(P(G,G)))) depends on x 
only through differences {xk — xl), where both K and L are members of S {V (G, G)), 
and by observations IHUjl tolHHj) above, if D is any member of (J h (7^ (S*) U {U (V)})) 
such that D is not a member of Pn(H ("P (G, G)) h {G}), then either is independent 
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of a£) for every member K of S (7^(^,(7)), or else ar, occurs in xk with the same 
coefficient for every member K ofSiV {G, C)), so that cancels out of every difference 
{xk — xl), where both K and L are members of S (V {G, G)). 

44) Let D be any member of B (Q) such that D is not a member of B (G), let G = 
y {{G UY) ,D), and let / be any member of D. Then G = y {{G U F) , -D) is a member 
of (Y \- G), and the dependence of [x;c{q,d,i) — ^n) on the ax variables is limited to 
dependence on the ax such that K is a member of P fl {E{V{G,G)) h {G}). (We 
note that this observation is related to observation IH^j) above on page llSlJl ) For D is a 
member of {Q h G) and Q is a member of O {G, H), so if A is any member of G such 
that D (1 A holds, then A is a member of B (G), (since D is not a member of G hence 
is not a member of V), hence D G A holds, hence D is a subset of a (\^ U /7)-firm over 

V component of A, and by the definition of Y on page 11681 that {V U if)-firm over 

V component of A is a member of Y. Hence if there exists any member A oi G such 
that D C A holds, then G = y{{GUY),D) is a (V U if)-firm over V component of 
the member y (G, D) of B (G), hence G is a member of Y, and moreover G is not a 
member of V since D is not a member of V, hence G is not a member of G, (since no 
{V U if)-firm over V component of any member of B (G) is a member of G, unless it 
is a member of V), hence G is a member of {Y h G). And if there is no member A of 
G such that D C A holds, then U {V) is not a member of G, and G = 3^ ((G U F) , D) 
is equal to the member U {V) of {Y h G). Now both /C {Q, D, I) and D are members 
of S (V (G, G)), for both /C (Q, -D, and D are subsets of G, and both /C (Q, -D, /) and 
D are members of Q hence overlap no member of G, hence in particular overlap no 
member of V (G, G), and by the definition of G = y {{G U Y) , D) , D is not a subset of 
any member of V (G, G), hence if F is the set whose members are all the members L of 

V (G, G) such that L (1 D holds, then F is a partition of D and every member of F is a 
strict subset of D, (and in fact F is equal to V (G, D)), hence D is certainly a member 
of S(P(G,G)), and furthermore /C(G,D,/) C IC{Q,D,l) holds, hence IC{Q,D,l) is 
no^ a strict subset of any member of V{G,G), hence }C{Q,D,l) is also a member 
of H (P (G, G)). Hence exactly as in observation HHj) above, (x/c(q,dj) — xd) does not 
depend on any ok such that K is not a member of P fl (H (P (G, G)) h {G}). 

45) Let D be any member of B (G) and / be any member of D. Then whenever the 
product of factors 
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n ^ ((P n H (P {G, C))) , (g n H (P (G, G))) , H, a, R, i {x, E {V (G, G)))) 



X 



X 



W § (T - l/i, (P, Q, H, X, ^ (P, Q, H, p)) - /i, (P, Q, if, X, A' (P, Q, if, p)) |) 

, A={r,s}GVy 



is not equal to 0, |a;/c(Q,D,o — xd\ < ^*li22X)^ holds. 

For we note first that both /C {Q, D, I) and D are members of S (P (P, -D)), hence 
since W is a subset of (V, u) which, by pageEHl is a subset of (V), both xk:{q,d,i) 
and xd are members of V(J. {x,V {P, D))), or in other words, both xic{q,d,i) and 
xd are members of the convex hull of the xl, L & V{P,D). Hence by Lemma El 
\xic{Q,D,i) - xd\ < max \xk - xl\ = h{P, D,x) holds. 

KeV{P,D) 
L&V{P,D) 

We next note that since P is a member of O (G, H), every member of V (P, D) is a 
subset of some {V U ii)-firm over V component of D. 

Let G be any (V U if)-firm over V component of (which implies, by the definition 
of the set Y on page ll68l that C is a member of y), and suppose that G is not a member 
of P. Then G is not a member of G, hence G is a member of {Y h G), hence whenever 
the above product of factors is not equal to 0, and by Lemmas IT^ and IT^ and page lCT 
and by analogy with pages [Ml and [121 L (P, G, x) < ^^^^^f^^^"^^^ holds. 

We now define, for each {V U ii)-firm over V component G of -D, Fc to be the set 
whose members are all the members L oiV (P, D) such that L ^ G holds, so that Fc is 
equal to V (P, G) if G is not a member of P, and Fc is equal to {G} if G is a member 
of P. Then it immediately follows from the previous paragraph, together with the fact 
that if G is any {V U if)-firm over V component of D such that G is a. member of P, 
and K and L are any members of Fc, then K = L = G holds so that \xk — xl\ = 
holds, that if G is any {V U if)-firm over V component of D, and K and L are any 
members of Fc, then \xk — xl\ < *''^(f!l2A)^'''^ holds. 

Now the set (G U F) is a wood of V by Lemma [SSI (iii), and the members of 
V ((G U y) , D) are the {V U i7)-firm over V components of D, hence by use of Lemma 
^jwith the set V of Lemma [T3I taken as the set V {{G U Y) , D) , (and noting that the 
fact that D is {V U ii)-connected implies that D is {V {{G U Y) , D) U -fi)-connected), 
and noting, moreover, that if {r, s} is any {V U if)-key of D such that {r, s} is not a 
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member of V, then fir {P, Q, H, x, X (P, Q, if, p)) is a member of the convex hull of the 
such that L is a member of V {P, D) such that L is a subset of the unique {V U H)- 
firm over V component of D that has r as a member, and /ig (P, Q,H,x, X (P, Q,H, p)) 
is a member of the convex hull of the xl such that L is a member of V (P, D) such that L 
is a subset of the unique (V^ U ii)-firm over component of D that has s as a member, 
we find that if K and L are any members of V (P, D), then — xl| is less than or 
equal to (V {{G U Y) , D)) — 1) T plus the sum, over the members n of the domain 
of the map M constructed as in Lemma ITHl (so that # {V (M)) < # (P ((G U F) , P*)) 
holds and 7^ (M) is a subset of V ((G U F) , P)), of hence, since it follows 

directly from the construction of Lemma El that we may assume that no member C 
of V {{G U Y) , D) , (or in other words, no {V U ii)-firm over V component C of P), is 
equal to M„ for more than one member n of P (M), \xk — Xl\ is less than or equal to 
(— T) plus the sum, over the members G oiV {{G U Y) , P), of ^^rf^, hence \xk — xl\ 
is less than or equal to (— T) plus ^^-^^3^^^, hence \xk — xl\ is less than or equal to 
(#(^(^01)-!)^ ^ hence \xk — xl\ is less than or equal to ^^fT2]^- 



Now let {B,i,n, j, s, E,v) be any ordered septuple {B,i,n,j,s,E,v) as on pages 
11971 and 11981 and satisfying the conditions specified on page 11971 We define B to be 
the map obtained from B by deleting from B all members (a, P^) of P such that 
Pq is a member of B(G), and retaining, as members of P, all members (a,Pa) of 
P such that Pq is a member of (Q \- G). It then follows immediately from Lemma 
I2S1 and observation I45|) above that for all p G D, I{B,i,j,p) is less than or equal 

( (1-2A) ) times I IB ,i, j, pj , hence to prove the finiteness of 

I{B,i,j,p) and a p-independent bound on I{B,i,j,p), it is sufficient to prove the 
finiteness of I (^B,i, j, p^ and a p-independent bound on I (^B,i, j, p^ . 

We note furthermore that the condition on page 11721 is in fact a condition on the two 
members P and j of the septuple {B,i,n,j,s,E,v), and that it immediately follows 
from the fact that P and j satisfy the condition on page 11721 that P and j satisfy the 
condition on page ll72l for all members A of B (Q) except for the members A of B (G) , or 
in other words, that P and j satisfy the condition on page 11721 when that condition is 
modified to apply just to the members A of {Q h G) rather than to all the members A 
of B (Q). For if A is any member of {Q h G) = (B (Q) h B (G)), then it follows directly 
from the fact that G P Q holds, that if G is any member of G, then either A G G 
holds or y4 n G = holds or G is a subset of some member of V (P, A), (for if G C A 
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holds and D is a member of V [P, A) such that DdC is nonempty, then D G C cannot 
hold hence C D holds), hence C is not a member of (H (V (P, A)) \- V (P, A)), hence 
the number of members aofV such that Ba G (S (V (P, A)) \- V (P, A)) holds, is 
equal to the number of members a of V (P) such that Pq, G (S (V (P, A)) \- V (P, A)) 
holds. 

We now express l(^B,i,j, in terms of the ax variables, 
K e {J ^ in{S) U {U (V)})), and we note that if f/ = {/, m} is any member of W 
such that 3^ ((G U F) , f/) G G holds, so that by observation HOI) above, y{{GUY),U) 
is a member of B [G) and [/ is a U P)-key of y {{G U Y) , U) such that [/ is not a 
member of V, then it follows directly from observations I^T|) to above that if we 
define C = y{{GUY) ,U) and D = {G {fc, {U})), (so that, by page ESI P is a 
member of J and, by pages (TTHl 11781 and 11791 D is not a member of TZ (S*)), then the 
only dependence of I(B,i,j,p) on is through the two factors 



Ifxm (P, Q, H, X, X (p, g, p, p)) - /i, (p, g, p, A" (p, g, p, p)) r 



X 



x§(T- (p,g,p,x,A^(p,g,p,p))-p, (p,g,p,x,A(p,g,p,p))|), 

and furthermore, if m is the member of U that is a member of P, then by observation 
above, if we define to be the unique (V^ U P)-firm over V component of G that 
has I as a member, and if we moreover define P/v to be the set whose members are 
all the members L of V (P, G) such that L G N holds, and if we moreover define 
ei, L E Pat, to be the coefficients, summing to 1, of the a^, L E F^, referred to in 
observation I42p above, then the above two factors are equal to 



an 




§ T 



an 




hence, since by assumption Or < d holds for every member R of W, hence in particular, 
Ojj < d holds, the integral over a^i is an integral with d-dimensional spherical symmetry, 
and has the finite, p-independent value: 



2 (27r) 



. 2 , 



rpid-Ou) 



id-2)\\ [d-Ou] 
2^(1) Tid-eu) 



{d odd and > 1) 
{d even and > 2) 



where 



= 1, and for d odd, d > 3, {d - 2)!! = {d - 2) {d - 4)!!. 
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We use this result for every member U oiW such that y {{G UY) ,U) E G holds, 
or in other words, by observation Hn|) above, for every member U oi W such that U 
is a {y U H)-keY, such that U is not a member of V, of some member of B (G), or 
in other words, since no member of is a member of V, (since every member of 
W intersects exactly two members of V, and is a partition), for every member 
U of W such that f/ is a {V U H)-keY of some member of M{G), after which we 
find, by observations HT|) to above, that l(^B,i,j,pj completely factorizes into 
a product of finite, p-independent real numbers, times the product, over the members 
C of {Y \- G), of an integral Ic (Bq, ic, jc, ? where Be is defined to be the map that 

is the subset of the map B which includes precisely all the members (^a,Bc^ of B 
such that Ba G (E(V{G,C)) \-V{G,C)) holds, (or in other words, by observation 
iH) above and the fact that 7^ (^B^ is a subset of (g h G) = (B (Q) h B (G)), such 

that y ^(G U Y) ,Ba^ = C holds), ic is defined to be the map that is the subset of 

the map i which includes precisely all the members {a,ia) of i such that a E T> (BcJ 
holds, and jc is defined to be the map that is the subset of the map j which includes 
precisely all the members {P^jp) of j such that jp is a member of U iW), and the 
unique member C {W^jp) of W that has jp as a member, satisfies the requirement that 
y {{G UY) ,C {W^ iis)) = G holds, and for any member G of (Y h G), and for any 
ordered quadruple lB,i,j,pj of a map B such that V (Bj is finite and TZ iBj C 

{Q n (H {V (G, G)) h P (G, G))) holds, a map i such that V (^B^ CV holds and 

-Bj, is a member of B^, a map j such that ij) is 

finite and for each member /? of P ( j j, is either a member of U (W) such that 

y ^(G UY),C ^pyi j^j j = G holds, or else is a member of (G h W (W)), and a member 

p of D, the integral Ic {B,i,j , p) is defined by 



[B,i,j,p 



n d'^aA X 



x\S{{PnE(V (G, G))) , (g n H (P (G, G))) , H, a, R, I (x, S (V (G, G)))) x 



X 



n 



X I * * \ — X * 
lc(Q,B,,iJ 



1 



n 



X 
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n l/x, (P, Q, X, A" (P, Q, p)) - /i, (P, g, H, X, A" (P, g, H, p))[ 



X 



n §(T-|p,(p,g,i7,x,A'(p,g,i7,p))-p,(p,g,/7,x,A'(p,g,ff,p))|)^ , 

A={r,s}eW^c / y 

where Nc is the set ((P n (S (P (G, C)) h {C})) h (7^ {S) U {W (V^)})), is the set 
E^^'^\ and Wc is the set whose members are all the members {r, s} of W such that 
3^((GUF),{r,s}) = C holds. 

We note that in consequence of the manner in which the set S was extended to the 
domain B (j) on page ll78l Nc includes, for each member D of B (P fl (H (V (G, C)))) = 
((P nE(V (G, C))) h V (G, G)), exactly (# (P (P, D)) - 1) of the # (P (P, D)) mem- 
bers of V (P, -D), hence the ax variables, K G A^^c, are in the same relation to the wood 
PnE(V (G, G)), as the zx variables, defined on pages IT77I and IT^ for Theorem [H are 
to the wood P of Theorem ^ and furthermore, by page |^ and by analogy with pages 
inHandini i^{Nc) is equal to (# (P (G,G)) - 1). 

And we note that every variable x in the above formula for Ic iB,i,j , p) is to be 
expressed in terms of the ax variables by the formulae on pages 11841 and 11851 and 
that by observations I^T|). EHj) . and above, and in consequence of the particular 
combinations in which the x variables occur in the formula for Ic iB,i,j,pj, when 

we do express the x variables in the integrand of Ic [B,i,j , p) in terms of the ax 

variables, the dependence of the integrand of Ic [B,i,j , p) on the ax variables is 
limited to dependence on the ax such that is a member of Nc- 

We next note that if B and j are any maps such that V (B) is finite and TZ (B) C 
B (g) holds, V (j) is finite and 71 (j) C U (V) holds, the condition on page 11721 holds for 
B and j, and if A is any member of B (G), and T is any {V U iJ)-key of A such that T 
is not a member of V, then there is no member j3 of T> (j) such that G T holds, and 
if B is defined in terms on B, as on page I20(jl by deleting from B all members (a, Ba) 
of B such that Be, is a member of B (G), and retaining, as members of B, all members 
{a,Ba) of B such that B^ is a member of (g h G) = (B (g) l-B(G)), (so that, as 
noted on page 12091 B and j satisfy the condition on page 11721 when that condition is 
modified to apply just to the members A of {Q h G) = (B {Q) h B (G)) rather than to 
all members A of B {Q)), and if G is any member of {Y h G), and if Pc is defined in 
terms of B as on page 1211) to be the map that is the subset of the map B that includes 
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precisely all the members (^a,Ba^ of B such that Ba G (E(V{G,C)) \-V{G,C)) 

holds, (or in other words, such that y (^(G U Y) , Ba^ = G holds), and if jc is defined 
in terms of j as on page 12111 to be the map that is the subset of the map j that 
includes precisely all the members {P,jf3) of j such that is a member of U (W), and 
the unique member C (VF, j^) of W that has j/3 as a member, satisfies the requirement 
that y {{G UY) ,C (W,ji3)) = G holds, (or in other words, such that jp is a member 
of U (Wc^), and if A is any member of B (Q) f] (S {V {G, G)) h P (G, C)), then the 

condition on page 117121 for A depends on B and j only through the mapsi^c* and jc, 
(which are subsets of the maps B and j respectively), and furthermore the condition 
on page E21 for A is equivalent to the modification of the condition on page II 7'J for A, 
obtained by replacing, in the condition on page ll72l for A, all occurrences of the map B 
by the mapi^c, and all occurrences of the map j by the map jc- For the condition on 
page II 721 for A only depends on the map B through the number of members a oiT> (B) 
such that S„ e (H(P(P,A)) hV{P,A)) holds, and A G (H(P(G,C)) hV{G,G)) 
and G C P together imply that (S {V (P, A)) h P (P, A)) C (H {V {G, G)) ^ V (G, G)) 
holds, (for if D is any member of {S{V{P,A)) \-V{P,A)), then D is a subset of 
A hence D is a subset of G, and each member of V (P, A) either does not intersect 
D or else is a strict subset of D, and if E is any member of V{G,G), then either 
E n A = holds or else E C A holds, and if E n A = holds then E n P* = 
holds, while if E G A holds, then since P is a member of G hence a member of P, 
page OHl implies that P is a subset of a unique member of V (P, A), and if that unique 
member of V (P, A) does not intersect D, then E (1 D = holds, while if that unique 
member of V{P,A) is a strict subset of D, then E G D holds), hence every such 
member a of V (B) is a member of V [Be ) , and the condition on page 11721 for A only 



depends on the map j through the number of members [3 oiV (j) such that G U {W) 
and {Z (P, H,jp) , Z (P, P, /)} e Q{V (P, A)) both hold, where / is the other member 
of the unique member CiW^jp) of W that has jf^ as a member, and the facts that 
G C P holds and A is a member of (H(P(G,G)) hP(G,G)) together imply that 
every member {r, s} of W such that {Z (P, P, r) , Z (P, P, s)} G Q(P(P,A)) holds, 
is such that y ((G U Y) , {r, s}) = G holds, hence is such that {r, s} is a member of 
Wc, (for {Z (P, P, r) , Z (P, P, s)} G Q (P (P, A)) implies that Z (P, P, r) is equal to 
K, (P, y4, r) and that Z (P, P, s) is equal to /C (P, A, s), hence that {r, s} is noi a subset 
of any member of V (P, A), and that {r, s} ^5 a subset of A hence that {r, s} is a subset 
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of C, and A G (S (P [G, C)) \- V {G, C)) furthermore implies that if E is any member 
of V {G, C), then either E n A = $ holds or E C A holds, hence by page ESI and the 
fact that G ^ P holds, either E' fl A = holds or is a subset of a unique member 
of V{P,A), hence {r,s} is not a subset of any member of V{G,G), hence, since it 
follows directly from the definition of Y on page 11681 that there is no member D of 
[Y h G) such that D G C holds and D is not a subset of any member of V {G, G), 
y ((G U Y) , {r, s}) is equal to G), hence every such member P of V (j), is a member 

ofvQc). 

We shall next show that if G is any member of {Y \- G), and if {B,i,j) is any ordered 
triple of a map 5 such that ©(S) is finite and 7^(E) C {Q f] {E {V {G , G)) hP(G,C))) 
holds, a map i such that V (B) C V (i) holds and for each member a of (B) , is a 
member of B^, and a map j such that V (j) is finite and 

T^U) C (u (Wc^ U {G hU{W))^ holds, such that for each member A of M{Q) n 
(S(P(G',C)) hP(G,C)), B and j satisfy the condition on page for A, and if 

o 

p is any member of D, then the integral Jc J, p) is finite and is bounded above 
by a finite real number, independent of p, and we note that, by the foregoing, it will 
immediately follow from this that if {B,i,n,j,s,E,v) is any ordered septuple as on 
pages UnZI and HHHl and satisfying the conditions specified on page ll97[ then the integral 
/ (B,i,n, j, s, E,v, p), as defined on page 11971 is finite and absolutely convergent, and 
is moreover bounded above in magnitude, for all p G D, by a finite, p-independent 
constant. 

Let G be any member of {Y h G), let {B,i,j) be any ordered triple of a map B 
such that V (B) is finite and 7^ (B) C (g n (S {V (G, G)) h P (G, G))) holds, a map i 
such that T> {B) C T> (i) holds and for each member aofV {B), is a member of B^, 
and a map j such that V (j) is finite and 7^ (j) C (u (Wc^ U {G ^ U {W))^ holds, 
such that for each member A of B (Q) n (H {V (G, G)) h P (G, G)), 5 and j satisfy the 
condition on page ll71?l for A, and let p be any member of D. 

We first note that it follows directly from the facts that U {V) is {V U iy)-connected 
and that if E is any member of H such that E intersects more than one member of V, 
then E has exactly two members, that G = U {V (G, G)) is (P (G, G) U //)-connected 
and that if E is any member of H such that intersects more than one member of 
V{G,G), then ii^ has exactly two members, so that the partitions V{G,G) and if 
satisfy the relationships assumed to hold, in Theorem [H between the partition V of 
Theorem m and H. 
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And we note furthermore that the partition Wc, which was defined on page 12111 
to be the subset of W whose members are all the members {r, s} of W such that 
y {{G UY) , {r, s}) = C holds, is equal to the subset of H whose members are all 
the members E of H such that E intersects exactly two members of V {G,C), for if 
{r, s} is any member of Wc then {r, s} is a subset of C but is not a subset of any 
member of V{G,C), hence {r,s} intersects exactly two members of V{G,G), and if 
E is any member of H such that E intersects exactly two members of V {G, G), then 
E intersects more than one member of V hence E has exactly two members, hence E 
intersects exactly two members of V hence ii^ is a member of W, and furthermore E 
is a subset of G and y ((G UY) ,E) = G holds, hence E is a member of Wc- Hence 
the relation between the partition Wc and the partitions V {G, G) and is the same 
as the relation between the partition W of Theorem Q and the partitions V and H of 
Theorem ^ 

We define Pc = (P n S (P (G, C))) and Qc = (Q n S (P (G, G))), so that Pc 
and Qc are woods of V{G,G), and we now proceed by exact analogy with steps 
in Theorem n 

We first note that, if {r, s} is any member of Wc, then by page 1911 and Lemma IT^ 
and by analogy with page 11071 for all members a of Wc such that 
£ {Pc, Qc, H, a, R, I (x, S (V (G, G)))) is not equal to 0, 

l/i, (P, Q, H, X, X (P, Q, H, p)) - /i, (P, Q, x, X (P, Q, if, p)) I"" < 

I I 
\Xz{P,H,r) — Xz{P,H,s)\ 

holds for all p G D and for all finite real numbers a, and we also note that Z (P, if, r) 
is equal to Z (^Pc,H,r^ and that Z{P,H,s) is equal to Z (^Pc, H, , and we also 

note that, since both Z (P, H, r) and Z (P, if, s) are members of V (P, A) = V (^Pc, 

for some member A of B (Pc), {xz{p,H,r) -xz{p,h,s)) = {az(p,H,r) - az(p,H,s)) holds. 
(This last observation is true even when G is a (V^ U ii)-firm over V component of a 
member D ofM (G), and {r, s} is a member of Wc such that y (P, {r, s}) = D holds, 
since in that case, by the definition of the wood J on page 11731 the smallest member 
of J to contain Z (P, H, r) as a strict subset is equal to the smallest member of J to 
contain Z {P, H, s) strict subset.) 

We next use the above inequality, by analogy with pages fTOTI and ITUHl to bound the 

o 

integrand of Ic {B,i,j, p) by a product of finite real numbers, independent of p and 



- (i-2a) 
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the Ox, times a new integrand in which all occurrences of 

l/ir (P, Q, H, X, X (P, Q, H,p)) - jj,s (P, Q, H, x, X (P, Q, -f^, p)) | for any member {r, s} 
of have been replaced by the corresponding \az{p,H,r) — Q-z{p,h,s)\-, (together with a 
factor (1 — 2A) inside the step function §, as on page ll(J8|) . 

We then proceed, by analogy with pages I1U8I and I1U91 to bound our new integrand 
by the sum of a finite number of terms, in each of which, for every member a of P (P) , 
the factor |a;Ac(Q,B^,i„) — a;^^ | associated with the member a of P (P), has been replaced 
by some choice of a factor \x}^ — xi\ = {ax — cil\, where both K and L are members 
of V{P,B^)=v(^Pc,B^y 

We next consider an arbitrarily chosen such term, and define, by analogy with page 
imH a to be the map whose domain is |J q(v(^Pc,A^^= [j Q{V{P,A)), 

and such that for each member {K,L} of V^a), (y{K,L} is equal to the negative of 
the total power of \xk — xl\ = {ax — o-lI in the integrand for this term, excluding the 
£ function and the step-function factors. Then for each member ^4 of B (^PcJ ? « is 
a set of powers for A, and, as on page lllll the integrand for this term is equal to 
a finite real number, independent of p and the ax, times the S function, times the 
step-function factors, times the product, over the members A of B (^-^cj, of the factor 

^ (^x,V (^Pc,A^^ ,aj = ^(i {x,V{P,A)) ,a), where we note that in this factor, 
every interval \xk — {K,L} E V{P,A), is equal to the corresponding interval 
\aK - cllI- (We may write the factor ^ (| {x,V{P,A)) , a) as ^ (j {a,V{P,A)) ,a), if 
we note that for the particular member Sa of V (P, A), as^ is identically equal to 0.) 

We next note, by the condition on page 11721 for the members A of 
B (Q) n (H {V {G, C)) h P (G, C)), and by analogy with pages Hm and HH and taking 
into account that for each member A of (S {V) h V^), the present definition of D^, given 
on page 11661 differs from the definition of Da in Theorem ^ by the inclusion, in the 
contribution associated with the member {r, s} of (W fl Q (A)), of the term {ugr + Vgs) 
that takes into account the differential operator ^naex)(3) '^a-Vga^ in the integrand of 
the integral on page 11671 where g is the map introduced on page 11651 that if A is any 
member of (^Qc l~ Pcj , then in exact correspondence with observation IT^ on pages 

inniandinni the following inequality holds for T (a, V (Pc, = T (a, P (P, A)): 

r(a,p(p,A))<rf(#(p(p,A))-i)-i- E 

ce(P(P,A)i-y) \ {i,B)&c{Q,H) 
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and if A is any member of IB [Pcj, then in exact correspondence with observation I20|) 
on page ll20l the following inequality holds for T (^a, V (^Pc, j =T {a,V (P, A)): 

Tia,ViP,A))< L(#(P(P,A))-1) + D^- I Yl + 

\ \C€(V(P,A)\-V) J 



+ 1 E E - E E 

Ce(r(P,A)^V) {i,B)e{Ic(Q,H)\-lA(Q,H)) I \i&T{A,H) B&l{Q,K.(P,A,i),A) 



UiB 



We next note, by Lemma ^1 and by analogy with page 11211 that if a is any 
member of Wc such that £ {^c, Qc, H, a, R, | (x, S (V (G, C))) j is not equal to 0, and 

A is any member of B (j='c^ , then M (^(^Pq h {A}^ , Pq, H, A, a, R, does not hold, 

which implies, by analogy with pages IT^ to 11231 and noting that L (j^C: A, is equal 
to h{P, A,x), that either L,{P,A,x) > R holds, or else there exists a member D of 
V {P, E), where E is the smallest member E of Pc to contain A as a strict subset, such 
that D ^ A holds, L (P, A,x) > a \xa — xd \ holds, and there exists a member T of Wc 
such that T intersects both A and D, (and we note that if A is equal to C, then no 
member of Pq contains A as a strict subset, hence L (P, A,x) > R holds if A is equal 
to C). 

We now define r, exactly as on page 1122^ to be the member of M^^^'' such that for 
each member A of B (P), 

/ 



ta 



Da- ^ UiB 

\ (i,B)&A{Q,H) 



#(B (P)nH(P(\/,A))) 

#(B(P)) 



where we note that B (P) fl S (P (V, A)) is the set of all the members P of B (P) such 
that B (1 A holds, and we note that, as observed on page > holds for every 

member A of B (P). 

We now bound our present integrand, by analogy with pages IT?I1 to 11241 by a sum 
of a finite number of terms, each of which has the form of our present integrand, times 
the product, over the members A of B (Pc^ ; of a factor (^^^ ; where ua is equal to 

\xk — xl\ = \aK — o-l] for some choice of a member {K, L} of V (j^c, A^ = V (P, A), 
and (Ia is either equal to R or else is equal to a\xA — xo\ = (y\aA — ciD \ for some choice 
of a member D oi V {Pc-, E^ = V (P, E) such that D ^ A holds and there exists a 
member T of Wc such that T intersects both A and where E is the smallest member 
of Pc to contain A as a strict subset, (and ii A = C holds then dA is equal to R). 
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We next consider an arbitrarily chosen one of these terms, and define, by analogy 
with page ll23l (3 to be the map whose domain is equal to V [a] = [J Q {j-' {^c-, ^ j j > 

and such that for each member {K, L} of V {[3) = V (a), P{k,l} is equal to (y{K,L} plus 
the negative of the total power of \xk — xl\ = \aK ~ that occurs in the new factors 
in our chosen term. Then just as on pages IT^ and IT^ the integrand of our chosen 
term is equal to a finite real number, independent of p and the ax, times the S function, 
times the step-function factors, times the product, over the members A of B (j^cj^ of 
the factor \1' (J, (a, V (P, A)) , (3), where we note, as on page 12161 that for the particular 
member Sa of V (P, A), asj^ is identically equal to 0. 

We next note that if A is any member of (S {V {G, C)) \- V (G, C)), hence in par- 
ticular if A is any member of B (^Qc) = (Qc ^ V {G, G)j, then V (P, A) n V is a 
subset of V (P, A)nV{G, C), for if D is any member of V (P, A) f] V, then D is a strict 
subset of A hence D is a strict subset of C, and D is a member of V hence D is a 
member of G, hence by page ESI -D is a subset of a unique member of V (G, G). Let E 
be the unique member of V [G, G) such that D ^ E holds. Then since A is a member 
of (S {V (G, G)) h P (G, G)), either E f] A = ^ holds or else E C A holds, and E n A 
has the nonempty subset D, hence E G A holds. Hence, since D G E and E G A 
cannot both hold, (since ii^ is a member of G hence E is a member of P, and D is a 
member of V (P, A)), D = E holds, hence D is a member of V (G, G), hence D is a 
member of V (P, A)nV (G, G). 

And we note furthermore that it follows immediately from the preceding paragraph, 
that if A is any member of (H {V (G, G)) \- V (G, G)), hence in particular, if A is any 
member of B (^Qc) , then {V (P, A) h V (G, G)) is a subset of {V (P, A) hV). 

We next note that if A is any member of B (j^cj ; then by analogy with observations 
1221) to 1211) page 11241 the contribution to T ( f3,V i Pc, A) ) from the new factors in 



our chosen term is < j re 1 — r^, hence since, as noted on page| 

\De{r(P,A)^V(G,C)) / 

td > holds for every member DofM (P), and, as just shown, (V (P, A) \- V (G, G)) is 
a subset of {V (P, A) h V)^ the contribution to F V {Pc-, A)j^ from the new factors 

in our chosen term is < j rr, I —ta-, exactly as in observation on page 

\D&{V(P,A)^V) ) 

11241 Hence by the foregoing, and by observations YI^ and |2S1) on pages 11241 and 11251 
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if A is any member of B (^Pc^^ then since V (^Pc, A^ = ^ {P, ^) holds, the following 
inequality holds: 

r {p,v{Pc, A))<d{#{v {Pc, ^)) - l) - jj^y 

And we note furthermore that if A is any member of (^Qc l~ Pcj ? then by analogy 
with observation I23|l on page 11241 and observation l26|l on page 1125't the contribution to 

T (^P,V (^Pc, A^ j from the new factors in our chosen term is < I td 

\De(V{P,A) hV{G,C)) 

hence again since r^) > holds for all members D of B (P), and {V {P, A) \- V {G, C)) is 
a subset of {V (P, A) h V), the contribution to T (^P,V (^Pc, j from the new factors 

in our chosen term is < j \ , exactly as in observation on page 112,^ 

\De(P(P,A)i-y) / 



Hence by the foregoing, and by observations l26|) and l27jl on pages 11251 and I126[ if A 
is any member of (^Qc l~ Pc j , then since V (j^c, A^ = V (P, A) holds, the following 

inequality holds for T (^/3, V [Pc, ^4^) : 

r (ft P (Pc. A))<d{#{v {Pc, a))-i)- jj^y 

Hence if A is any member of B {Qc^ y then exactly as in observation OHj) on page 
the following inequality holds for T [ l3,V [ Pc, A 



T {p,p{Pc,a)) < d (# (PcA)) - l) - 

o 

We may now complete the proof of the absolute convergence of Ic {B,i,j,p), and 

o 

a p-independent bound on the magnitude of Ic {B,i, j, p), by exact analogy with the 
remainder of the proof of Theorem Q taking V, W, P, and Q of Theorem ^ respec- 
tively as our present V{G,C), Wc, Pc, and Qc respectively, with the only changes 

being firstly the fact that we have — , , rather than 7 — . , , in the 

#(®(^)) #(b(Pc)) 

bound just obtained on F (^P,V (j^c,A^^, and this requires no changes to the pro- 
cedure of proof, and secondly that since, by page 12111 we are already using the ax 
variables, K e {{P f] (S {V (G, C)) h {C})) h (7^ (S) U {U (V)})), or in other words. 
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K G yPc \~ {1Z{S) U {C})j, there is no need to make any change of variables corre- 
sponding to the change to the zk variables on pages 11271 to 11301 

We next note that if C is any member of {Y h G), then since, by pages fT5^ to 
11851 when the xl variables are expressed in terms of the a£, variables, their only p- 
dependence is through the coefficients vkd-, and since the factors 
£ (^-Pcj Qc> H, a, R, I (x, H {V {G, C))) j and {x/c{q,n,i) — xn) , where is any member 
of {Q n (S {V {G, G)) \- V (G, G))) and / is any member of A^, depend on the xl vari- 
ables only through linear combinations, each with the sum of all its coefficients being 
equal to 0, of the x^, L G V{G,G), and since, again by pages ITH^ to 11851 when any 
Xl variable, L G V{G,G), is expressed in terms of the variables, the only terms 
which occur that depend on any of the ukd coefficients, are terms that occur identically 
in every xl, L G V{G,G), these factors, £ (^Pc,Qc, H,a, R, I {x,E(V {G,G)))j and 
{xfc[Q^N,i) — xn), where is any member of {Q fl (S (V {G, G)) h V (G, G))) and / is 
any member of A^, are completely independent of p when they are expressed in terms of 
the variables. Hence if {B,i,j) is any ordered triple as on page 12141 and satisfying 
the conditions, with reference to G, specified for the ordered triple {B,i,j) on page 

o 

12141 then the p-independence of our bound on Ic {B, i,j, p) was in fact attained imme- 
diately we had carried out the step, on pages 1^131 and of replacing all occurrences 
of \pr (P, Q, H, X, X (P, Q, H, p)) — ps {P, Q, H, X, X (P, Q, -ff, p)) | by the corresponding 
\(i'Z{p,H,r) — o.2(p,H,s)| for each member {r, s} of Wc- 

This completes the first of the two steps mentioned on page 11971 namely the proof 
that if {B,i,n,j,s,E,v) is any ordered septuple as on page 11971 and satisfying the 
conditions specified on page 11971 then the integral I {B,i,n, j, s, E,v, p) defined on 
page 11971 is finite and absolutely convergent, and is moreover bounded in magnitude, 
for all p G D, by a finite, p-independent constant. 

Finally we shall carry out the second of the two steps mentioned on page 11971 by 
showing that the result just obtained, together with our assumptions on the map JT" 
and its relation to the map JT, imply that if {B,i,n, j, s, E,v) is any ordered septuple 
as on page 11971 and satisfying the conditions specified on page 11971 then the integrals 
with respect to p, over ©, of any /c-independent product of finite powers, all > and 

o 

independent of k and p, of the px, K E [Q \- P), times the If.{B,i,n,j,s,E,v,p), 
/c G N, form a Cauchy sequence. 

Let {B,i,n,j,s,E,v) be any ordered septuple as on page 11971 and satisfying the 
conditions specified on page 11971 and let p be any member of D. 
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Now for each member k of N, I^{B,i,n,j,s,E,v,p), as defined on page 1171] is 

* 

1 )i it ;■; 1 1 < I : from / {B,i,n, j, s, E,v, p), as defined on page 11971 by replacing the J7q (y) 

that occurs in the integrand of I {B,i,n, j, s, E,v, p), by Jkqiy)- Hence since, by 

assumption, and for every member k of N, J^q (y) satisfies all the assumptions made for 

J7q (y), it immediately follows from our proof of the finiteness and absolute convergence 

* o 

of / {B, i, n,j, s, E, V, p), that for every member k of N, {B, i, n,j, s, E, v, p) is finite 
and absolutely convergent, and moreover satisfies the same p-independent bound on 
its magnitude that we obtained for / (5, i, n, j, s, E, v, p). 

We shall next show that if e is any given real number > 0, then there exists a 
member k of N, independent of p, such that for all members I of N such that / > k 



1 1 {B, i, n, j, s, E, v,p) - I {B, i, n, j, s, E, v, p) 



< e 



holds, and for all members p of ] 
holds. 

We first note that, by assumption, for any given real number 5 > and for any 
given real number r > 0, there exists a member of N such that for all members / 
of N such that / > k holds, and for all members y of e|^^^'' such that \ye — yf\ > r 
holds for all members {e, /} of W , and for all maps t and u such that V (t) is finite, 
< N holds, (where is the integer defined on page I166|) . 7^ (t) C U {V) 
holds, V it) C V {u) holds, and for each member a of T>{t), Ua is a unit d- vector. 



YiaeVit) Ua-yt}j (jlQ (?/) - Jq (?/) 



< 5 holds. 

We next note, by analogy with pages 11261 and 11271 and pages 12071 to 12101 that the 
total d iy) — l)-volume of the subset of W where our integrands are not forced to 
be equal to by our assumption that Jq (y), (and consequently also all the JkQ (y)), 
vanishes whenever \ye — yf \ > T holds for any member {e, /} of W, is finite, and is 
moreover bounded above by a finite real number, independent of p, times T'^^^^^^~^\ 

And we observe furthermore that if p is any member of D, then by the preceding 
paragraph and by analogy with page llOll and by the facts that for any member {e, /} 
of W, Z (Q, H,e)nZ (Q, HJ) = ^ holds, and pe {P, Q, H, x, X (P, Q, p)) is equal 
to a linear combination, with coefficients summing to 1, of xk for the members K 
of P such that K C Z{Q,H,e) holds and there is no member M of P such that 
K C M C Z{Q,H,e) holds, and pf {P,Q, H,x, X {P,Q, H, p)) is equal to a linear 
combination, with coefficients summing to 1, of xl for the members L of P such that 
L C Z {Q,H, f) holds and there is no member M of P such that L C M C Z{Q,HJ) 
holds, (so that there is no member U of P such that Xu occurs with nonzero coefficient 
in both pe {P, Q, H, x, X (P, Q, H, p)) and pf (P, Q, H, x, X (P, Q, H, p))), the subset of 
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W whose members are all the members x of W such that 

l/i, (P, Q, H, X, X (P, Q, H, p)) - pf (P, Q, H, x, X (P, Q, p))\<T 

holds for a// members {e, /} of anc? 

l/ie (P, Q, X, X (P, g, /f, p)) - pf (P, Q, i7, X, ^ (P, g, /f, p)) I = 

holds for at /east one member {e, /} of W , may be enclosed in an open subset of W 
whose d iy) — l)-volume is not greater than any given real number that is > 0, and 
furthermore if 6 is any given real number > 0, then there exists a real number r > 
such that the subset of W whose members are all the members x of W such that 

|pe (P, Q, H, X, X (P, Q, H, p))-pf (P, Q, H, X, X (P, Q, H, p))\<T 

holds for all members {e, /} of W and 

|pe (P, Q, i^, a;, ^ (P, Q, i/, p)) - p/ (P, Q, i/, x, A' (P, Q, i/, p)) | < r 

holds for at least one member {e, /} of W , has (F) — l)-volume not greater than 
5. 

Hence by analogy with Lemma |2Sl it directly follows from the assumed proper- 
ties of the maps J and J , together with our proof of the absolute convergence of 
/ (P, i, n,j, s, E, V, p) and our p-independent bound on the magnitude of 
I {B,i,n, j, s, E,v, p), that if 6 is any given real number > 0, then there exists a 
real number r > 0, independent of p, such that for all p G D, the contribution to 
/ {B, i, n,j, s, E, V, p) from the subset of W whose members are all the members x of 
W such that 

|pe (P, Q, H, X, X (P, Q, H, p))-pj (P, Q, H, X, X (P, Q, H, p))\ < r 
holds for at least one member {e, /} of W, is not greater than 6, and such that for 

o 

all p G © and for all A; G N, the contribution to (P, i, n,j, s, E, v, p) from that same 
subset of W, is also not greater than 6. 

So if e is any given real number > 0, we choose, by the preceding paragraph, a 
real number r > 0, independent of p, such that for all p G D, the contribution to 
/ (P, i, n,j, s, E, V, p) from the subset of W whose members are all the members x of 
W such that 

|p, (P, Q, H, X, X (P, Q, P, p)) - pf (P, g, P, X, X (P, Q, P, p)) I < r 
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holds for at least one member {e, /} of is not greater than |, and such that for 

o 

all p G D and for all A; G N, the contribution to (5, n, j, s, v, p) from that same 
subset of W, is also not greater than |. 

And we then use the assumption mentioned in the third paragraph on page \2'21\ 
taking the r of that assumption to be equal to the r we have just chosen, and the 6 of 
that assumption to be equal to e divided by (3 times an upper bound, independent of 
p, on the d {V) — l)-volume of the subset of W whose members are all the members 
X of W such that 

l/i, (P, Q, H, X, X (P, Q, H, p))-pf (P, Q, H, x, X (P, Q, H, p))\<T 

holds for every member {e, /} of W ^ (obtained by LemmalT^and by analogy with pages 
11261 and ll271 and pages to 12 101 as mentioned on page 122 ij) . times the product, over 
the members a oiT> (P), of an upper bound, independent of p, on |xyc(Q,B„,i^) — xb^-, 
for all members a; of W such that 

|pe (P, Q, X, X (P, Q, H, p))~pf (P, Q, H, X, X (P, Q, H, p))\ < T 

holds for every member {e, /} of W, (again obtained by Lemma El and by analogy 
with pages ini and inZl and pages OHTI to 1^ 1. 

And by the foregoing and that assumption, with the r and 6 of that assumption 
taken as just specified, we find by that assumption a member k of N, independent of 
p, such that for all members / of M such that / > k holds, and for all members p of D, 



1 1 {B, i, n, j, s, E, v,p) - I (P, i, n, j, s, E, v, p) 



see 
^3+3+3 



holds. 

And it follows immediately from this, together with our p-independent bound on 

* o 

the magnitudes of I {B,i,n, j, s, E,v, p) and all the If^{B,i,n, j, s, E,v, p), G N, 
that the integrals with respect to p, over D, of any /c-independent product of finite 
powers, all > and independent of k and p, of the px, K & {Q \- P), times the 

o 

{B,i,n, j, s, E,v, p), A; G N, form a Cauchy sequence, and this completes the proof 
of Theorem |21 



8 Applications. 

When the position-space P-operation is applied to a single Feynman subdiagram whose 
vertex positions are represented by the member x of E^, where ^ is a finite set that 
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has one member for each vertex of the diagram, the unrenormahzed integrand usually 
has the form of a sum of a finite number of terms, each of which has the form of a 
product of an internal function I (x) and an external function E{x). The internal 
function I {x) is assumed to depend on no position variables other than the xaiA&V, 
whereas the external function E [x) may depend also on other position variables that 
are not involved in the renormalization of the subdiagram represented by the finite 
set V . The internal propagators of the subdiagram are included in I (x), but whether 
any other factors that occur are included in / (x) or in E {x) may depend on the 
application. For example, any propagators with one end in the subdiagram represented 
by V and their other end not in the subdiagram represented by V , will be included as 
factors in E [x) , (and if the positions of their outer ends have not been integrated over, 
they will be among the undisplayed position variables on which E {x) may depend), 
while position-dependent coupling constants might be included in /(x), and position- 
dependent background classical fields might be included in E{x). There may also 
be, for example, functions forming part of a smooth partition of unity, introduced for 
technical reasons in the course of calculations. 

The position-space i?-operation for a single such term consists of either leaving / (x) 
unaltered, or else replacing it by a function / (x) that is identical to / (x) when all 
\xa — xb\, {A, B} G Q {V), are small enough, (for example, in our Theorems, smaller 
than a fixed real number S > 0), but which may differ from / (,x) by the inclusion of 
sufficiently smooth long-distance cutoffs, and replacing E {x) by its Taylor expansion, 
up to a certain finite degree, about a member x of E^, where xa = ^Bev ^bXb holds 
for all members A of V, where the Xb, B & V, are real numbers, depending on V and on 
B but on nothing else, such that X^Bgy = 1 holds. (For our convergence Theorems 
we also assume that As > holds for every member B of V, so that '^Bev ^b^b is a 
member of the convex hull of the xa, A e V.) 

The i?-operation algebra is most conveniently carried out by introducing indepen- 
dent variables e for all the separate factors making up the unrenormahzed Feyn- 
man integrand, (for example, an independent variable e for each propagator 
end, an independent variable i/i e for each position-dependent classical field or 
background field, and an independent variable e E^ for each position-dependent 
coupling constant), and when we do this, it is natural to take the set V representing 
the vertices to be a partition, such that the members of the member of V corresponding 
to a given vertex of the Feynman diagram correspond to all the separate propagator 
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ends that meet at that vertex in the unrenormahzed Feynman diagram, together with 
any other variables, (such as position-dependent couphng constants), associated with 
that vertex. (This in fact arises naturally from the perturbation expansion that gener- 
ates the sum of Feynman diagrams.) Then, as noted on page l^ each nonempty subset 
of the partition V corresponds to a member of H {V). 

In our Theorems we include all the factors making up the integrand of the unrenor- 
mahzed Feynman diagram, (or all the factors making up one of the finite number of 
terms in that integrand), into a single function J'y (y), y G where ^ is a parti- 

tion that has one member for each vertex of the Feynman diagram, and the members 
of the member of V that corresponds to any given vertex of the Feynman diagram, 
may be taken as corresponding to all the independent position variables or factors as- 
sociated with that vertex, as just described, and we assume that the information that 
determines which of the members i of a given member of V are internal to, and which 
are external to, a given subdiagram that includes the vertex corresponding to that 
member of V, is coded into the partition H, and interpreted by the function T {A, H), 
as defined on page 123 where A is the member of S {V) corresponding to that subdi- 
agram, (so A is equal to the union of the members of V associated with the vertices 
of that subdiagram). Specifically, a member i of A is treated as corresponding to an 
argument of the internal function of the subdiagram associated with y4 if z is a mem- 
ber of {A \- T {A, H)), (or in other words, if there does exist a member B of H such 
that i & B and B C A both hold), and a member i of A is treated as corresponding 
to an argument of the external function of the subdiagram associated with A if z is 
a member of T{A,H), (or in other words, if there is no member B of H such that 
i E B and B (1 A both hold). Propagators correspond to two-member members of H; 
position-dependent coupling constants, if they are required to be included in the in- 
ternal function of every subdiagram that includes the vertex they are associated with, 
may be coded as one-member members of H; and any members i of U {V) such that 
their corresponding variable is required to be treated as an argument of the external 
function of every subdiagram whose associated member of H {V) has i as a member, 
may be identified as members of U {V) that are either not members of any member of 
H, or else are not members of any member of H that is a subset of U {V). 

In QCD it is sometimes necessary to impose long-distance cutoffs on the internal 
propagators of a counterterm in order to avoid long-distance divergences in that coun- 
terterm. These long-distance cutoffs on the propagators inside counterterms determine 
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the strong-interaction mass scale, and they are the reason for allowing the replace- 
ment of the internal function I (x) of a single renormalized subdiagram by a modified 
function I (x) as on page 12241 above. (Ward identities may be restored at each order 
of perturbation theory by the addition of finite counterterms of non-BRS-invariant 
structure.) 

It may be sufficient, for QCD, to have just two versions of each propagator, (one 
with, and one without, the long-distance cutoff), but in our i?-operation we allow, 
each time we contract a new subdiagram, the replacement of each internal propagator 
of that subdiagram that is not an internal propagator of any previously contracted 
subdiagram, by a modified version of that propagator that agrees with the unmodified 
version whenever the positions yi G and yj G of the ends of that propagator 
are such that \yi — yj\ < S holds, where S* is a fixed real number > 0, and we allow 
the details of the modification to depend on the identity of the subdiagram we are 
contracting when the modification is made. (We note that this is certainly adequate 



Thus if V and H satisfy the assumptions of Theorems Q and |21 and if W is defined, 
as on pages ITUHl and to be the subset of H whose members are all the members 
E of H such that E intersects exactly two members of V, then for each member {i,j} 
of W, we have the propagator associated with in the unrenormalized Feynman 

diagram, which we denote by and which is a member of (M U {+cxd, — oo})v / , 
and we also have, for each member A of S {V) such that A is {V U /f)-connected and 
{hj} ^ ^ holds, a propagator Ga which is also a member of (M U {+00, — oo})v I . 
For each member {(z, ?/j) , (j, ?/j)} of E^*'"*^, and for each member A of {0} U H (\^) 
such that either A = holds or else A is (l^ U if)-connected and {z,j} C A holds, 
we define GAijiyuVj) = GAji{yj,yi) = (We note that {i,j} may be 

identified from Ga for any such A by the fact that if y is any member of V (Ga) , 
then {i,j} = V{y).) We then find, for each wood E of V such that every member 
of E is {V U i/)-connected, (or in other words, for each member E of Q {V, H)), that 
corresponding to the function J'y (y) on page I225| we should take the function 



where we note that, by the definition on pagel24lof the function 3^, and for each member 
{i,j} of W, y {E, {i,j}) is equal to the smallest member A of E such that {i,j} C A 
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for QCD.) 




n Gym^,Jm Vj) e (i (y, (w iv) h u iw)))) , 



holds, if any members A of F exist such that {i,j} C A holds, and y (F, {i,j}) is equal 
to if there are no members A of F such that C A holds, and where the factor 

E {I {y, {U iy) \-U iW)))) contains all factors making up the particular term under 
consideration of the integrand of the Feynman diagram under consideration, other than 
the internal propagators of the diagram. 

We note that the index F on Jp (y) thus arises entirely because we have allowed 
propagators to be modified inside a subdiagram when we contract that subdiagram by 
the i?-operation. 

(We may avoid, if required, including +00 and —00 in the range of the propagators 
Ga, by defining Gaij iViyVj) to be any arbitrary member of M on the measure- zero 
subset of E^*''^^ whose members are all the members {{i, yi) , (j, yj)} of E^*'"'"'^ such that 
\yi-yj\ =0 holds.) 

Now with Jp (y) defined as above for each member F of Q (V, H), let F and G be 
any members of Q (V, H), and y be any member of ¥!^^^\ such that for every member 
{i,j} of W, either \yi — yj\ < S holds or y {F, {i, j}) = y {G, {i, j}) holds. Then 
since we assume, for every member of W, that if A and B are any members of 

{0} U S (V) such that A is either equal to or else is {V U if )-connected and such that 
{hj} ^ ^ holds, and B is either equal to or else is {V U if)-connected and such that 
^ B holds, then GAij iyuyj) = Gsij {yi,yj) holds for all yi G Ed and all yj G Ed 
such that \yi — yj\ < S holds, we find immediately that J'p (y) = Jq (y) holds. Hence 
the J'f (y), constructed as above, satisfy the relation that is required to hold among the 
J'f (y), for distinct members F of Q (V, H), in Lemma |221 Theorem Q and Theorem |21 

If oversubtractions are required, they may be obtained in Theorem ^ simply by 
choosing the integers 0{ij} to be larger than they are required to be by the actual 
behaviour of the propagators, while to obtain oversubtractions in Theorem |2l we must, 
due to the assumption made in Theorem |21 that 6{ij} < d holds for every member {i, j} 
of W , introduce a second set of integers ^{jj} such that < holds for every 
member of and use the in place of the ^{jj} in the definition of the 

integers Da on page 11661 We may check that this does not affect the proof of Theorem 
121 since the only use made of the assumption that 6'{i.j} < d holds for every member 
{i, j} of W , is to obtain the convergence, on pages I^U^ to 121 H of the integrals over the 
key ends of the key propagators of the members of B [G). 

We note that the condition ^{jj} < d imposed on the integers Oi^i j^ in Theorem |21 is 
compensated by the inclusion of the differential operator \ Y\.a<^v{g)^a-ygc) 1 involving 
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the arbitrary maps g and c as on page 11651 in the integrand of the integral on page 
11671 This is consistent with the fact that the power-counting behaviour of Feynman 
diagrams, including the Feynman diagrams for QCD, arises from core propagators, each 
of which contributes strictly less than d to the degree of divergence of the diagram, 
together with derivatives acting on those core propagators, where the derivatives may 
either act out of the vertices of the unrenormalized diagram, or else may be part of the 
definition of the propagator. (For example, for d = A the Proca propagator has terms 
that contribute +4 to the degree of divergence of a diagram, but those terms have the 
form of two derivatives acting on a core propagator that only contributes +2 to the 
degree of divergence of a diagram.) 

We do not require translation invariance for either of our Theorems, but for The- 
orem 121 we require our propagators to have the property that if v is any map such 
that T> {v) is finite, jj^(T>{v)) < N holds, where is the integer defined on page 
11661 and for each member (3 oi T) {v) , vp is a, unit c?- vector, then the power-counting 
behaviour of (^H/jGDCt;) (^z?- (^^ + %))) ^^ij {Vh Vj), as \yi - yj\ tends to 0, where {i,j} 
is any member of W, is not worse than the power-counting behaviour of GAij [Vi, Vj) 
as — yj\ tends to 0. This immediately gives the inequality in the third paragraph 
of page 11671 for the J'p (y) as defined at the bottom of page 12261 provided that the 
function E (| {y, (U (V) h U (W)))) is sufficiently well-behaved. 

As an example of this behaviour, which we call "translation smooth" , we note that 
if / is any completely smooth function of x G and y G E^, a is any real number, and u 
is any unit rf-vector, then (u.x + u.y) (/ \x — is equal to {{u.x + u.y) f) \x — ?/|~", 
and that since {{u.x + u.y) f) is also a completely smooth function of x and y, we may 
iterate this result any finite number of times with any finite sequence of unit ci-vectors. 

We recall from page 123 that for any ordered pair {A, H) of a set A, and a set H 
such that every member of is a set, we define T {A, H) to be the subset of A whose 
members are all the members i oi A such that there is no member B of H such that 
i E B and B C A both hold, and we also recall from page 123 that for any ordered 
pair {F, H) of a wood F, and a set H such that every member of if is a set, we define 
O {F, H) to be the set whose members are all the members i oiU {F) such that there 
exists a member A oi F such that z G A holds and there is no member B oi H such 
that i E B and B (1 A both hold, and we recall from page |HS1 that if F and G are any 
woods such that A4 {F) = M. {G) holds, and if is a set such that every member of H 
is a set, then O (F, H) = O (G, H) holds. 
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And we recall from page |^ that for any ordered pair {F, i) of a set F such that 
every member of F is a set, and a member i of U{F), we define C{F,i) to be the 
intersection of all the members A of F such that i & A holds, and we recall from page 
1221 that if F is a wood, then C {F, i) is equal to the unique member of A4 (F) that has 
2 as a member. 

And we recall from page 1211 that for any ordered triple {F, A, B) of a wood F, a 
nonempty set A, and a set B, we define Y [F, A, B) to be the set whose members are 
all the members C of F such that A G C and C ^ B both hold, and we note that 
Y {F, A, B) is equal to the empty set if A C -B does not hold. 

And we recall from page (HHl that for any ordered pair {F, H) of a wood F and 
a set H such that every member of is a set, we define I (F, H) to be the map 
whose domain is B (F) = {F \- M. (F)), and such that for each member A of B (F), 

(F, H) = (I (F, H))^ is the set whose members are all the ordered pairs {i, B) of a 
member i of T {A, H) and a member i? of Y (F, C (F, i) ,A). 

And we recall from page |2S1 that for any ordered triple (F, H, i) of a wood F, a 
set H such that every member of is a set, and a member i of O (F, if), we define 
Z (F, if, i) to be the largest member A of F such that i E A holds and there is no 
member B of H such that i E B and B C A both hold. 

And we note that it follows directly from Lemma (201 with the wood Q of Lemma 
QUI set equal to the wood F of Lemma (201 and from page |HZl that if F is any wood, 
and H is any set such that every member of if is a set, then U {TZ (I (F, H))) is the 
set whose members are all the ordered pairs {i, B) of a member i of O (F, if) and a 
member 5 of Y (F, C (F, i) , Z (F, ff, i)). 

And we also recall from page |2S1 that for any ordered triple (F, A, i) of a wood F, 
a member A of (H (7W (F)) h (F)), and a member z of A, we define /C (F, A, z) to 
be the unique member BofV (F, A) such that i E B holds. 

Now in the position-space i?-operation for a subdiagram A, such that Da = holds, 
the inner ends of the legs of A are detached from the vertices of A and shifted to the 
contraction point xa of A. And for general Da the i?-operation for A Taylor-expands, 
up to a specified finite degree < Da, the product of the leg functions of A, (or more 
generally, the external function of A), with respect to the positions of their inner ends, 
about the position where all the inner ends are at xa- The internal lines of A are 
unaffected by the position space i?-operation for A, apart from possible replacements 
of the line functions Gqij {x,y), x G E^, y G E^, by GAij {x,y), as described above. 
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The position arguments a; G and ?/ G of the ends of the internal hnes of A are 
completely unaffected by the position-space i?-operation for A. 

Thus the i-end of hne {i,j}, where is a member of W, gets shifted by the 

/^-operation for every member A of F such that i & A and j ^ A both hold. Thus if 
i & A and j ^ A both hold, then the i?-operation for A shifts the i-end of line {i,j} 
from x/c(F,A,i) to xa- 

And the final position of the z-end of line {i,j} is the contraction point of the 
largest member of F that has z as a member but does not have j as a member, which, 
if V, H and W are as in Theorems 1 and 2, so that, in particular, H is a partition, so 
{i,j} is the only member of H that has i as a member, and {i,j} is not a subset of 
any member of V, will be xz(F,H,i)- 

And furthermore, if i is any member of (W (V) ^ O {V, H)) = {U (F) ^0{F,H)), 
then there is no member A of F such that i & T [A, H) holds, and i is an argument 
of the internal function for every member A of F such that i & A holds, hence the 
position argument associated with i does not get shifted by the -R-operation for any 
member A of F, hence the final position of the position argument associated with i, is 

Xc{F,i) = Xc{V,i)- 

Hence for any member i of U {V), the final value of the position argument associated 
with i, after doing the -R-operations for all the members of B (F), where F is any wood 
of V such that every member of F is {V U -ff)-connected, is rji {F, H, x), where for any 
ordered triple {F,H,x) of a wood F, a set H such that every member of if is a set, 
and a member x of (A^ (-^))) where d is an integer > 1, we defined the member 
r] (F, H, x) of E"^-^^ on pageEHlby: 



f], {F,H,x) = {r] {F,H,x))^ = 



Xz{F,H,i) if ieO (F, H) 
xc^F,) if te{U{F) hO{F,H)) 



Now to be of practical use for QCD our /^-operation must not generate any terms 
corresponding to counterterms in the action whose total number of derivatives + gluon 
fields + I times quark fields is greater than 4. Therefore, before we assign a degree 
of divergence to a subdiagram, we must break up the Feynman integrand for the 
subdiagram into a sum of terms such that in each term, every derivative acting out of 
a vertex acts on a specific line. 

Furthermore, when we apply the /^-operation to a nest of subdiagrams, we must, 
after each successive i?-operation, break up the sum of Taylor terms generated for the 
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smaller subdiagrams, and recalculate the new degree of divergence for the next largest 
subdiagram separately for each term. (If we do not do this, then for a nest of n tripeds, 
all of which share a common leg, we can generate a counterterm with three gauge fields 
and (n + 1) derivatives.) 

Now let V and H be partitions as in Theorems 1 and 2, and let F be any member 
of Q (y, H), or in other words, let F be any wood of V such that every member of F 
is {V U if )-connected. 

And for each member {i, A) of U {TZ (I {F, H))), or in other words, for each ordered 
pair (z. A) of a member i of O {F, H) = O (V, H), and a member A of 
Y {F, C {F, i) , Z {F, H,i)), let UiA be the number of derivatives, in a given BPHZ term, 
that are produced by the -R-operation for A and act on the position argument associated 
with the member i oiU {V). 

Then the most direct application of our rule just stated would would restrict the 
UiA for a given member A of B (F), when we do the i?-operation for A, by the following 
Rule 1 : 

Rule 1 

^ niA<DA- ^ \Db- ^ Uic 

ieT{A,H) Be{V{F,A)\-V) \ {i,C)e{lB{F,H)\-lA(F,H)) 

since the right-hand side of this inequality is the new degree of divergence of A, for 
the particular BPHZ Taylor terms for the members C of B (F) such that C G A 
holds, that are defined by the integers nic > that occur in the right-hand side of this 
inequality, calculated after having carried out the -R-operations (and the corresponding 
subdiagram contractions) for all the members C of B (F) such that C G A holds. 
Now if we add to both sides of the above Rule [T] inequality the expression 

E E '^^^ = E E E 

^i&r(A,H) C&Y(F,C(V,i),K(FA,i)) / Be(r{F,A)\-V) \iG{r{A,H)nB) C&l{F,C{V,i),B) 

E E 

^Be{V(F,A)^V) (i,C)&{lA{F,H)fMB(F,H)) 

(c.f. page lll9|) . we find that the above Rule [T] inequality is equivalent to 
E <Da- ^ \Db- ^ Uic 

(i,C)&A{F,H) Be{V(F,A)\-V) \ (i,C)&B{F,H) 
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However it is not necessary to use a rule for the Taylor degrees quite as restrictive 
as Rule ^ in order to avoid unwanted counterterms, and we choose not to use Rule ^ 
but rather to use the following Rule 2: 

Rule 2 

^ niA<DA-\ ^ ^ Uic 

i&T{A,H) \ieT{A,H) CgY{F,C(y,j),/C{F,A,j)) 

Now if we add to both sides of this Rule El inequality the same expression as before, 
we find that this Rule |21 inequality is equivalent to 

riic < Da- 

ii,C)elA{F,H) 

Now Uic is equal to the total number of derivatives, acting on the fields 

{i,C)&A{F,H) 

in the counterterm for A, that are produced by the i?-operations for all the members 
B of M {F) such that B (1 A holds. Hence Rule El is precisely equivalent to requiring 
that the total number of derivatives acting on the fields in the counterterm for A, or 
in other words, the total number of derivatives acting on the fields in the counterterm 
for A that are produced by the -R-operations for all the members BofM {F) such that 
B C A holds, plus the total number of derivatives that act out of vertices of A onto the 
legs of A, (or more generally, onto the external function of A), in the unrenormalized 
Feynman diagram, be < Da plus the total number of derivatives that act out of vertices 
of A onto the legs of A, (or, more generally, onto the external function of A), in the 
unrenormalized Feynman diagram. 

Now for QCD with ci = 4, and bearing in mind our rule that before determining the 
degree of divergence of any subdiagram of the unrenormalized Feynman diagram, we 
break up the integrand for the diagram into the sum of a finite number of terms, in each 
of which, every derivative acting out of a vertex acts on a specific line or other factor, 
(such as an external field), and we consider each such term separately, the degree 
of divergence Da of any connected subdiagram A of the unrenormalized Feynman 
diagram, such that A contains at least two vertices of the unrenormalized Feynman 
diagram, (or in other words, such that A is a member of (S {V) \~ V) = B (S iV))), 
is equal to 4 minus (the number of gluon legs of A plus | times the number of quark 
legs of A plus the number of derivatives that act out of vertices of A onto legs of A, 
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or more generally onto the external function of A). Hence, bearing in mind that our 
rules also ensure that there is no counterterm for any subdiagram A such that Da < 
holds, (for there are then no acceptable integers UiA > 0), we find, for QCD with d = 4, 
that Rule |21 is precisely equivalent to allowing all BPHZ Taylor terms consistent with 
the requirement that in the counterterm for A, the total number of gluon fields plus | 
times quark fields plus derivatives be < 4. 

We note that, as is well known, the above formula for Da for QCD with d = A 
arises since each internal gluon line contributes +2 to Da, each internal quark line 
contributes +3 to Da, and each vertex of A contributes, in the form of derivatives, 4 
minus (the number of gluon legs of that vertex plus | times the number of quark legs 
of that vertex plus the number of derivatives that act out of that vertex onto the legs 
of A, or more generally, onto the external function of A). And furthermore, twice the 
number of internal gluon lines of A is equal to the total number of gluon legs of the 
vertices of A, minus the number of external gluon legs of A, and twice the number of 
internal quark lines of A is equal to the total number of quark legs of the vertices of 
A, minus the number of external quark legs of A. Hence the total of the contributions 
to Da listed so far, which corresponds to the total contribution from the map 6 in the 
notation of Theorem ^ and to the total contribution from the maps 6 and g in the 
notation of Theorem |21 is equal to (4 times the number of vertices of A) minus (the 
number of gluon legs of A plus | times the number of quark legs of A plus the number 
of derivatives acting from vertices of A onto the legs of A, or more generally, onto the 
external function of A). Hence when we add the remaining contribution, namely —4 
times (one less than the number of vertices of A), we obtain the stated result. 

We note that if A is any member of B (F) such that Da > holds and such that 
there exists a member B of V {F, A) such that i? is a member of B (F) and Db > I 
holds, then Rule |21 allows terms with Uic = for all members {i, C) oilA {TZ (I {F, H))) 

such that C C A holds, and UiA = Da, which are forbidden by RuleHJ 

ier(A,H) 

We now recall from page 1731 that for any ordered pair (M, 6) of a map M such that 

V (M) is finite, and every member of TZ (M) is a finite set, and a map 6 such that 

V (M) C V (9) holds, and TZ (6) is a subset of the set Z of all the integers, we define 
X (M, 6) to be the set whose members are all the maps p such that T? (p) =U {TZ (M)) 
holds, 7?. (p) C N holds, and for every member AofV (M) , X^qga/a — holds. 

And we note that this definition has the immediate consequence that if, for any 
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member A of T>{M), 6^ < holds, then X (M, ^) is the empty set, since there is no 
map p with the required properties. 

Thus X (I {F, H) , D), where D is the map whose domain is (S (V) h V), and such 
that for each member A of (H (V) h V), Da is the degree of divergence of A as defined 
above, is the set whose members are all the maps n such that V (n) =U {TZ{I {F, H))) 
holds, (or in other words, such that T> (n) is the set of all the ordered pairs (z, B) of 
a member i of O (F, H) = O (V, H), and a member 5 of Y (F, C (F, i) ,Z{F,H,i))), 
TZ {n) C N holds, and for every member AofT>{I {F, H)), or in other words, for every 
member A oi3{F) = {F h V), ^ riiB < Da holds. 

{i,B)&A{F,H) 

We complete the definition of our i?-operation by specifying that, when we do the 
-R-operation for a member A of B (F) such that there exist one or more members B 
of B (F) such that B G A holds, (so that, by the rule for sequencing /^-operations, 
the /^-operations for those members i? of B (F) will have been done before we do the 
/^-operation for A), any Taylor numerator factors, such as {xic{F,B,i) — ^b), produced 
by the i?-operations for members i? of B [F) such that B G A holds, are to be taken 
as part of the internal function for A when we do the i?-operation for A, so they do 
not get affected or operated on when we do the i?-operation for A. 

Finally we note that the /^-operation for each member A of B (F) introduces a 
factor of —1, resulting in an overall factor of (_ i)*^'^^-^)). 

We may now confirm by induction that, in the notation of Theorem ^ the result 
of all the /^-operations for the member F of ^ (V, H), is 



n£-K{l(F,H),D) \ \{i,B)&U{'R.il(F,H))) 



JF{y) 



y=r,(F,H,x) 



We first note that the rule for sequencing the /^-operations for the members of 
B (F) is that, if A and B are any members of B (F) such that B G A holds, then we 
must do the /^-operation for B before we do the /^-operation for A. 

Now our result is certainly true when F is equal to V, (or in other words, when 
B (F) is empty), hence it will be sufficient to prove that if F is any member of Q {V, H), 
and A is any {V U if)-connected member of (H {V) h V) such that if B is any member 
of F, then B is either a strict subset of A, or else B (1 A is empty, then our result is 
true for F U {A} if it is true for F. 

Let F be any member of Q (V, if), and let A be any {V U i7)-connected member of 
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(S {V) h V) such that if B is any member of F, then B is either a strict subset of A, 
or else -B fl A is empty, and assume that our result is true for F. 

We first note that when we replace any internal propagators of A, that are not 
internal propagators of any member of F, by modified propagators as described on 
pages to 12261 (making the replacements inside the ^/-derivatives) , the result is the 
replacement of J7f (y) by J7(fu{A}) {y), defined in accordance with page 12261 

We next note that if B is any member of B (F), and i is any member of B, then 
/C (F, B, i) is equal /C ((F U {A}) ,B,i). 

Now let i be any member of T (A, H). Then 2 (F, if, i), which by definition is the 
largest member of F to have i as a member but not contain as a subset any member 
of H that has i as a member, is equal to /C ((F U {A}) ,A,i), and Z {{F U {A}) , H, i) 
is equal to A. Hence {xz(F,H,i) - xz({Fvj{A}),H,i)) is equal to (a;^c((Fu{A}),A,i) - xa)- 

Furthermore, if i is any member of O (F, H) = O (V, if) such that i is not a member 
of T (y4, ii), then ^ ((F U {A}) , ii, i) is equal to Z (F, if, i), and furthermore, for every 
member i oi U iV) , C {{F U {A}) , i) =C{F,i) =C{V,i) holds. 

Hence, by the definition of r] (F, H, x) on page [HHl and on page I23UI 
rji ((F U {v4}) ,H,x) = rji (F, if, x) holds for every member ioiU [V) such that i is not a 
member of T (A, if), while if i is a member of T (A, if), then rji ((F U {A}) ,H,x) = xa 
holds. 

We next note that by our rule stated on page 12331 all Taylor numerators 
{xic{F,B,i) — xb) coming from the i?-operations for members B of F such that B C A 
holds, are to be included in the internal function for A when we do the i?-operation 
for A, hence are unaffected by the i?-operation for A, (other than re- writing K, (F, 5, i) 
as /C ((F U {A}) , B, i) by the identity noted above). 

This means that for each individual Taylor term produced by the i?-operation for 
A, (where each derivative associated with A in that term, acts on the position variable 
associated with a specific member i of T {A, if)), we may realize the differentiations by 
restoring the independent yi variables for all the members i oiU {V)-, (which we may 
do unambiguously since it simply corresponds to allowing all the # {U {V)) position- 
arguments of J(Fij{A}) {y) to be independent variables again), then acting with the 
differential operator 



i£T(A,H) 



n 



( 



{{xz(F,H,i) - Xz{{FU{A}),H,i)) -yi) 




) 
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' [JL \ / ) ' 

where the integers riiA > 0, i G T {A, H), define the specific Taylor term for A which we 
are considering, then evaluating the i/i variables, i eU (V), by i/i = rji ((F U {A}) , H, x) 
for all members i oiU {V), or in other words, y = f] {{F U {A}) ,H,x). 

We next note that I {{F U {A}) , H) is the map whose domain is B (F U {A}) = 
B (F) U {A}, and such that for each member C of B (F) U {A}, Ic ((F U {A}) , H) 
is the set whose members are all the ordered pairs {i, B) of a member i of T (C, H) 
and a member 5 of Y ((F U {A}) , C (V, i) ,C). Hence for every member C of B (F), 
Ic ((F U {A}) , if) is equal to (F, H). 

And furthermore, W (7?. (I ((F U {^4}) , H))) is the set whose members are all the 
ordered pairs {i, B) of a member i of O (V, ii) and member B of 
Y ((F U {A}) ,C{V,i),Z ((F U {A}) , fi, i)), hence U (7^ (I ((F U {A}) , ii))) is equal to 
the disjoint union of U (71 (I (F, ii))) and the set whose members are all the ordered 
pairs {i,A),ieT {A,H). 

Now by our induction assumption, the integers riic > 0, {i,C) G U (7^ (I (F, if))), 
are to be summed over the set X (I (F, H) , i^), which is the set whose members are all 
the maps n such that V (n) is equal to U (JZ (I {F,H))), 71 (n) C N holds, and for every 
member C of B (F), riiB < Dq holds, and by our fundamental rule, stated 

(i,B)&c(F,H) 

on page I230l when we do the i?-operation for A, we are to break up the sum of Taylor 
terms resulting from previous i?-operations into a sum of terms in each of which every 
derivative resulting from previous i?-operations acts on the position variable associated 
with a specific member i oiU iV), and determine the summation range of the integers 
^iA > 0, i G T{A,H), separately for each such term, or in other words, separately for 
each member n of X (I (F, H) , D), and furthermore, as stated on page 12311 we choose 
to determine the summation range of the UiA > 0, i G T{A,H), by Rule\Ba.s stated 
on page I232| (where we must replace the F in the Rule El inequality by (F U {A}) in 
the present case). 

This means that after performing the i?-operation for A we have a double sum- 
mation, where the inner summation, to be performed first, is over the UiA > 0, 
i G T{A,H), subject to the Rule El inequality as stated on page 12321 with the F 
of that inequality replaced by (F U {A}), and the outer summation, to be performed 
second, is over the members n of X (I (F, H) , D). 
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Thus we may now complete the proof of the induction step by the use of Lemma 
[T7| with the map V of Lemma IT7I taken as our present map I {{F U {A}) , H), the set 
J of Lemma El taken as the subset B (F) of V (I ((F U {A}) , H)), (so that the set 
I (y, J) of Lemma [T7| is our present map I (F, H)), the set K of Lemma [T7| taken 
as the one-member set {A}, the map W of Lemma El taken as the map whose 
domain is the one- member set {^4}, and such that Wa is the set whose members 
are all the ordered pairs {i,B) of a member i of T{A,H), and a member B of 
(Y ((F U {A}) ,C{V,i),A) h Y (F, C {V, i) , Z (F, if, i))) = {A}, (hence is the set 
whose members are all the ordered pairs {i, A), i & T {A, H)), the map 6 of Lemma IT7I 
taken as our present map D, and for each member u of the map C (u) of 

Lemma IT7I taken as the map whose domain is the one- member set {A}, and such that 

(i,B)€{lA{{FU{A}),H)nU{-R{I{F,Hm 

^ieT{A,H) B£Y{F,C(V,i),Z{F,H,i)) 

yier{A,H) B&Y{{Fyj{A}),C(V,i),K{(Fyj{A}),A,i)) 

holds, and the map Y of Lemma El taken as the map whose domain is equal to 
U (7^(I((FU {A}),H))), or in other words, whose domain is equal to the disjoint 
union of U (JZ (I {F, H))) and the set whose members are all the ordered pairs {i,A), 
ieT{A,H), and such that for each member {i, B) of W (7^ (I ((F U {A}) , H))), YiB is 
equal to the differential operator {{xic{{Fyj{A}),B,i) — xb) -Vi)- 

We note that when we make these choices for the sets that occur in Lemma El the 
set U {TZ {W)) of Lemma El is the set whose members are all the ordered pairs {i, A), 
i E T (y4, if), and the set X {W, {0 — Q {u))) of Lemma El where u is any member of 
■^u(TiiiiF,H))) ^ is the set whose members are all the maps v such that T) (v) is the set 
U{n{W)) of all the ordered pairs {i,A),ieT {A,H),n{v) C N holds, and the Rule H 
inequality holds for A in the form 

^ ViA < Da - \ ^ ^ UiB 

ieT{A,H) \ieT(A,H) _BeY{{Fu{A}),C(V,j),/C{(Fu{A}),A,i)) 
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We note that, as is well known, if a and b are any members of M such that a < b 

holds, then thre exist members / of M!^ such that / (r) is equal to 1 for all members r of 

R such that r < a holds, / (r) is equal to for all members r of M such that r > b holds, 

and / is infinitely differentiable with respect to r for all members r of M. For example, 

a possible form of / (r) for a < r < 6, is / (r) = — — —. (We note that if we 

1 + e^^e~ 

choose / (r) for a < r < 6 as in this example, then the identity / (r) + / (a + 6 — r) = 1 
holds for all r G M.) 

Then for JTf (y), F E Q (V, H), defined as on page 12261 we may construct sequences 
>JkF {y), k & N, satisfying the requirements of Theorem |21 by replacing the propagators 
GAij {Vi^yj) by sequences GkAij hji^yj)^ G N, of regularized propagators, which may 
be obtained from the propagators Ga^ {yi,yj) either by convoluting these propagators 
with a sequence of normalized, spherically symmetric smearing functions, differentiable 
at least N times, where N is the integer defined on page 11661 and which vanish iden- 
tically outside a sequence of radii 6^ which tend to as A; tends to oo, or else simply 
by multiplying these propagators by a sequence fk{\yi — yj\) of functions, each differ- 
entiable at least N times, where N is the integer defined on page 11661 such that for all 
G N, real numbers ak and bk exist such that < < bk holds, fk (r) = holds for 
all < r < ttfc, and fk (r) = 1 holds for all r > bk, and the sequences and bk, G N, 
tend to as tends to oo. 

We observe that we made just three uses of the regularized integrands in Theorem |21 

Firstly we needed the regularization to justify the use, on page 11701 of the Taylor 
remainder result of Lemma |221 For unlike the case of Theorem ^ where the good set 
of woods conditions and Lemma IT^ ensured that no propagator affected by the Taylor 
remainder had its arguments coinciding for any p G ©, in Theorem |21 it is possible for 
the arguments of a key propagator of a member of B {G) to coincide for some p G D, 
so we need the regularization to justify the use of Taylor remainder in this instance. 
(We separated the analysis of the convergence of the integrals associated with the 
key propagators of the members of B (G), from the analysis of the convergence of the 
integrals associated with the firm components of the members of B (G), by transforming 
to the ax integration variables as defined on pages ITMl and ITS31 ) 

Secondly we used the regularizations on page 11711 to justify swapping the order 
of the p-integrations and the x-integrations, to enable us to do the x-integrals before 
doing the p-integrals. 

And thirdly we used the regularizations on pages 11881 and 11891 to obtain the 
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integration-by-parts result stated on those pages. 

We did not at any stage need the actual evaluation of any regularized integral, and 
furthermore, as demonstrated on pages IT^ to 12201 our integrals, after carrying out all 
the integrations by parts, as done on pages 11861 to 11971 to remove all the derivatives 
from all the key propagators of the members of B (G), are absolutely convergent. 

Thus in practical calculations it may be possible to proceed without introducing 
any explicit regularization, allowing the use of Taylor remainder, swapping the order 
of the p-integrations and the x-integrations, and integrating by parts as above, as 
if our integrand was regularized, provided that we strictly restrict our use of such 
manipulations to the manner in which they are used in our proof of Theorem El where 
they are justified by the introduction of regularizations. This would be analogous to 
the possibility of carrying out a certain strictly limited class of manipulations with 
the Dirac (5-function, without the necessity of defining it formally, via sequences of 
functions, clS cl generalized function. 

Finally we note that the crucial properties of the set f2 (if, a, i?, x), defined on page 
EZl that enable us to prove Theorem Q are Lemma which with Lemma |H1 makes 
possible the definition of good sets of woods. Lemma ^1 which gives lower bounds, 
used on page 11221 on L (P, A, x) for the members A of B (P) if (P, Q) generates a good 
set of woods for (if, a, R, x) , and Lemma ITTl used on page ll3ll which ensures that if A is 
any member of B (P) and X is any a-cluster of | (x, V (P, A)), then (V U ii)-connected 
components of U (X) will under appropriate conditions be members of {Q l~ P). 

There may be alternative definitions of Q {H, a, R, x), not equivalent to that given 
on page 1371 which nevertheless allow analogues of these three properties to be derived. 
One example of an alternative definition, which may possibly be adequate, would say 
that a member {P,Q) of MiV^H) is a member of fl {H,a, R,x) ifif h{Q, A,x) < R 
holds for all A E (Q h P), and for all {i,j} E W such that Z (Q, H, i) G (Q h P) holds, 
there exists a member B of P such that B C Z {Q, H, j) holds, there is no member C of 
P such that B C C C Z (Q, H, j) holds, and L (Q, Z (Q, H,i) ,x) < a \xz{Q,H,i) — xb\ 
holds. 
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